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PREFACE. 



An examination will show that this book is constmcted open a 
oniqae plan, and to give proper credit for this plan I have requested 
the privilege of writing this preface myself. The plan is due entirely 
to Professor Shutts who has used it for years from mimeograph notes 
with such excellent results that it was thought best to put the matter 
in permanent form for a text-book. Accordingly the mimeograph notes 
were carefully revised by Professor Shutts and myself and put into 
nearly the present form, when the work was again tested by Professor 
Shutts in his classes in the State Normal School at Whitewater, Wis. 
After this further trial the work was again revised and improved. 
The method of this book therefore is not untried, but has been sub- 
jected to a thorough test and found to give most excellent results. 

In putting the work into its present form the scientific classifica- 
tion of the subject-matter has been departed from when it was 
thought that by so doing the work could be better graded to the abil- 
ity of the average pupil. For this reason the subject of triangles has 
been introduced before the relations of lines and angles have been 
fully discussed. 

A departure from ordinary methods will be noticed in the treat- 
ment of proportion. It has not been thought wise to follow the or- 
dinary method in this country of limiting the subject to proportions 
whose terms are pure numbers, nor yet to follow the Euclidian 
method common in England, which indeed admits of proportions 
whose terms are concrete magnitudes, but which is so difficult that it 
can be understood by only the best students. The method in the 
text will be found to admit of proportions whose terms are concrete 
magnitudes and yet will do no violence to the fundamental ideas of 
arithmetic regarding operations apoa concrete majj^Va^^n^ 
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The subject of limits is treated in a manner so simple that begin- 
ners can grasp it. 

With an average high school class all the work, including exercises, 
can be done in one year. 

In preparing this book for the press the works which have been 
consulted most freely and have been most serviceable are Byerly's 
edition of Chauvenet's Geometry, and the geometry prepared by the 
English Society for the Improvement of Geometrical Teaching. 

The thanks of the authors are due to Professor A. ]. Hutton, of the 
State Normal School of Whitewater, Wis. , for valuable suggestions 
and criticUms. C. A. VAN VELZER. 



SUGGESTIONS TO TEACHERS. 



Geometry is essentially a disciplinary study, and benefit derived 
Irom its study depends upon the independent thought expended by 
the pupil. A geometry is in the nature of a "key" to the extent to 
which the demonstrations are written out for the pupil. That part 
of the work which a pupil can do for himself should not be done for 
him. The teacher and text-book should furnish the data and stimu- 
late thought rather than give him a set form of words which he may 
repeat entire with or without the ideas which those words should 
convey. 

In the following pages are suggestions arranged in logical order 
whica are intended to direct and stimulate the thought of the pupil 
so that he may work out his own demonstrations. 

Model demonstrations are given of a few propositions to show the 
student how to work out his own demonstrations, and in what forn) 
they should be given. By comparison it will be seen that the answers 
to the suggestions logically linked togt ther, constitute the demonstra- 
tion. The suggestions should be studied in their order, for usually 
each suggestion depends upon the preceding one. The answer to a 
suggestion should consist of a statement of the relations asked for, 
together with the authority in full for such statement. To be indif- 
ferent in regard to the authority in any instance is to encourage care- 
lessness, slovenliness and inaccuracy in demonstration. A common 
error is to apply authority that does not exactly fit the conditions on- 
der consideration. The pupil should be made to clearly understand 
that the authority should, without exception, be a definition, an 
axiom, or a previously proved proposition. "It seems so," or, "it 
looks reasonable, " or any expression of judgment will not do. The 
papil should be encouraged to learch out hia own authority, 
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when the authority is quoted for him in the suggestions, using the 
reference simply for veri6cation. A pride in independent work is a 
most important factor in securing satisfactory results. 

In the preparation of the lesson the pupil should write out his 
demonstration, noting carefully the form of the "models.*' This 
will ensure correct form and avoid haziness of thought. During the 
first few weeks the teacher should scan carefully this written work 
as well as tests taken in the recitation. 

The exercises, or at least a part of them, should be taken along 
with the propositions as they occur, and not be studied all together 
at the end of a chapter. 

Time will be saved in the end by starting slowly but surely, pass- 
ing over nothing that is not clearly understood. 

Since each demonstration involves previous propositions and def- 
initions, facility in demonstration can be best secured by committing 
to memory each theorem and definition; for that authority cannot be 
readily recognized and applied which is only imperfectly in mind. 

The subject of proportion will prove to be the most difficult part of 
geometry and it should be very carefully considered. To teach the 
theory of proportion by means of numbers, and then apply the prin- 
ciples developed to geometric magnitudes and numbers indiscrimin- 
ately without consideration of the limitations of the various statements 
is not scientific. Note 3, page 142, should receive careful attention 

In reducing the form -rz = m to A = m B, the tendency is to multi- 

ply both members of the equation by B. The thought is correct if B 

is a number, but the process is unthinkable if ^ is a geometric mag- 

A 
nitude. -^ means that A is measured by the unit B, hence to say that 
B 

A contains B m times is only another way of saying that A equals 
m times the unit B, or m B. 12 contains 4 three times (J^=3) is an- 
other form of expression for 12 equals 3 fours (12=3X4). The ex- 

pression -r-. — r"= 12, means the same as the expression 1 foot = 12 

mcbea. In this comnectfon tee Art 100. 
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RECTILINEAR PIQURBS, 




Definitions. 

1, The block represented in the figure occupies a lim- 
ited portion of space. Conceive it to be removed. Its 
form or shape may still be retained 
in mind. This is true of any object 
or body. 

The space conceived to be occupied 
by a body, apart from its substance, is ifrlilli f'"^-, 
called a geometrical solid. The 
matter or substance of which the 
body is composed constitutes a physical solid. Hence 
a geometrical solid is simply the shape or form of a 
physical solid, or some form or figure conceived by 
the mind. 

Definition. A geometrical solid is a limited portion 
of space and has length, breadth and thickness. 

The term solid will hereafter be used for geometrical solid. 

2. The boundary that separates a solid from the space 
outside of itself is called the surface of the solid. Dis- 
tinct flat portions of the bounding surface are called 
faces. 

As we can think of the surface of a body without in- 
cluding any of its substance, surface may be regarded as 
having no thickness. 

Definition. Surface is that which has length and 

breadth without thickness. 
1— Geo. 
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3. If a surface be divided into distinct portions, the 
boundaries of those portions are called lines. In the 
solid represented on page 1, the edges, or boundaries of 
the faces, are lines! These lines being the intersections 
of faces which have no thickness can themselves have 
neither breadth nor thickness. 

Definition. A line is that which has length but has 
neither breadth nor thickness. 

4. If a line be divided into distinct portions the limits 
of these portions are called points. In the solid repre- 
sented on page 1, the comers, or limits of the edges, are 
points. These points being the intersections of lines 
which have neither breadth nor thickness can themselves 
have neither length, breadth nor thickness. . 

Definition. A point is that which has simpl}^ posi- 
tion but neither length, breadth nor thickness. 

5. A surface may be conceived apart £rom a solid, a 
line apart from a surface and a point apart from a line. 
If a point be conceived to move, the path in which it 
moves is a line, hence a line may be regarded as the 
path, or locus, of a moving point. 

When a line is regarded as formed by a moving point 
the point is said to describe the line. 

6. A geometrical figure is a combination of points, 
lines, surfaces or solids in any given relations. 

Geometrical figures are ideal, /. e, , mental conceptions, 
though none the less real, and can be represented to the 
eye only by some material substance; for instance, a line 
may be represented by a mark made by a pencil, crayon, 
etc A solid may be represented by a drawing or a 
block of wood or some material in any given shape. 



DEFINITIONS. 3 

To avoid multiplying words, the representation of 
geometrical figures will generally be referred to for the 
concepts themselves. 

7. A straight line is a line such that arfy part of it, 
however placed, will lie wholly in any othet part, if its 
extremities be made to lie in that part. A line is read 
by naming the letters placed at its extremities, as line 



D 



8. A broken line is one made 
up of a succession of different 
straight lines, as A B C D E, 

9. A curved line, or a curve, is 

a line no portion of which is 
straight, zs C D. c 



10. A plane surface, or a plane, 

is a surface such that if any two of its points be joined 
by a straight line the line will lie whollj' in the surface. 

11. A plane figure is a figure which li^s wholly in 
the same plane. 

12. A plane figure, in which the lines are all straight 
lines, is a rectilinear figure. 

13. When reference is made simply to extent, figures 
are called magnitudes. 

14. Geometry is the science which treats of points, 
lines, surfaces and solids, and is concerned with the con- 
struction and measurement of geometric figures. 

1(J. Plane geometry treats of plane figures. 
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16. Solid geometry treats of figures which ai^ not 

wholly in the same plane. 

Angus. 

17. When two straight lines meet or intersect they are 
said to contain, or to make with each other, an angle. 

The two lines are the sides of the angle, and the 
point of meeting is the vertex of the angle. 

When a line, coincident with one side of an angle, re- 
volves about the vertex, always remaining in the same 
plane, until it arrives at the position of the other side of 
the angle, the line is said to turn through the angle, 
and the greater the amount of turning the greater the 
angle. 

The magnitude of an angle may be made clear by means of a pair 
of dividers, the legs of the dividers representing the sides of the angle 
and the hinge representing the vertex. If the dividers be opened a given 
amount an angle is repiesented; if from that position they be closed 
to a certain extent a smaller angle is represented; if they be opened 
farther a larger angle is represented. 

A line may turn through an angle in two ways, hence 
there are two angles which have the same sides and the 
same vertex. 

For example, the side O B in 
the figure may turn through the 
angle w by a motion opposite to 
that of the hands of a watch to 
the position O A, or it may turn 
through the angle w by a motion 
with that of the hands of a watch to the same position O A . 

Two angles which have the same vertex and the same 
side? are called conjugate angles. vVhen an angle is 
spoken of, the smaller of the two conjugate angles is al- 
ways meant unless the contrary is specifically mentioned. 




DEFINITIONS. 



The direction of a line is an expression which, in 
;he following pages, will be used to indicate the position 
rf a line as determined by the angle it makes with a 
given line upon a given side of it. 

18. When the two sides ol two conjugate angles lie 
in the same straight line, the angle formed is called a 
straight angle, and the conjugate angles are equal; for 
example the angle A O B is 2i straight angle. 




An angle may be read by reading the letter at the ver- 
tex of the angle between the letters upon the sides of 
the angle, as angle A B C or angle CB A 
When there is only one angle at a given 
vertex it is sufficient to read the letter at 
the vertex alone, as angle B. When two 
3r more angles have a common vertex a ^* 
letter is frequently placed near the vertex 
between the sides of the angle, to desig- 
nate the angles, as m and n in the figure 
at the right. For example, we say 
angle m instead of angle C B Ay and 
angle n instead of angle C B D, 

19. Definition. Two angles which 5< 
have a common vertex and one common 
side, and are on opposite sides of this 
common side, are called adjacent angles. 
Angles m and n in the second figure in article 18 are ad 
jacent angles. 

20. Definition. When one straight 
line meets another straight line so that 
the two adjacent angles formed are equal, 
the angles are right angles. If angle 
A B equals angle A O C^ th^ an^^ea 
A O B and A O C dx^ each right au^X^s^. ^ 
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21. DeHnition. An angle 
less than a right angle is 
called an acute angle, and an 
angle greater than a right 
angle is called an obtuse 
angle. Angle B O C is an ^ 
acute angle, and angle A O B 

is an obtuse angle. 
Acute and obtuse angles are called oblique angles. 

22. Definition. If a line makes right angles with an 
other line, the two lines are said to be perpendicular to 
each other. In the figure in article 20, A O is perpen- 
dicular to B C and ^ C is perpendicular to A O. 

23. Definition. If a line makes an oblique angle 
with another line, the two lines are said to be oblique 
to each other. In the figure in article 21 B Ois oblique 
to A C and A Cis oblique to B O. 

24. When two lines intersect, 
the opposite angles are called ver- 
tical angles. 

In the figure at the right, the 
angles A O D and COB are ver- 
tical angles; also the angles A O C 
and BOD are vertical angles. 

25. If two adjacent angles are 
together equal to a right angle, 
the two angles are said to be com- 
plements of each other. 

If the angles M B D zxiA M B A 
are each right angles, angles C B D 
and M B C^rt, complements of each other; also angles 
ABE and M B E sx^ complements pf ej^cb other. 
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26. If two adjacent angles are together equal to two 
right angles, the two angles are said to be supplements 
of each other. 

In the figure in article 21, the angles B OC and A OB 
are supplements of each other. 

Two adjacent angles which are supplements of each 
other are called supplementary adjacent angles. 

Logical Tbrms. 

27. A theorem is a truth which requires demonstra- 
tion. For example: If two straight lines intersect each 
other ^ the vertical angles are equal. 

28. The statement of a theorem is called its enuncia- 
tion, or the general enunciation. 

When a drawing is made to illustrate a theorem, the 
description of the drawing is called the special enuncia- 
tion. 

29. A theorem consists of two parts, the conditions, 
or suppositions, and the conclusion. The conditional 
part of a theoi^em is called the hypothesis. The hy- 
pothesis is composed of at least two parts: for example, 
in the theorem stated in article 27, firsts two lines are 
straight, second^ they intersect. 

The two parts of the hypothesis are sometimes called 
premises. 

30. The truth depending upon or following h'om the 
hypothesis is called the conclusion. 

In the theorem stated in article 27, the truth that the 
vertical angles are equal depends upon the hypothesis 
that two straight lilies intersect each other. 

31. The course of reasoning by which the truth oi 
falsity of a statement is established is called the demon- 
stration, or proof. 
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32. A problem is a question proposed for solution, oi 
the statement of certain relations which are to be pro- 
duced. For instance: To construct a line perpendicular to 
a given line at a given point. 

33. A proposition is a general term for a theorem or 
a problem. 

34. A corollary is a proposition easily deduced from 
the proposition to which it is attached, with the aid, if 
necessary, of one or more previous propositions. 

35. A scholium is a remark upon one or more propo- 
sitions with respect to their applications, limitations or 
connections. 

36. An axiom is a truth which, from its simplicity, 
must be admitted without demonstration: as, The whole 
of anything is equal to the sum of its parts. 

87, A postulate is a problem whose solution, on ac- 
count of its simplicity, is admitted to be possible: as. Lei 
it be granted thai a straight line can be drattm between two 
points, 

38. Axioms. 

1. Things which are equal to the same or equal things 
are equal to each other. 

2. If equals be added to equals the sums will be equal. 

3. If equals be subtracted from equals the differences 
will be equal. 

4. If equals be multiplied by equals the products will 
be equal. 

6. If equals be divided by equals the quotients will be 
cquaL 
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6. If equals be added to unequals the sums will be un- 
equal, and that sum will be greater which is obtained 
from the greater magnitude. 

7. If equals be subtracted from unequals the differ- 
ences will be unequal, and that difference will be greatei 
which is obtained from the greater magnitude. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 

10. A straight line is the shortest distance between 
two points. 

11. If two straight lines coincide in two points the> 

will coincide throughout their whole extent, and be one 

and the same straight line. 

From this axiom it follows first, that two straight lines can inter- 
sect in only one point, and second, but one straight line can be drawD 
between two points. 

12. Magnitudes which occupy the same space are 
equal. 

39. Symbols and Abbreviations. 

Z. angle. Ax. axiom, 

^s angles. Cons, construction. 

J. perpendicular. Cor. corollary. 

J.S perpendiculars. Def. definition, 

g parallel. Ex. exercise. 

B s parallels. Give auth. give authority 

A triangle. Hyp. hypothesis. 

As triangles. Rt. right. 

O parallelogram. Sch. scholium. 

Os parallelograms. St. straight. 

O circle. Sug. suggestion. 

Os dfcks. Sugs. suggestions 
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Proposition I. Thborbm. 

40. ^it a given point in a straight line, one perpenr 
dioular can be erected to that line, and but one* 




Let A B repreeent a/ny straight line^ and O any point in 
the line* 

I. To prove that one perpendicular can be erected 
to A B at O. 

Sua. 1. Revolve a line, as O C, from the position O B 
through the ^\.. A A O B to the position O A. Art. 17. 

SuG. 2. In the first part of the revolution, how 
does A C O B compare with A A O C} 

When the revolution is nearly completed, how does 
Z.C O B compare with /. A O C^ 

SuG. 3. Is there a position oi OC during the revolu- 
tion at which As COB and A O C are equal, and 
hence rt. Z,s} Why ? 

II. To prove that only one perpendicular can he erected, 

SuG. 1. Let D O represent the position of C O, when 
the two adjacent angles are equal. How much can D O 
be revolved, either way, and keep the two adjacent an^^les 
equal? 
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SuG. 2. Then how many J_s can be drawn to the 
line A B bX the point 01 and hence to any line at any 
point? 

Therefore 



41. Corollary I. Through the ver- 
tex of a given angle but one line bisect- 
ing the angle can be drawn. 

Suo. Sec method in Art. 40, I. 



42. CoROiXARY II. All right angles 
are equal. 
Let A O C and A* O C* represent two 

right angles. 

To prove that they are equal, 

SuG I. Place B C upon B C with g 
the point O upon O . 

Suo. 2. Where will O A fall with re- 
spect toO A'> Why ? See Art. 40, II. 

Note, — The pupil is expected to study the sug- 
gestions carefally, to follow the directions when 
directions are given, to answer the questions when 



O 



A' 



questions are asked, and to give the authority on ^ 
which the answers are based; then to go through the whole demon- 
stration in a consecutive manner, without the aid of the suggestions 
To illustrate what is expected of the pupil, model demonstrations are 
given of a few propositions, but no model should be consulted until 
after the proposition has been studied by means of the suggestions. 
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MODEL. 

Proposition I. Thborem. i 

43. At a given point, in a straight line, one perpe^n- 
diciUar can be erected to the line, and but on&. 




O - ■/?■- 



Let A B represent any fftraigM line^ and O awy pohU in 
tfie line, 

I. To prove that one perpendicular can he erected 
toABatO. 

Suppose O C \.o revolve from the positioo ^ O B 
through the st. Z. to the position of O A. 

In the first part of the revolution A B O C\s smaller 
than Z. A O C. 

When the revolution is nearly completed, as at O C, 
Z B O C \s greater than Z A O C. 

Hence, 2iS Z. B O C \s at first small, and continually 
increases, while Z A O C coiuinually decreases, there 
must be a position in the revolution oi O C from O B 
to O A, as O D, at which these Zs are equal, and hence 
by definition are rt. Zs. 

Hence, by definition, O D\s ^^\.o A B, 

Therefore, a perpendicular can be erected to a given 
line, at a given point in the line. 
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II. To prove that only one perpendicular can be erected, j^ 

O D \% the only peq^endicular, for if it be revolved 
ever so little, either way, one of the angles becomes 
smaller, and the other larger, and hence they are no 
longer equal. 

Therefore, there can be but one perpendicular erected 
to a given line, at a given point of that line. 

From parts I and II of this proposition, it follows that: 
At a given point, in a straight line, one perpendicular 
can be erected to that line, and but one. 

44. Corollary I. Through the vertex of a given 
angle, one, and but one, straight line can be drawn which 
bisects the angle. 

Let the angle A O C represent the 
4^iven angle. 

If a line, as (9 ^, be revolved from the 
position O C, through the given A to the 
position O A, there is one position at 
which the adjacent ^s are equal, accord- 
ing to the reasoning in Prop. I. And if 
from this position OB he revolved ever so 
little, in either direction, one of the ^s 
increases, and the other decreases, and 
hence they can no longer be equal. 




// 



45. Corollary II. All right angles 
are equal. 

Let the angles A O B smd A' a B' 
represent two right angles. 

To prove that they are equal. 

Place ZA O C upon /. A' O C\ B C 
upon B C, and O upon G . 

O A must fall upon O A\ ^rt. 4C> \\ 



B 



O 



A' 



'C 



B' a c 
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Proposition II. Thborbm. 

46. If one straight line meets another straight line, 
*ihe sum of the afdjaeent angles formsd equals two 
right angles. 

M 



Lei €B and A I> represent two straight Unes^ which 
meet at a pointy as B, 

To prove that the sunt of the angles ABC and C B D 
equals two right angles* 

SuG. 1. Suppose, first, that ^s A B Cand C B D are 
equal. What do you conclude concerning the number 
of rt. 2i:^s formed? Why? 

SuG. 2. Suppose that /^s ABC and C B D sxt. un- 
equal, and let 2l 1., B M, be erected to the line A D, at 
the point B, Give authority for the construction. 

SuG. 3. How does the sum of Z.s ABC and C B D 
compare with the sum of Z.S ABM and M B D} 

SuG. 4. What kind of Zs are A B Af and MB D} 
Why? 

What, then, does the sum of As A B C and CB D 
equal? 

Therefore 

QuBRY. In proposition II wkat is the hypothesis? 
Wliat is the conclusion ? 
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MODEL. 



Proposition II. TnEORiiWi. 

47. If one straight line meets another straight line, 
the sum of the two adjacent angles is equal to two 
right angles. 




Let C B meet A D, at B. 

To prove that the sum of the angles A B Cand C B D 
equals two right angles. 

\i A B C and CBD are equal, two rt. Z.^ are 
formed. Art. 20. 

\i A B C and CBD are unequal, draw B M 1. \.o 
A D. at B, Prop. I. 

jLABC->rZ. CBD 

^ Z.AB M ^ Z. MB D. Arts. 17, 18. 

(Because each sum equals the st. Z^ B D.) 

But Z. A B M + Z M B D = Irt. Z.S, Art. 22. 
Hence, ZABC-¥ ZCBD^2 rt, Zs. Ax. 1. 

48. Corollary I. The sum of all the angles on one 
side of a straight line, having a common vertex in the 
ine, equals two right angles. 

49. Corollary II. The total angular magnitude, 
about a point, equals four right angles. 
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Proposition III. Theorem. 

60. // two straight lines intersect, ths vertical 
angles formed are equal, 

4 c 




R 
D 

TM A B and C IJ intersect at O, forming the verUeal 
angles AO D ami C O li. 

To prove thai an^le A C D eqhuls angle COB, 

SUG. 1. AAOC^- Z.CO II = what ? Why? 

SUG. 2. A A OC ^- Z AOD= what ? Why ? 

SuG. 3. Compare ZAOC+ Z. COB with /L A O C 
-I- Z. A O D. Give auth 

SuG. 4. Compare Z C O B with Z A O D. Ax. 3. 

SuG. 5. In a similar manner, compare Z^ A O C 
and DOB. 

Therefore 

MODEL. 

Proposition III. Theorem. 

61. // two straight lines intersect, the vertical 
angles formed are equai* 

^ C 




D -^ 

Let A B and C D intersect at O, forming the vertical 
angles ADD and COB. 
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To prove that angle A O D equals angle COB, 

Z A O C -h Z C OB = 2rt. Zs. Prop. II. 
Also ZA O C + ZA OD ^ 2Tt, Zs. Prop. II. 
Hence, Z A O C + Z COB 

^ZAOC+ZAOD, Ax. 1. 
Hence, ZCOB^ZAOD, Ax. 3. 

In a similar manner it may be proved that Z A O C 
'^ ZDOB, 

Therefore, if two straight lines intersect, the vertical 
angles formed are equal. 

KXBRCISI^. 

1. How many straight lines can be drawn through 
three points, not in the same straight line, if each line 
connects two points ? 

2. How many straight lines can be drawn through four 
points, no three of which are in the same straight line, 
if each line connects t-yo points ? 

3. What is the greatest number of points in which 
three straight lines can r^ntersect ? 

4. What is the greatest number of points in which 
four straight lines can intersect ? 

5. If an angle is a right angle, what is its supple- 
ment? 

6. If an angle is two thirds of a right angle, what is 
its supplement ? 

7. If an angle is three fourths of a right angle, what is 
its complement? 

8. In the figure in Art. 21, if the angle C O B is one 
half of a right angle, the angle A O B equals what ? 

9. In the figure in Art. 25, if the angle D B Cis two 
thirds of a right angle, and the angle A B E is three 
fourths of a right angle, the angle C B E equals what ? 
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Definitions. 



52. A plane triangle is a portion of a plane bounded 
by three straight lines. The points of intersection of the 
bounding lines are called the vertices of the triangle, 
and the portions of the bounding lines included between 
the vertices are called the sides of the triangle. 

53. A right angled triangle, or simply a right tri- 
angle , is a triangle one of whose angles is a right angle. 

54. An acute angled triangle, or simply an acute 
triangle, is a triangle all of whose angles are acute. 

55. An obtuse angled triangle, or simply an obtuse 
triangle, is a triangle one of whose angles is obtuse. 

Obtuse angled triangles and acute angled triangles are often spoker 
of as oblique angled triangles, or simply oblique triangles. 

56. A triangle, no two sides of which are equal, is 
called a scalene triangle. 

57. A triangle, which has two equal sides, is called an 
isosceles triangle. 

58. A triangle, which has all three sides equal, is 
called an equilateral triangle. 

59. The base of a triangle is the side upon which it is 
supposed to stand. The angle which is opposite the 
base, is called the vertical angle. Generally, any side 
may be assumed as the base, but, in an isosceles triangle, 
that side which is not one of the two equal sides is al- 
ways considered as the base. 

60. The altitude of a triangle is the perpendicular to 
the base from the opposite vertex. 
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Proposition IV. Thborbm. 

61. If two triangles have two sides and the in- 
cA^iuded angle of one, equal to two sides and the in- 
^t^tuied angle of the other » ea4>h to ea4ih, the triangles 
fi^re equaZ in aU respecte. 




Let ABC and D E JF represent two triangles^ in whMi 
AB = DEfBC=EF, ami afigle B = angle E. 

To prove that the triangles ABC aiid D E F are equal 
171 all respects, i, e. , thai A C ^=^ D F, angle A = angle D, 
and angle C = angle F. 

SuG. 1. Place ^ A B C upon J\ D E F, so that B C 
coincides with E F, B with E and C with F. 

SuG. 2. What direction will B A take with resp'^it 
io E D} Art. IV 

SuG. 3. Where will the point A lie ? Why ? 

SuG. 4. Having located the points C and A, where, 
with respect to D F, does the line A C lie ? Ax. 11. 

SuG. 5. What, now, is the position oi ^ A B C with 
respect to A D E Fl 

SuG. 6. How, then, does A A B C compare with 
/\DEF? Ax. 12. 

Therefore 
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MODEL. 

Proposition IV. Theorem. 

62. Jf two triangles have two sides and the in- 
cluded angle of one, equal to two sides and the in- 
cluded angle of the other, each to ea^yh, the trianglea 
are equaZ in all respects. i\ 




I/Ct A B (J and I) E F re0escnt two triangles, in which 
AB = DE, BC=EF, and angle B = angle E y 

To prove that the triangles ABC and D E F are equal 
in all respects, i. e,, A C =^ D F, Z. C =^ Z. F^ and 
Z.A=^ AD. 

Place the A ^ i5 C upon the t^ D E /% so that B C 
coincides with E F, B with E, C with F. 

Since Z. B ^ ZL E, the line B A will take the direc- 
tion oiE D. Art. 17. 

And since B A =^ E D, the point A will fall upon D. 

Since A falls upon D, and C upon F, the side, A C, 
will coincide with D F. Ax. 11. 

Since we have found that the l^ A B C coincides ex- 
actly with the J\ D E F, the two As must be equal in 
all respects. Ax. 12. 

Therefore, if two triangles have two sides and the in- 
cluded angle of one, equal to two sides and the included 
ang^le of the other, the two triangles are equal in all xe- 
specta. 
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Proposition V. Theorem. 

63. //' two triangles Imue two angles and tlie in- 
cluded side of one, eqaal to two angles and the in, 
c/aded side of the other, each to ea^h, the triangles 
are equal in all respects. 

'n 
A D 




Let ABC and I) E F represent two triangles, havUnf 

B C= E F, Z f^ = Z f'^^ *i»»d Z.<^= Z.F' 

To prove that triangles ABC aiid D E F are equal in 
all respects. 

SuG. 1. Place the ^ A B C upon the ^ D E F, so 
that B falls upon E, and C upon F. Why can this be 
done ? 

SuG. 2.* What direction will B A take ? Why ? 

SuG. 3. Where will A fall ? Why ? 

SuG. 4. What direction 'will C A take? Why? 

SuG. 6. Where, now, will the point A fall? Why? 

SuG. 6. How, then, does the /^ A B t compare with 
the A DEF} 

Therefore — ^ 

Scholium. When two triangles are equal, equal 
sides lie opposite equal angles, and equal angles lie op- 
posite equal sides. 
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Proposition VI. Theorem. 

64. The angles opposite the equal sides of (m isos- 
celes triangle are equal. 




Let ABC represent an isosceles triangle^ A B being 
f^qtuU to A C. 

To prove that angle B is equal to angle C. 

SuG. 1. Suppose A if/ drawn so as to bisect Z. A, and 
extended until it meets B C, at M. 
SuG. 2. Compare A A BAf with A A CM, Prop. IV. 
SuG. 3. Compare Z ^ with Z C. Sch. Art. 63. 

Therefore 



Ex. 10. If a straight line bisects one of a pair of vertical 
angles, prove that it bisects the other 
also. 

If iViV bisects Z.AOD, prove that 
it bisects Z. C O B\ that is, that 

zcom=/:bom. 

Ex. 11. If the equal sides of an 
isosceles triangle be extended beyond the base, prove 
that the exterior angles formed with the base are equal. 

Ex. 12. Points, in the sides of an isosceles triangle, 
equidistant from the extremities of the base, are equidis- 
tant from the vertex. 
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MODEL. 



Proposition VI. Theorem. 

66. The angles, opposite the equal sides of an isos- 
celes triangle, are equal. 




Let ABC represent an isosceles triangle^ A B being 
equal to A C 

To prove that angle B is equal to angle C 

jl/Ct A M h^ drawn, bisecting the Z. A^ and meeting 
BCsitAf. 

In the As A B M and ACM, 

A B = A C. Hyp. 

ZBAM=ZCAAf. Cons. 

And A Afih common. 

Therefore, the ^s A B Afsmd A G Af are equal in all 
respects. Prop. IV. 

If two j^s have two siaes, and the included Z ^^ o°® equal to two 
sides, and the included Z ^^ ^^^ other, each to each, the triangles 
are equal in all respects. 

Therefore, Z B ^ Z C, being corresponding Zs of 
equal As. Sch. Ari. 63. 



Ex. 13. Prove that the line which bisects the vertical 
itngle of an isosceles triangle bisects \.\v^ \.t\^\i^^. 
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Proposition VII. Thborbm. 

66. If a perpendicular he erected at the middle 
point of a straight line, the distances from any point 
in the perpendicular to the extrem,itie8 of the line are 
equal. 




Let A C represent any line, B its middle painif B O9 a 
perpendicuUxr to A C^ at B^ and O any point in the per- 
pendicular. 

To prove that A O and O C are equal, 

SUG. 1. In the /^s O B A and O B Cy what parts are 
equal, each to each ? Why ? 

Suo. 2. How do the As O B A and O B C compare ? 
Why? Art. 61. 

SuG. 3. How, then, do O A and O C compare ? 

Therefore f 



Ex. 14. Prove that the bisector of the vertical angle of 
an isosceles triangle bisects the base, and is perpendicu- 
lar to the base. 

Ex. 15. If the middle points of the three sides of an 
isosceles triangle be taken for the three vertices of a sec- 
ond triangle, prove that the second triangle is isosceles. 
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Proposition VIII. Theorbm. 

67. Any side of a triangle is less than the sum of 
the other two. 




Let ABC represent any triangle* 

To prove thai any side, as A B, is less than the sum of 
the other two, 

SuG. Which represents the shorter distance from A to B, 
that along the line A B^ or along the lines A C and CBt 
Why ? Ax. 10. 

Therefore 



Ex. 16. If the angular magnitude about a point is 
divided into six equal angles, each angle is what part of 
a right angle ? 

Ex. 17. If the angular magnitude about a point is 
divided into three angles, the second of which is twice 
the first, and the third is three times the first, how many 
right angles in each of the three angles ? 

Ex. 18. A line which is perpendicular to the bisector 
of an angle makes equal angles with the sides of the 
angle. 
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Proposition IX. Thborbm. 

68. // a perpendicular he erected at the middle 
point of a straight line, the distances, from a point 
not in the perpendicular, to the extremities of the line 
are unequal. 




Lei B C represent a straight line^ M ito middle pointy 
O M^a perpendicular to B C, at the point JIf, A, a point not 
In the perpendicular 9 and A B and A C lines draum front 
A to the extremities of the line B C. 

To prove that A B and A C are unequal, 

SuG. 1. Let O be the intersection of A B, and the per- 
pendicular. Draw the line O C. 
SuG. 2. Compare A C with A O -\' O C, Give auth 
SuG. 3. Compare O C with O B. Give auth. 
SuG. 4. Compare>4 C with A O + O B,or with A B 
Therefore 

Query. Why draw the line O Ci 



Ex. 19. Prove that an equilateral triangle is also 
equiangular. 
Suo. See Prop. VI 
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Locus OF A Point. 

69. To be able to fix, definitely, the position of a 
point in a plane, it is necessary to know two things 
about the point; or, as it is usually expressed, two con- 
ditions limiting the position of a point must be given. 
If only one condition is given, the point is, to some extent , 
fixed, but not completely fixed. For example, a point 
which is at a given distance from some fixed point, is it- 
self not completely fixed, but may move, provided that 
in its motion it always satisfies the requirement of being 
at the given distance from the fixed point. The moving 
point, then, may occupy any position whatever in a line 
which will be defined later as the circumference of a 
circle whose center is the fixed point. 

Definition. When the position of a point in a plane is 
restricted in such a way that the point cannot be exactly 
determined, but is limited to, and may be anywhere in, 
a line, or group of lines, the line, or group of lines, is 
called the locus of the point. 

The locus of a point is both inclusive and exclusive; 
that is, the line, or group of lines, must include all the 
points which satisfy the given condition, and exclude all 
points which do not satisfy that condition. 



Ex. 20. If two straight lines intersect, and one of the 
angles formed is a right angle, all the angles are right 
angles. 

Ex. 21. If one of two supplementary adjacent angles 
is bisected, a perpendicular to the bisector through the 
vertex bisects the other angle. 
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Proposition X. Probum. 

70, Determine the locus of a point at equal dis- 
tances from the extremities of a given line. 



Let A B represent the given line. 

To determine the locus of a paint at equal distances from 
A and B, 

This problem means that we are to find the line, or 
lines, which pass through all those points which are the 
same distance from A as from B, and through no other 
points. 

SuG. 1. What line has all its points equally distant 
from >4 and i9? Why? 

SuG. 2. Are any points, without said line, equally dis- 
tant from A and B ? Why ? 

SuG. 3. What, then, is the locus of a point, equally 
distant from the extremities of A B^ and hence from the 
extremities of any line ? 



Bx. 22. If two straight lines bisect each other at right 
angles, any point of either is equidistant from the ex- 
tremities of the other. 

Ex. 23. If the straight line which joins the vertex of 
a triangle with the middle point of the base is perpendic- 
ular to the base, the triangle is isosceles. 

Ex. 24. Prove that a line drawn from the vertex of an 
isosceles triangle to the middle point of the base, (1) bi- 
sects the triangle, (2) bisects the vertical angle, (8) is 
pctpendicular to the base. 
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Proposition XI. Theorem. 

71 • Two triangles, having the three sides of one 
eqiuzl, respectively, to the three sides of the other, are 
equcU in all respects. 

ADA 






JLef A B C attd D E F represent two triangles^ fuiving 
AB = I)E,AC=DF,BC=EF. 

To prove that the triangles ABC avd DBF are equal 
in all respects, 

SuG. 1. Place the ^ D E F upon the ^ A B C, so 
that the longest side, D F, of th« j^ D F F, coincideji' 
with the longest side, A C, of the A. A B Q D upon A, 
and Fnpon C, but the point F upon the opposite side of 
A C, from B. Draw B F, 

SuG. 2. In the A A B F, compare A B with A E. 
Give auth. 

SuG. 3. Compare Z.ABE with Z.AFB. Give auth. 

SuG. 4. In the t^ C B F, compare A C B F with 
Z C E B. Give auth. 

SuG. 6. Compare Z. A B C with Z. A F C. Give 
auth. 

SuG. 6. Compare A A B C with £^ A E C. Give 
auth. 

SuG. 7. Then how does A A B C compare with 
6.DEF} Why? 

Thesefore 
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Ex. 25. In Prop. XI, place two equal shorter sides 
upon each other, as A B upon D E, connect C and F^ and 
demonstrate the proposition. 

Ex. 26. The line joining the vertices of two isosceles 
triangles, on opposite sides of the same base, bisects the 
base and is perpendicular to it. 

Ex. 27. The straight lines bisecting the equal angles 
of an isosceles triangle and terminating in the sides, are 
equal. 



72. The premises of a proposition are the conditions 
g^ven upon which the conclusion is based. 

The converse of a given proposition is a proposition 
which has the conclusion of the given proposition for one 
of its premises, and one of the premises of the given 
proposition for its conclusion. 

Proposition XII, separated into parts would read as 
follows: 

First premise — There are two adjacent angles. 

Second premise — Their sum equals two right angles. 

Conclusion — Their exterior sides form a straight line. 

Proposition XII is the converse of Prop. II; which, 
separated into its parts, would read as follows: 

First premise — There are two adjacent angles. 

Second premise — Their exterior sides form a stmight 
line. 

Conclusion — Their sum equals two right angles. 

When a proposition is proved to be true, it does not 
necessarily follow that its converse is also true. 
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Proposition XII. Thborem. 
7tS. // the sum of two adjacent angles equals two 
right angles, their exterior sides form a straight line. 




M 



Let O A^ OB, aud O C, he three luie-s, which meet to 
form two adjacent angles^ A O B and B O C, wliose sum 
equals two right angles* 

To prove that the exterior sides ^ O A atid O C, form a 
straight line, 

SuG. 1. A O C is either a straight line or a broken 
line. To determine which of these suppositions is true, 
draw an extension of A O, as O M. 

SuG.. 2. How many rt. Zs in Z ^ O ^ + Z B OM} 
Why ? 

SuG. 3. How many rt, Zs in Z A O B -{■ /L B O Ct 
Why ? 

SuG. 4. Compare the sum oi A A O B ■\- A B O M, 
with the sum oi/LAOB-\-BOC, Give auth. 

SuG. 5. Compare ZB OC with /LB OM, Give auth. 

SuG. 6. Since the Zs B O C and B O M 2lx^ equal, 
and O C and O M are on the same side of O By where 
does O C lie with respect to O M} 

SuG. 7. But O Mis 2in extension of A O, by construc- 
tion. What relation does O C sustain to A O? 

Therefore 
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MODEL. 

Proposition XII. Theorem. 

74. // ilie sum of two adjacent angles eqiials two 
right angles, their exterior sides form a straight line 



/IOC M 

Lei O Af O B^ and^ O C, be three lines which meet to 
form two adjacent angles^ A O Bf and B O C, whose suw 
equals two right angles. 

To prove thai the exterior sides, O A and O C, form a 

straight line. 

The line, A O C,\s either a straight line or a broken 
line. 

Draw O M 2Xi extension of A O. 

ZA0B+ZB0M=2ri.Zs. Prop. II 
ZA OB -{- ZB0C=2rt Zs. Hyp 

Hence, Z A O B -^ ZB O M 

^ZAOB+ZBOC Axl 
Hence ZB O M ^ Z B O C. Ax. 3. 

Since the Zs B O M and B O C ^xt equal, and O 

and (? if/ are on th same side of O B, O C must lie upon 

O M. But A O M is a straight line by construction. 

Hence, as O Clics upon O M, A O Cmust be a straight 

line. 
Therefore, if the sum of two adjacent angles equals two 

right angles, their exterior sides form a straight line. 
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76, It is often more convenient to express the magni- 
tude of an angle in some other way than by stating how 
many right angles the given angle contains. To obtain 
another method, a right angle is divided into ninety 
equal parts, called degrees. The magnitude of an angle 
may, then, be expressed by stating how many degrees 
the given angle contains. 

BXBRCISBS. 

28. How many degrees in a straight angle? In 
all the angular magnitude about a point ? 

29. How many degrees in the supplement of two 
thirds of a right angle ? 

30. How many degrees in an angle whose comple- 
ment equals one fourth of its supplement ? 

31. The supplement of ten degrees is how much 
more than the complement of ten degrees ? 

32. The supplement of any acute angle is how 
much more than the complement of the same acute angle ? 

Note. — In elementary geometry it is only acute angles which have 
complements, but either acute or obtuse angles have supplements. 

33. The supplement of the complement of any acute 
angle is how much more than the angle itself? 

34. The complement of the supplement of an obtuse 
angle is how much less than the given obtuse angle ? 

35. Two angles are complements of each other, and 
the greater exceeds the less by 38 degrees. What are 
the angles ? 

36. If the bisectors of two adjacent angles are per- 
pendicular to each other, the angles are supplements of 
each other. 
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Proposition XIII. Thborbm. 

76, From a point without a line, one, and only ans, 
perpendicular can be drawn to the line. 



D 



KT 



'N 



Let C D represent the Une^ and A the point* 

I. To prove that one perpendicular can be drawn from 
A to the line C D, 

Suo. 1. Draw any line, as M N^ and at some point of 
this line, as (9, erect the JL, O P. Prop. I. 

SuG. 2. Place the line, M N, upon the line. CD, and 
move it back and forth in C D. 

SuG, 3. Is it possible for O Pxjo embrace the point A ? 

Therefore 

II* Only one perpendicular can be draum to the 

line. 

A 




Let A O represent a perpendicutar from the painty A% to 
iheline, CD. 
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To prove thai no other perpendicular can he drawn from 
the point A to the line C D. 

Suo. 1. If another _L can be drawn, let it be repre- 
sented by A M, 

Suo, 2. Extend A O \.o B, making O B ^ A O, and 
connect J/ and B, 

SUG. 8. In the l^^ A O M and BOM, compare A O 
with^ 0,M0 with M O. and Z A OM with ZB OM. 

Suo. 4. Now, compare Z. A M O with Z B M O, 
Give auth. 

Suo. 6. Then, if by construction Z A M 0\s diit. Z, 
is line A M B ^ straight or a broken line? Why ? 

SuG. 6. Then, how many straight lines are drawn 
fromyf to Bl 

SUG. 7. What, then, do you conclude about the state- 
ment that A AfB is Si straight line? 

Suo. 8. Then, what do you conclude as to the possi- 
bility of A -^ being a J. from A to C D? 

Suo. 9. Then, how many J.s can be drawn from a 
point to a straight line ? 

Therefore 



Bx. 87. Prove that the bisectors of two supplementary 
adjacent angles are perpendicular to each other. 

Bx. 88. If A B and A C are equal sides of a triangle, 
and i£B M and CN are bisectors of the angles B and C 
respectively, prove that the triangles ABM and A C N 
are equal, and also that the triangles B CN and CB M 
are equal. 

Bx. 89. A line drawn through the vertex of an angle, 
perpendicular to the bisector of the angle, makes equal 
angles with the sides of the given axi^\^. 
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MODEL. 

Proposition XIII — Part II. Theorem. 

77, Only one perpendicular can he drawn from a 
paint to a line. 





A 


A 




f __ 


y 





D 


C~" 


\ 


'b 





Let A O represent a perpendieUUxr from the point A to 
the line C D. 

To prove thai no other perpendicular can be drawn from 
the point A to the tine C D. 

If another JL can be drawn, let it be represented 
by AM. 

Extend A O io B, so that A O ^ OS, and connect 
Af and B. 

In the Asy^ O M Sitid B O M, A O = B O (by cons,)» 
A/0 ^ MO (identical) and Z A OM = Z B OM 
(each being a rt. Z ). Prop. IV 

If two ^i have two sides and the included Z ^^ ^^^> ^^l^al to two 
sides and the included Z ^^ ^^® other, each to each, the triangles are 
equal in all respects. 

Therefore, the As A O M and ^ O AT are eqnal in all 
respects, and hence Z A M O = Z B M O. 

Since Z A M O is a rt. Z, by construction, and 
Z A MO equals Z B M O. A M B is 2i straight 
Mae. Prop. XII. 
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If two adjacent angles are together equal to two right angltt, thair 
exterior aides form a atraight line. 

But A O B is A Straight line, hence A MB caimot be 
a straight line. Ax. 11. 

Therefore, only one ± can be drawn from a point to a 
line. 

Ex. 40. If two vertical angles are bisected by two 

straight lines, prove that the bi- 
sectors together form one and the 

same straight line. Prove that // ^^ M 

N O Mis Q, straight line. 

Suo. See Prop. XII. 

Ex. 41. If A B Che B,n isosceles triangle, whose ver- 
tex is Af and whose base is B C, and if if/ be the middle 
point of A C and // the middle point of A B^ and if the 
lines B M and C N intersect at O, prove (1) that B M 
equals C N, (2) that the triangles B C M^n^CB N^xe 
equal, (3) that the triangles COM and BON are equaL 
and (4) that the triangle B O C\s isosceles. 

Ex. 42. \i A B CxsQXi equilateral triangle, and D if, 
and F are points in the sides A B, B C, and C A^ le- 
spectively, such that A D ^ B E = C F, prove that »h«5 
triangle D E Fis equilateral. 

Ex. 43. If two lines, A B and C D, intersect in tne 
point O, and if the lines A C and B D he drawn, A R 
+ CD in greater than A C + B D. 

Ex. 44. IfABC and A B D are two triangles on the 
same base, and on the same side of it, such that ji. C 
equals B Z?, and A D equals B C and A D and B C in- 
tersect at Ot prove (1) that the triangles ABC and A .9D 
are equal in all respects, (2) that the triangles A O C 
and BOD are equal in all respects, and (8) tha<^ the tH- 
a&f k A OB Is isosceles. 
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78. Definition, In a right triangle, the side which is 
opposite the right angle is called the hypotenuse. 

Proposition XIV. Theorem. 

79. Two right triangles which have the hypotenuse 
and a side of one, equal to the hypotenuse and a side 
of the other, each to each, are equal in all respects 




C ^F ^C MB 

Let AB C and D E F represent two right triangles^ 
having tlie hypotenuse A C equal to tlie hypotenuse JO Jf, 
and tlie side A B equal to the side D E. 

To prove that the triangles ABC and D E F are- equal 
in all respects, 

Suo. 1. Place the triangles so that A B coincides with 
D By A upon Z>, and B upon E, with the vertices, 
C and /% on opposite sides of A B, 

SuG. 2. Is C B Fa straight or a broken line ? Why ? 

SuG. 3. Connect A with the middle point, M, of C F. 

SuG. 4. Compare As A M C and A M F, Give auth. 

SuG. 5. Compare Z.% C M A and F M A. Give auth. 

SuG. 6. Then are Zs C M A and F M A right or 
oblique Zs? Why? 

SuG. 7. Then, what relation of position do A M and 
A B sustain to each other ? And, hence, Mand B ? Why ?. 

SuG. 8. Compare As ABC and A B F, and hence 
l^sABCsjidDEF. 

Therefore 
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Proposition XV. Theorkm. 

80. Two right triangles which liave the hypotenuse 
and an acute angle of one, equal to the hypotenuse 
and an acute angle of the other, are equal in all 
resx^ects. 




Let ABC and D E F represent two right triangles 
having the hypotenuse^ A B, equal to tfie hypotenuse, D E, 
and Hie angle A equal to the angle D. 

To prove that the triangles ABC and D E F are equal 
in all respects, 

SUG. 1. Place ti^ A B C upon l^ D E F, ^o that A B 
coincides with D E, A upon D, and B upon E. 

SuG. 2. What direction will A C take ? Why ? 

SuG. 3. Where will the point C fall ? Why ? 

SUG. 4, Since B C and E F are both JL to the line 
D /% where will ^ C lie ? Why ? Prop. XIII . 

SuG. 5. Where will the point Cfall? (Compare an- 
swers to sugs. 3 and 4.) 

SUG. 6. How, then, do the two As compare ? 

Therefore 

Note. — In the answer to Sug. 3 it will be seen that C must lie 
somewhere in the line D F^ and, in the answer lo Sug. 4, C must lie 
somewhere in the line E F Hence, in the answer to Sug. 5, C can 
be exactly located. 
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81. Straight lines, in the same plane, that do not and 
cannot meet, however far extended, are called parallel 
lines. 

Proposition XVI. Theorem. 

82. Two lines, which are perpendicular to the same 
line, are parallel. 



A 
B 



-0 



D 



Let A C and B D rep^'esent two linest each perpendiai- 
la/r to the same Ime, A JB, at the points A and B respec- 
lively. 

To prove that A C and B D are parallel, 

SuG. 1 . The lines 4, C and B D will either meet or 
not meet. 
SuG. 2. If they meet, represent the point of meeting 

by O, 

SuG. 3. Compare the assumption that they meet, with 

Prop. XIII. 

SuG. 4. What, then, is your conclusion concerning 
tfieir meeting ? What do you conclude with respect to 
their being || ? Give auth. 

Therefore 
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88. A transversal or secant line is a line which 
crosses two or more lines; as the line A B in the figure. 

When a transversal cuts two lines eight angles are 
formed, viz. ; tlie angles 1-8 in the figure. 

D 

F 




7/t 

B 

The interior angles are those within, or between, the 
lines; as 3, 4, 5, 6. 

The exterior angles are those without the lines; as 
1. 2, 7, 8. 

Alternate interior angles are pairs of interior angles 
on opposite sides of the transversal, and not adjacent; as 
3 and 6, 5 and 4. 

Alternate exterior angles are pairs of exterior angles 
on opposite sides of the transversal, and not adjacent; as 
1 and 8, 2 and 7. 

Corresponding angles are pairs of angles on the same 
side of the transversal, one exterior and one interior but 
not adjacent; as 2 and 6, 4 and 8, etc 

Note. — The two lines which the transversal crosses may or may not 
be parallel. If they are not parallel, and are extended until they 
meet, then th« two lines, together with the transversal, form a tri- 
angle 

Bx. 45. The perpendiculars from the extremities of 
the base of an isosceles triangle to the opposite sides, are 
equal. 

Ex. 46. If D is the middle point of the side ^ C, of a 
triangle ABC, and B E and C Fzx^ the perpendiculars 
from B and CXjo A D^ prove that B E equals C F> 
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84. Axiom 13. Only one line can be drawn through 
a given point parallel to a given line. 

Proposition XVII. Theorem. 

86, If one of two parallel lines is perpendicular to 
a given line, the other one U perpendicular to the 
same line. 



V 





''^.^Imm. and let JB C be 
Let EC and FD be two pardtMi^^^ ^'^^ 

perpendicular to A B. 

To prove that F D is perpendicular to A B, 

SuG. 1. From some point in FD, as O, draw ^ 
to A B. >. 

SuG. 2. What relation does O M sustain to V^xtt 

Paop. J^ 

SuG. 3. What relation does F D sustain to £" C? H yfT 

SuG. 4. What relation does MO sustain to F D1 

Az. 13. 

SuG. 6. Then what relation does F D sustain 
Why? SeeSug. 1. 

Therefore 
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Proposition XVIII. Thsorsm. 

86. // two paraUel lines are out by a transversal, 
the alternate interior angles are equal. 



Let MNand B F represent two p mraXM lines cut by the 
secant A B. 

I. To prove that the alternate interior angles M E B 
and A F P are equal. 

SUG. 1. Through O^ the Middle point of E /% draw 
CD JLtoRP. 

SuG. 2. What relation does CD sustain to M N} 
Why? 

SuG. 8. Compare As O F D and O E C Give auth. 

SuG. 4. Then, how do As M E B and AFP com- 
pare? Why? 

. II. To prove that the alternate interior angles NEB 
und R F A are equal, 

SuG. 1. Z MEB + Z NEB ^ j^RFA + j^ PFA, 
Why? 

SuG. 2. Compare As N E B and R F A. (See Sug. 
4, Part I, and Sug. 1, Part II.) 

Therefore 
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84. Axiom 13. Only one line can be drawn through 
a given point parallel to a given line. 

Proposition XVII. Thborbm. 

86. If one of two parallel lines is perpendicular to 
a given line, ths other one is perpendicular to the 
same line. 



A 
E 



\. 



-C 




Ijct EC and FJD be two parattA UneSf and lei E C be 
perpendicular to A B* 

To prove that F D is perpendicular to A B, 

SuG. 1. From some point \n F D, as O, draw O/f-L 
to A B. 

SuG. 2. What relation does O M sustain to £ C? 

Paop. XVI 

SuG. 3. What relation does F D sustain toE C^ H' 

SuG. 4. What relation does MO sustain to FDT 

Az. 18. 

SuG. 6. Then what relation does F D sustain 
Why ? See Sug. 1. 

Therefore 
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Proposition XVIII. Thsorsm. 

86. If two parallel lines are aU by a transversal, 
the alternate interior angles are equal. 




Let M N and R P repre s e nt tw p etr alM Unss cut fry the 
secant A JB. 

I. Tc prove that the alternate interior angles M E B 
and AFP are equal, 

SuG. 1. Through O, the middle point of E F, draw 
CD ±to/^P, 

Sua. 2. What relation does CD sustain to AfN? 
Why? 

SuG. 3. Compare As O FD and O E C. Give auth. 

Sua. 4. Then, how do Zs AfEB and j4 FP com 
pare ? Why ? 

II. To prove that the alternate interior angles NEB 
A R F A are equal. 

Suo. 1. Z,MEB+ ANEB^ ARFA + APFA. 

Why? 

SuG. 2. Compare As N E B and R F A. (See Sug. 
4, Part I, and Sug. 1, Part II.) 

Therefore 
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84. Axiom 13. Only one line can be drawn through 
a given point parallel to a given line. 

Proposition XVII. Thborbm. 

86. If one of two parallel lines is perpendicular to 
a given line, the other one is perpendicular to the 
same line. 



\ 




•^ and let E C be 



Let BO and FD hetwo 
perpendicular to A B, 

To prove that FD is perpendicular to A B. 

SuG. 1. From some point in F D, as O, 
ioAB. 

SuG. 2. What relation does O M sustain to 

Prop. 

SuG. 3. What relation does F D sustain \.oECt H v] 

SuG. 4. What relation does MO sustain to F Dl 

Ax. 13. 

SuG. 6. Then what relation does F D sustain \Xi A B^ 
Why? SeeSug. 1. 

Therefore 



s 



\ 
1 
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Proposition XVIII. Thsoi 

86. If two paraiUel lilies are cut by a trcmsverscU, 
the altemcUe interior angles are equal. 




Let MNand B P represent tw pmraUH linm cutb^the 
secant A B* 

I. To prove that the alternate interior angles M E B 
and A F P are equal. 

SuG. 1. Through O, the middle point of E F, draw 
C D l^XoRP. 

Suo. 2. What relation does CD sustain to M Nt 
Why? 

Suo. 8. Compare ^s O FD and O E C. Give auth. 

SuG. 4. Then, how do Zs M E B and AFP com- 
pare? Why? 

[i II. To prove that the alternate interior angles NEB 
xnd R F A are equal, 

SuG. 1. ZMEB+ ZNEB^ARFA + APFA, 
Why? 

SuG. 2. Compare Z.s N E B and R F A. (See Sug. 
4, Part I, and Sug. 1, Part II.) 

Therefore 
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84. Axiom 13. Only one line can be drawn through 
a given point parallel to a given line. 

Proposition XVII. Thborbm. 

86. If one of two parallel lines is perpendicular to 
a given line, ihs other one U perpendicular to the 
same line. 



andlet B C be 




Let EC and FD he two 

perpendicular to AB. 

To prove that F D is perpendicular to A B. 

SuG. 1. From some point in F D^ as O, 
ioAB, 
SuG. 2. What relation does OM sustain tolc^.^" 

Prop. 
SuG. 3. What relation does F D sustain to ^ C ? H 
SuG. 4. What relation does MO sustain to F Dl 

Ax. 13. 

SuG. 6. Then what relation docs F D sustain to -^ -^ ^ 
Why? SeeSug. 1. 
Therefore 



•l: 
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Proposition XVIII. Thkorkm. 

86. If two parcMel lines are cut by a transversal, 
the alternate interior angles are equal. 




Let MNand B P represent tw p mr aiM lines cutb^the 
secant A B* 

I. To prove that the alternate interior angles M E B 
and AFP are equal. 

SuG. 1. Through O, the middle point of E F^ draw 
CD 1,\qRP, 

Suo. 2. What relation does CD sustain to M Nl 
Why? 

SuG. 8. Compare ^s O FD and O E C Give auth. 

SuG. 4. Then, how do As M E B and AFP com- 
pare? Why? 

i^ II. To prove that the alternate interior angles NEB 
md R F A are equal. 

SuG. 1. ZMEB+ ZNEB^ ZRFA + Z.PFA, 

rhy? 
SuG. 2. Compare Zs N E B and R F A. (See Sug. 
31, Part I, and Sug. 1, Part II.) 
Therefore 
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Proposition XIX. Theorbm. 

87. If two parallel lines are cut by a trantverstU, 
the corresponding angles are equal. 

A 

C ^ D 




^/ 

B 

Lei C D and E F represent two parallel lineSf cut hy ih€ 
transversal A B. 

To prove thai the corresponding angles^ 2 and 6, or 
S and 7, etc.y are equal, , 

Sue. Sec Prop. XVIII. 

Proposition XX. Theorem. 

88. // two parallel lines are cut by a transversal, 
the interior angles on the same side of the transversal 
are supplements of ecbch other. 

A 

C 




B 
Let O D and E F represent two parallel lifieSf cut by the 

transversal A B^ and 4 and 6 two interior angles on the 

same side of A B. 

To prove that the angles 4 and 6 are supplements of each 

other. 

SuG. 1. Compare Zs 3 and 6. Give auth. 
SuG. 2. How does A 3 compare with ^ 4 ? Why ? 
SuG. 3. How, then, does Z 6 compare with Z 4 ? Why? 
Therefore — 
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Proposition XXI. Thborbm. 

89. If two straight lines are out by a transversal, 
so that the alternate interior angles are eqiuil, the 
lines are parallel. 



TM A B and C Dhe two straight UneSf cut by the trans- 
versal JEFfSO that the angles B O Fand ENC are equal. 

To prove that A B and C D are parallel, 

Suo. 1. Through (9, the point of intersection of A B 
and E /% draw /^S\\ to CD. 

SUG. 2. Compare Z S OF with Z £ N C Give 
auth. 

Sua. 8. Compare Z B OF with Z E N C. Give 
auth. 

SuG. 4. Compare Z S O F with Z B O F, Give 
auth. 

SuG. 5. Since the side O F is the same in the twc 
Zs B O F and S O Fy what relation of position must 
O S and O B sustain to each other? 

SuG. 6. Since R S is» by construction, \Xq C D, what 
relation does A B sustain to C Z? ? Why ? 

Therefore 
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MODEL. 



Proposition XXI. Thborkm. 
90. If two straight lines are cat by a transversal, 
80 that the alternate interior angles are equal, the 
lines are parallel. 




Let A B and C Dbe two straight UneSf cut by ihe trans- 
versal E F, so that the angles BO F and E N C a/re eqpiMl. 

To prove that A B and C D are paralUL 

Through O, the point of intersection oi A B and E /% 
draw JP 5 1 to CD, 

The ZS OF equals ZENC 

(If two parallel lines are cut by a traoaversal, the alternate interior 

angles are equal.) 

But Z ^ O /^equals ZENC By Hyp. 
Hence, Z S OF equals Z B O F, 

(Things equal to the same thing are equal to each other. ) 

Since the side O F is the same in the equal Zs S O F 
and B O Fy OS and O B must coincide. 

But R S is, by cons., || to CD, Hence A B^ which 
coincides with R S, must be || to C D, 

Therefore, if two straight lines are cut by a transversal, 
so that the alternate interior angles are equal, the lines 
are parallel. 



i 
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Proposition XXII. Theorbm. 

91. If two straight lines are cut by a transversal 
so that the corresponding angles are equal, ths lines 
are parallel. 



^/ ^ 




Let A B and C D represent two lines cut by tne trans- 
versal E F^ so tliat the corresponding angles EGA and 
K yc are equal. 

To prove that A B and C D are parallel. 

Suo. 1. Through (9, the point of intersection of A B 
and -fi* /% draw J^ S to represent a line || to C Z^. 

Suo. 2. Compare Z. E O R with Z E N C. Give 
auth. 

SuG. 3. Compare 2^ £" O ^ with Z -£" -A^ C Give auth. 

SuG. 4. Qomi^2ir^ Z. E O R YfiXh Z. E O A . Give auth. 

SuG. 5. Since the side ^ O is the same in the two 
Z.S E O A and E O Ry what relation of position must 
O A and O R sustain to each other ? 

Bug. 6. Since R S is, by construction, || to CD, what re- 
lation does A B sustain \o C Dl Why ? 

Therefore 
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Proposition XXIII. Theorem. 

92. If two straight lines are cut by a transversal so 
that the interior angles on the same side of the trans- 
verscbL are supplements of each other, the lines are 
parallel. 



— I) 



Let A B and C D represent two lines cut by the trans^ 
versal E F^ so that the angles AO F and E KC are sup- 
plements of each other. 

To prove that A B and C D are parallel, 

SuG. 1. Through Oy the point of intersection oi A B 
and E Fy draw R Sx.o represent a line || to C D, 

SuG. 2. CompareZ/^(9/^withZi^(97^. (See method 
in Prop. XXI.} 

Complete the demonstration. 

Therefore 

93. An exterior angle of a 
triangle is an angle formed by one 
side of the triangle and an adjacent 
side extended. Angle n is an ex- 
terior angle of the triangle ABC* 
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94. When one side of a triangle has been extended to 
form an exterior angle, the two interior angles of the tri- 
angle which are not adjacent to the exterior angle are 
called opposite interior angles. In the figure in the 
previous article n is an exterior angle, and the angles 
A and C are the opposite interior angles oi the tri- 
angle ABC. 

Proposition XXIV. Tbbobem. 

95. An eMerior angle of a triangU equals the sum 
of the opposite interior angles. 



-/J 

- /V 



Let A B C represent a triangle^ DA Can exterior angte^ 
and B and C the opposite interior angles. 

To prove that the angle D A C equals the sum of the 
angles B and C. 

SuG. 1 . Through the point A draw a line M N^toB C. 
SuG. 2. Compare Z. D A N with Z B. Give auth. 
SuG. 3. Compare A C A -A^ with Z. C Give auth. 
SuG 4. Compare Z. D A C with Z B -V Z C. 
Therefore 
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Proposition XXXI. Theorem. 



105. If two sides of a triangle are loneqiuU.the 
angles opposite them are unequal, the greater angle 
being opposite the greater side. 

A 




Let ABC represent a triangle in which the wide A Bis 
greater than tJie side A C 

To prove that the ajigle C is greater than the angle B, 

SuG. 1. The A C equals Z. B, or is less than A B^ or 
is greater than Z. B. 

SuG. 2. If Z C were equal \o Z. B how Would A B 
and A C compare ? Why ? Does this agree with the hyp. ? 
Is it possible for Z C^o equal Z B} 

SuG. 3. li Z C were less than Z B how would A B 
and A Ccompare ? Why ? Does this agree with the hyp.? 
Is it possible for Z C to be less than Z B^ 

SuG. 4. From the results reached in Sugs. 1, 2, 3, what 
must be the relation between Zs C and B ? 

Therefore 

Note. — If the student, \n original investigation of the proposition 
just given, or any similar one, should chance to consider the supposi- 
tion which leads to the truth before one or more of the others, the re- 
maining suppositions should be investigated. When all possible sap- 
positions have been stated, one of which is true, and it has been shown 
that all but one are false, it is evident that the one remaining miisl be 
true. 
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1 06. Proposition XXXI is a good illustratioii x^i what is 
known as the indirect method, or the redticHo adabsurdum 
method of reasoning. Its pecuHarity consists in the fact 
that the statement of the proposition is not directly 
proved to be true, but that everything which contradicts 
the statement of the proposition is shown to lead to some 
manifest absurdity, and is therefore false. This method 
often presents difficulties to the beginner on account of 
the £Eict that he is obliged to admit, temporarily, and for 
argument's sake, something which the argument itself 
goes to destroy. But, as the reasoning is examined more 
closely, it will be found to be just as satisfactory as the 
direct demonstration, and in many cases (especially the 
converse of propositions which have been proved by di- 
rect demonstration), this method is the easiest and best 
one to apply. In applying this method care must be 
taken that every possible case which contradicts the propo- 
sition be considered and each one shown to lead to an ab- 
surdity. Then, and then only, is this method of demon- 
stration rigid. 



Ex. 64. If ^ ^ C be a right triangle with the right 
angle at C, and if through C a line meeting the hypote- 
nuse at D be drawn in such a manner that the angle 
A C D equals the angle B and the angle BCD equals 
the angle A^ prove that C D \s perpendicular to the 
hypotenuse A B, 

Bx. 55. If ^ ^ C be a right triangle with the right 
angle at C, and if through C a line meeting the hypote- 
nuse at D be drawn in such a manner that the angle A CD 
equals the angle A, and the angle BCD equals the 
angle B^ prove that C D bisects the hypotenuse A B^ 



66 



PLANS GBOMBTRY. 



Proposition XXXII. THBomBM. 

107. // a perpendicular and oblique lines ar$ 
drawn from a point to a given line: 

I* The perpendicular is shorter than any abliqu4 

line. 

II* Two oblique lines which meet the given line at 
equaJ^ distances from the foot of the perpendicuLar, 
are equal, 

III. Of two oblique lines m^eeting the given line at 
unequal distances from, the foot of the perpendicular, 
the more remote is the greater. 




Let AD be perpendiailar to a given line B Ef and A .B, 
A C and A E oblique llneSf meeting the given line tU B^ C 
and E respectively; and let D Bhe greater than D E^ and 
D C equal to D E. 

I. To prove that A D is the shortest line from A to B E. 

SuG. 1. If A C represents any oblique line, how does 
/IAD Ccompare with Z A CD} Why? 

SuG. 2. How does A D compare with A C, and lience 
with any oblique line from A to B E? 

II. To prove that A C equals A E, 

Sno. Compare the triangle ADC and A D E. 
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Complete the demonstration of this part of the piopo- 
sitlon. 

III. To prove that A B is greater than A E. 

Sua. 1. Compare As A B D and A C D with respect 
to magnitude. Give auth. 

SuG. 2. Compare Z.^ A C D and ACS with respect 
to magnitude. Give auth. 

SuG. 3. Compare As A C B and ABC with respect 
to magnitude. 

Suo. 4. Compare A B with A C, and hence with A E, 
Give auth. 

SuG. 6. Notice the conclusions in parts I, II and III. 

Therefore 



Ex. 56. A line drawn from one end of the base of an 
isosceles triangle, perpendicular to the opposite side, 
makes with the base, an angle equal to one half the ver- 
tical angle. 

Ex. 57. A straight line drawn from any point in the 
bisector of an angle to either side and parallel to the 
othei side, makes, with the bisector and the side to which 
the liae is drawn, an isosceles triangle. 

Ex. 58. The angle formed by the bisectors of the 
angle^ at the base of an isosceles triangle is equal to an 
exterior angle at the base of the triangle. 

Ex. 59, A C B and A D B are two triangles on the 
same side of A B, such that A C equals B D, and A D 
equals B C, and A D and B C intersect at O, Prove 
tkat A O B is an isosceles triangle. 

Ex. 60. The difference between any two sides of a tri 
angle is less than the third side. 
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Proposition XXXIII. Theorem. 

108, Converse of Prop. XXXII, I. The shortest tins 
from, a point to a line is a perpendicular to the line. 



/ 
/ 



■D 



C M 1 

Let A B repreaent the shortest line from A to the line C D. 

To prove thai A B is perpendicular to C D, 

SuG. 1. li A B IS not JL to C A draw A Af to repre- 
sent a J_ to C Z>. 

SuG. 2. If A M is JL io C D, how does it compare in 
length with A B? Prop. XXXII. 

SuG. 3. Compare your answer with the hypothesis. 

Therefore 

109. The distance from a point to a line is the 
length of the perpendicular from the point to the line. 



Ex. 61. Lines which are perpendicular to parallellines 
are parallel. 

Ex. 62. If a perpendicular be dropped from the vertex 
of an isosceles triangle to the base, prove, first, that it 
bisects the base; second, that it bisects the vertical angle; 
third, that it bisects the triangle. 

Ex. 63. The sum of the three sides of any triangle is 
greater than the double of any one side, but less than 
the sum of the doubles of any two sides. 
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Propositiok XXXIV. Thsorbm. 
110. Two equal obliqiue lines, drawn froftn ihe same 
point in ths perpendicular to a given line, out off 
equaX distanees from the foot of the perpendicular. 




Let A B be perpendicuUxr to C I>, and let A C and A D 
be equal oblique lines drawn from AtoCD. 

To prove that B C equals B D, 

SuG. Compare /^s A B C and A B D. Give auth. 
Therefore 



Bx. 64. Each angle of an equilateral triangle is one 
third of two right angles, or two thirds of one right 
angle. 

Ex. 66. The line joining the feet of the perpendiculars 
drawn from the extremities of the base of an isosceles 
triangle to the opposite sides is parallel to the base. 

Ex. 66. The sum of the three straight lines drawn irom 
any point within a triangle to the three vertices, is greater 
than half the sum of the sides. 

Ex. 67. If a line intersects the sides of an isosceles 
triangle at equal distances from the vertex, the line is 
parallel to tha base. 
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Proposition XXXV. Thboebm. 

111. Two uneqiLal oblique Lines, drawn from ths 
same point in the perpendicular to a given line, ciU 
off unequal distances from the foot of the perpendiaw- 
Ujur, the longer line outUng off the greater dietanee. 




tJeiABbeperpendieuiarto CD, and let A € and A B 
to unequal oblique Unes drawn/irom Ato C D9 AC being 
longer than A !>• 

To prove that B Cis greater than B D. 

Suo. 1. B Cv& equal to ^ A or is less than B D,or is 
{greater than B D. 

Suo. 2. \i B C were equal to B D, how would A C 
compare with A Dl Why ? 

Suo. 8. If B C were less than B D, how would A C 
compare with A Dl Give auth. 

Suo. 4. How, then, must B C compare with B D} 

Therefore 



Bx. 68. If the vertical angle of an isosceles triangle is 
one half as great as an angle at the base, a bisector of a 
base angle divides the given triangle into two isosceles 
triangles. 



RECTILINEAR FIGURES. 



61 





EXBRCISBS. 

69. Prove that every point in the bisector of an 
angle is equally distant from the sides of 
the angle. 

SuG. OAfsind ON^x^ ± to A B and 
A C respectively. (See definition of dis- 
tance.) 

Prove O M equal to O N. 

70. Prove that every point not in the 
bisector of an angle is unequally distant 
from the sides of the angle. 

Prove that O M and O N are unequal. 

SuG. Draw S R S^Xo A N. Connect 
i?and O. 

Compare S O -^ S R with O R, O M 
with O R,0 M with O N, 

71. What is the locus of a point equally distant from 
the sides of an angle ? 

72. What is the locus of a point at equal distances 
from the two intersecting lines ? 

73. The middle point of the hypotenuse of a right tri- 
angle is at equal distances from the three vertices. 

74. The sum of the exterior angles at the base of any 
triangle is equal to two right angles plus the vertical 
angle of the triangle. 

76. In a triangle ABC, the angle C is twice the sum 
of the angles A and B, and the angle B is twice the 
angle A\ find all three angles of the triangle. 

76. In a triangle ABC, the angle B is three times the 
angle A, and the angle C is five times the angle A\ find 
each angle of the triangle. 
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Proposition XXXVI. Thborbm. 

112. If two lines be drawn from a point in a tri- 
angle to the eaotremities of a side, the sum of the two 
lines so drawn is less than the sum of the other two 
of the triangle. 




Let ABC represent any triangle^ O any paint wWUn 
the triangle^ and O B and O C lines drawn from O to B 
and C respectively. 

To prove that O B -\- O Cis less than A B + A C 

SuG. 1. Extend one of the lines through O to meet the 
side of the triangle at Af. 

SuG. 2. How does B A -{- A M compare with B M} 
Why? 

SuG. 3. Then how does BA-\-AM-\-MC compare 
with^i^-f- MC} 

SuG. 4. Compare O M -^ M C with O C 

SuG. 5. Then how does B O -{- O M -{^ M C compare 
with B O + on 

Suo. 6. By referring to your answers to Sags. 3 and 6, 
compare BA + AC with BO + 0C. 

Therefore 
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Partial Drmquitration. 

Answer to Sug. 8. B A + A C is greater than B M 
4- MC 

(If eqnali be added to nneqnak the results are mieqiial, that being 
greater which is obtmiaed bj additioB to the greater of the two given 
aneqoals.) 

Answer to Sug. 6, B M -¥ M C \b greater than B O 
+ O C. (Same reason.) 

Answer to Sug. 6. Hence, much more must BA 
-^ A Che greater than B O + O C 



Ex. 77. Prove that the three bisectors of the angles of 
a triangle meet in the same point. 

Sug. 1. Draw 2i A A B C 

Sug. 2. The bisector of the ^ A is the locus of a 
point equally distant from the sides A B and A C. See 
exercises 69 and 70. 

Sug. 3. The bisector of the A B\s the locus of what ? 

Sug. 4. Prove, now, that the point of intersection of 
these two bisectors is on the bisector of the Z, C. 

Ex. 78. If a straight line intercepted between parallel 
lines is bisected, any other straight line drawn through 
the point of bisection to meet the parallel lines is also bi- 
sected at that point; and the two intersecting lines cut 
off equal portions on the parallel lines. 

Ex. 79. A Bis the hypotenuse of a right triangle ABC, 
B D is drawn bisecting the angle B, meeting A C Bt D, 
and D E is drawn perpendicular to A C, meeting A B 
at E. Prove that E D B isz-n isosceles triangle. 
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Proposition XXXYII. Thborbm. 

1 13. // two triangles have two sides of one equal to 
two sides of the other and the included angles un- 
equal, the remaining sides are unequal, that being 
greater which belongs to ths triangle having the 
greater included angle. 




Let ABC and A' B' C represent two triangles^ im 
which A B equals A' B\ A C equals A' C'f and ^AU 
greater than /^A'. 

To prove thai B C ts greater than B C 

SuG. 1. Place ^A' B' C upon AA B Cso that A' ff 
coincides with A B, A' upon A, and B upon B, 

SuG. 2. Since A A' is less than Z A^ where, with re- 
spect X.0 A B AC, must A ' C fall ? 

SuG. 3. Bisect the Z C-^ C\ and extend the bisector 
to meet B C 2X O, Connect O and C. 

SuG. 4. Compare /^s A O C and A 0C\ Give auth. 

SuG. 5. Compare OC and 0C\ 

SuG. 6. Compare B O -k- O C with B C, hence B C 
with BC\ hence B C with B' C. 

Therefore 
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na. t 



There are three cases with respect to the position of 
the point C 

Casb I. C may fall udth- 
outihe t:^ ABC. 

Cask II. C may fall upon 
the line BC. 

Cas« III. C may fall with- 
in the l:^ ABC. 

Another Method for Case II 



SuG. 1. In figure 1, 
where, with respect to 
ABAC, must A C 
faU? 

SuG. 2. Compare B C 
with -5 C. (Ax. 8.) B 




fio a. 



Another Method for Case III. 



SuG. 1. In figure 2, 
compare ^C + C'A with 
BC^-CA. Giveauth. 

SuG. 2. Compare B C 
with B C. 

N9t€. — The pupil can read- 
ily see the possibility of the 
three cases in this proposition 
by an examination of figure 3. 




na. a. 



Ex. 80. Give another demonstration of 
Case I, of Proposition XXXVII, by us- 
ing the following suggestions: 

SuG. 1. Connect C and C . 

SuG. 2. Compare AACC with ACC. 

SuG. 8. Compare Z BC C with BCC. 
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Ex. 81. Give another demonttimtioii of Case XII» oi 
Prop. XXXVII, by us- 
ing the foUowini^ sug- 
gestions: 

Suo. 1. Connect C 
and C. 

Sua. 2. Compare 
ZACCWiihZACC 

Suo. 8. Compare sup- 
plement fdZAC Cwitb Z B C C 

Sua. 4. Compare supplement of /L A C C* with 
ABCC. 

Sua. 6. Compare A B C C with Z B C C. 

Therefore 

Proposition XXXVIII. Theorbm. 

1 14. If two triangles have two sides of one equal tc 
two sides of the other and the third sides unequal the 
angles opposite the third sides are unequal, that being 
greater which is opposite the greater third side. 




Let AB CandA' B' C ' represent two tHangtes having 
A B eqtiol to A' B' and A C eqtMl tm A' C amd B « 
ftreaier Hum B' € \ 
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To pr4yve that the angle A u greater than the angle A'. 

SuG. \.\iZ.A equals Z A\ how do ^ C and^ C 

compare ? 

SuG. 2. liAA is less than Z A\ how do iff C and 

ff C compare ? 
Suo. 3. How, then, must Z. A compare with Z -^ ' ? 

Therefore 

Polygons. 

115. A. polygon is a portion of a plane, bounded by 
straight lines; ^ A B C D E. 

The bounding lines are called 
the sides of the polygon, and 
their sum is called the perimeter 
of the polygon. 

The angles formed by the sides 
of the polygon on the side of the 
enclosed space, are called the in- 
terior angles of the polygon, as 
the angle ^ -^ -fi" in the figure. 

An angle formed by one side of the polygon and an 
adjacent side extended, is called an exterior angle of 
the polygon; as the angle m in the figure. 

The vertices of the interior angles of a polygon are 
called the vertices of the polygon. 

A line joining any two vertices, not adjacent, is called 
a diagonal of a polygon. 

When no ambiguity arises, a polygon is frequently 
read by naming any two vertices, not adjacent; 9& A D, 
BD.dbc. 
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116. Polygons are classified according to the number 
of their sides. The least number of sides a polygon can 
have is three. 

A polygon of three sides is a triangle. 
A polygon of four sides is called a quadrilateral. 
A polygon of five sides is called a pentagon. 
A polygon of six sides is called a hexagon. Btc. 

117. An equilateral polygon is a polygon all of 
whose sides are equal. 

An equiangular polygon is one all of whose angles 
are equal. 

A convex polygon is a polygon no side of which, if 
extended, would enter the space enclosed by the perim- 
eter of the polygon; as A B C D E in the figure of 
Art. 113. 

A concave polygon is a polygon, two or more sides 
of which, if extended, would 
enter the space enclosed by the 
perimeter of the polygon; as 
A B C D E Fy in the figure at 
the right. If either A B or B C 
be extended through B it would 
enter the space enclosed by the perimeter of the polygon. 

The angle A B C in this figure is called a re-entrant 
angle. 

Quadrilaterals. 

118. (^^adrilaterals are divided into classes as follows: 
The trapezium, which has no 

two of its sides parallel. 

The trapezoid, which has two 
sides parallel. 

The parallelogram, which has 
its jMurs of opposite sides parallel. 
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119. The pandlel sides of a trapefoid are called bMM, 
the non-parallel sides are called 

legSy and the perpendicular dis- 
tance between the bases is called 
the altitude of the trapezoid. 
In the figure at the right A B 
and C D are the bases, A C and 

B D are the legs, and A Mx& the 
altitude of the trapezoid. 

120. Bither pair of opposite sides of a parallelogram 
may be called bases, but 
when one pair is selec- 
ted as bases the other 
pair must not be called 
bases. When a pair of 
parallel sides of a paral- 
lelogram is selected as 



A 



B 

PARALLELOQRAM. 

bases one of these sides is called the primary base, and 
the other the secondary base. 

The perpendicular distance between the bases of a 
parallelogram is called the altitude of the parallelogram. 

Usually the words lower base and upper base are used instead of 
primary base and secondary base respectively, bat as geometry does 
not take into account the idea of up and down, the terms priMary and 
tecondary are preferable. 

121. Parallelograms are classified as follows: 

A parallelogram all of whose 
angles are oblique is called a 
rhomboid, and a parallelo- 
gram all of whose angles are 
right angles is called a rect« 
angte. 
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The distinction between the difierent kinds of parallelograilM 
should be kept clearly in mind. Students often make the mistake of 
drawing the figure of a rectangle when proving a proposition about a 
parallelogram. A rectangle is a parallelogram, but a parallelogram 
is not necessarily a rectangle. Every property of a parallelogram is 
also a property of a rectangle, but a property of a rectangle may not 
be a property of parallelograms in general, and, if a rectangle is 
drawn in connection with a proposition about a parallelogram, there 
is danger of being misled into applying to parallelograms some prop- 
erty which is true only of rectangles. 




RHOMMIS. 



tQUARp. 



122. A rhomboid whose sides are all equal is called a 
rhombus, and a rectangle whose sides are all equal is 
called a square. 

Proposition XXXIX. Theorbm. 

123. Ths opposite sides of a parallelogram are 
equal. 




hct, A a C D represent a paraUeloffram, 

To prove that the opposite sides A C and B D are equal: 
also that the sides C B and A D are equal 
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Suo. 1. Draw the diagonal A B. 
SUG. 2. Compare the As A B C and A B D, 
Stjg. 3. How then does A C compare with D B, and 
CBwithA D? 
Therefore 

124. Corollary. The diagonal of a parallelogrmm 
divides it into two equal triangh 



Proposition XI^ Thhorsm. 

125. If a quadrilateral have two of Us sides equal 
and parallel, it is a paraZlelaJram. 




Let AC B D represent a qwad/rUateral m which the side 
A.Cis equal aiul pa/raUel to the side B D, 

To prove that A B C D is a parallelogram. 

SuG. 1. Draw the diagonal A B, 

SuG. 2. Compare the As A C B and A D B. 

SuG. 8. Then how does ^ m compare with ^ « ? 
Why? 

SuG. 4. If ^ w equals A n, what relation does A D 
sustain to C -5 ? 

Does the quadrilateral A C B D agree with the defini- 
tion of a ZI7 ? 

Therefore 
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Proposition XLI. Thkorbm. 

126. A qiLodHla teraZ whose opposite sides are equal 
is a parallelograTn, 




Let ACBD represent a quadrilateral in wfdeh A C 
equals D Band A D equals C B* 

To prove that the quadrilateral A C B D is a paraUeUh 

^ram. 

SuG. 1. Draw the diagonal A B, 

SuG. 2. Compare As A C B and A D B. 

SuG. 3. How does A m compare with ^ nl Why ? 

SuG. 4. See Prop. XL, 

Therefore 

Query. How many and what statements have been 
made that may be used as definitions of a parallelogram ? 

NoU. — The pupil should carefully distinguish between a property 
of a figure and a statement that may be used as a definition. 

A definition of a figure is such a description of it as serves to dis- 
tinguish it from every other figure. A property of a figure is simply 
something which it true of the figure, and may also be true of other 
different figures. 



Kx. 82. In the triangle ABC, the angle A plus twice 
the angle B minus three times the angle C equals 110 
degrees, and the angle A minus twice th *: angle B plus 
three times the angle C equals 90 degrees; find the angles 
A, B, and C. 
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Proposition XLII. Thkorbm. 

127* Two paraMelograms which have two gides and 
the included angle of one equal to two tides and the 
included angle of the other, each to each, are equal in 
aU respects. 

B 




f ^'' f ^ 






C^ 



Lei A D and A' D' represent two paraUeiograms in 
wMehAB equals A' B'^A C equals A' C and the anffie 
A equals the angle A . 

Te prove thai ike parallelograms ere equal in all re- 
specfs, 

Suo. 1. Place ihtn A B DC upon n A' B' D' C 
so that A B coincides with A* By A upon A' , and B 
upon By and so that the two figures shall fall upon the 
same side of A' B . 

Suo. 2. What diiection will A Ctake? Why? 

Suo. 8. Where will the point C fall? Why? 

Suo. 4. What direction will C D take ? Why ? 

Sua. 6. Where wiU the point D fall ? Why ? 

Therefore 



Ex. 88. In proposition XLII, suppose A C equals 
A^ C\ C D equals C D , and the angle C equals the 
angle C\ then draw the diagonals A D and A* L/, and 
pnnre the proposition in another way. 
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Proposition XLIII. Thsoebm. 

128. The diagonals of a paraUelograin bisect each 
othsr. 




Let KLNM represent a paraUetogrcmtf immI L M and 
K Nits diagonaiSf intersecting at O. 

Ts prove thai K O equals O N and L O equals O M. 

SuG. Compare l^ K O L with AUON.otALOJV 
with A JfTOAf. 
Therefore 

Proposition XLIV. Thborem. 

129. The opposite angles of a parallelogram are 
equal. 




Let AC B Dbea paraUelograni. 

Ts prove that the angk CAD equals ike angle C B D, 
er thai the angk C equals the angle D. 
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Suo. 1. Draw the diagonal A B. 

SuG. 2. Compare ^s m and n. Give auth. 

SuG. 3. Compare ^/.s C A B and A B D. Give auth. 

SuG. 4. Compare Z.s C A D and C B D. Give auth. 

SuG. 5. In a similar manner compare Z.s C and D. 

Therefore 

Proposition XLV. Theorbm. 

180. Ths Bum of the interior angles of any oanvejo 
polygon is equal to twice a^s many right angles as the 
polygon has sides, minus four right angles. 



E ' D "' '^ • ' 

Ijsi A BCD EFrepresent a convex poiygen. 

To pr<*ve that the sum of the interior angles of the poty- 
gon equals twirt a^ mayiy right angles as the polygon has 
sides y minus /out right angles, 

SuG. 1. Connect each vertex with O, any point within 
the polygon. 

SuG. 2. If the polygon has n aides, how many As are 
formed ? 

SuG. 8. How many rt. Z.% in the sum of the angles of 
each A ? How many in the suna of the angles of all the As ? 

SuG. 4. What is the sum of the ^s about O? 

SuG. 5. Then, how many rt. A.S in the sam of the in- 
terior ^s of the polygon ? 
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P*OFOSiTioi» XXVI. Thborbm. 

131. The sum of the exterior angles of any oofnvex 
poLygon is equal to four right angles. 



^. ^ 



Liet A BC D E reprcAetit a convex pol/ygen. 

To prove that the sum of the exterior angles 4, r, e^ m 
and 0, equals four right angles, 

SuG. 1. What is the sum of the ^s a and ^? Of 
r and £f ? Of /and e ? Etc. 

SuG. 2. If the polygon has n sides, the sum of all the 
exterior and interior Z.s equals how many rt. Z.% ? 

SuG. 3. See Prop. XLV, and complete the demonstni- 
tion. 

Therefore 



PROPOSITIONS IN CHAPTER 1. 



PROPOSITION I 

At a given point, in a straight line, one perpendicular can be erec- 
ted to that line, and bnt one. 

PROPOSITION n. 

If one straight line meets another straight line, the sam of the ad- 
jacent angles formed equals two right angles. 

PROPOSITION in. 
II two straight lines intersect, the vertical angles formed are eqoai 

PROPOSITION IV. 

If two triangles have two sides and the included angle of one equaJ 
to two sides and the included angle of the other, each to each, the tri- 
angles axe eqnal in all r e sp e cts . 

PROPOSITION V. 

If two triangles have two angles and the included side of one. equal 
to two angles and the included side of the other, each to each, the 
triangles are equal in all respects. 

PROPOSITION VI 

The angles opposite the eqnal sides of an isosceles triangle art 
equaL 

PROPOSITION vn. 

If 'a perpen^cnlar be erected at the middle point of a straight line, 
the distances from any point in the perpendicular to the eztremitia 
of the line are equal. 

PROPOSITION vra. 

Any side ol a triangle is less than the sum ol the other twa 
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PROPOSITION IX. 

If a perpendicukur be erected at the middle point of a straight line, 
the distances, from a point not in the perpendicular, to the extrem- 
ities of the line are unequal. 

PROPOSITION X. 

Determine the locus of a point at equal distances from the extrem- 
ities of a given line. 

PROPOSITION XI. 

Two triangles having the three sides of one equal* respectively, to 
the three sides of the other, are equal in all respects. 

PROPOSITION XII. 

If the sum of two adjacent angles equals two right angles, their ex- 
terior sides form a straight line. 

PROPOSITION XIII. 

From a point without a line, one, and only one, perpendicular can 
be drawn to the line. 

PROPOSITION XIV. 

Two right triangles which have the hypotenuse and a side of one 
equal to the hypotenuse and a side of the other, are equal ia all re 
spects. 

PROPOSITION XV. 

Two right triangles which have the hypotenuse and an acute angle 
of one equal to the hypotenuse and an acute angle of the other, are 
equal in all respects. ; 

PROPOSITION XVI. 
Two lines which are perpendicular to the same line, are parallel. 

PROPOSITION XVII. 

If one of two parallel lines is perpendicular to a given line the othor 
one is perpendicular to the same line. 

PROPOSITION xvm. 

U two parallel lines are cut by a transversal, Um altomalo iatarior 
angles aro eqaaL 
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PROPOSITION XIX. 

If two parallel lines are cut by a transvenal. tba oomapooding 
angles are equal. 

PROPOSITION XX. 

If two parallel lines are cnt by a transversal, the interior angles on 
the same side of the transversal are supplements of each other. 

PROPOSITION XXI. 

If two straight lines are cut by a transversal, so that tba alternate 
interior angles are equal, the lines are parallel. 

PROPOSITION XXII. 

If two straight lines are cut by a transversal so that the correspond- 
ing angles are equal, the lines are parallel. 

PROPOSITION xxin. 

If two straight lines are cut by a transversal so that the interior 
angles on the same side of the transversal are supplements of each 
other, the lines are parallel. 

PROPOSITION XXIV 

An exterior angle of a triangle equals the sum of the opposite in- 
terior angles. 

PROPOSITION XXV. 

The sum of the interior angles of a triangle equals two right angles 

PROPOSITION XXVI 

If two triangles have two angles of one equal respectively to two 
angles of the other, the third angles are equal. 

PROPOSITION XXVII. 

If two right triangles have a side and an acute angle of one equal 
to a side and an acute angle of the other, the triangles are equal in all 
respects. 

PROrOSITION XXVIII. 

If two triangles have two angles and aside of one equal respectively 
to two angles and a corresponding side of the other, the triangles are 
equal io all 
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PROPOSITION XXIX. 

If two angles of a triangle are equal, the sides oppotito tl 
•qaal, and the triangle is isosceles. 

PROPOSITION XXX. 

If two angles of a triangle are nneqnal, the sides opposite them are 
nneqaal, the greater side being opposite the greater angle. 

PROPOSITION XXXI. 

If two sides of a triangle are nneqaal, the angles opposite them are 
anequal. the greater angle being opposite the greater side. 

PROPOSITION XXXII. 

If a perpendicular and oblique lines are drawn from a point to a 
given line: 
I The perpendicular is shorter than any oblique line. 

II. Two oblique lines which meet the given line at equal distances 
from the foot of the perpendicular, are equal. 

III. Of two oblique lines meeting the given line at unequal dis- 
tances from the foot of the perpendicular, the more remote is the 
greater. 

PROPOSITION XXXIII. 

CoNVBRSB OF Prop. XXXII, I. The shortest line from a point to a 
line is a perpendicular to the line. 

PROPOSITION XXXIV. 

Two equal oblique lines, drawn from the same point in the perpen- 
dicular to a given line, cut off equal distances from the foot of the 
perpendicular. 

PROPOSITION XXXV. 

Two nneqnal oblique lines, drawn from the same point in the per- 
pendicular to a given line, cut off unequal distances from the foot of 
the perpendicular, the longer line cutting off the greater distance. 

PROPOSITION XXXVI. 

If two lines be drawn from a point in a triangle to the extremities 
of a side, the sum of the two lines so drawn is less than the sum of the 
other two sides of the triangle. 
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PROPOSITION xxxvn. 

If two triangles have two sides of one eqoal to two sides of the other 
and the indaded angles unequal, the remaining sides are nneqiul, 
that being greater which belongs to the triangle having the greater tn- 
dnded angle. 

PROPOSITION XXXVnL 

If two triangles have two sides of one equal to two sides ol the other 
and the third sides unequal, the angles opposite the third sides are 
unequal, that being greater which is opposite the greater third ride. 



PROPOSITION XXXIX. 
The opposite sides of a parallelogram are eqoal. 

PROPOSITION XL. 

If a quadrilateral have two of its sides equal and parallel, it is a 
parallelogram. 

PROPOSITION XLL 

A quadrilateral whose opposite sides are equal is a parallelograuL 

PROPOSITION XLII. 

Two parallelograms which have two sides and the included angle of 
one equal to two sides and the included angle of the other, each to 
each, are equal in all respects. 

PROPOSITION XLIIL 
The diagonals of a parallelogram bisect each other. 

PROPOSITION XLIV. 
The opposite angles of a parallelogram are equal. 

PROPOSITION XLV. 

The sum of the interior angles of any convex polygon is equal to 
twice as many right angles as the polygon has sides, minus four right 
angles^ 

PROPOSITION XLVL 

The sum of the exterior angles ol amy convex polygon is equal to 
Coor right angleo. 



CHAPTER II. 

THB CIRCLE. 




Definitions. 

132. A circle is a portion of a plane bounded by a 
curved line all points of which are 

equally distant from a fixed point within 
it. 

The fixed point is called the center of 
the circle, and the bounding line is called 
the circumference of the circle. 

In higher branches of mathematics the word 
circle is used to denote what is here defined as the circnmference, 
I. e. , the curved line bounding a portion of a plane instead of that 
portion of a plane itself, but in this book the above definitions will be 
adhered to. 

133. Any straight line drawn from the center to the 
circumference is called a radius. {O A 
is a radius.) 

Any straight line drawn through the 
center, terminated both ways by the cir- 
cumference, is called a diaimeter. (C B 
is a diameter.) 

From the definition of a circle all radii of the same 
circle are equal; also, all diameters of 
the same circle are equal, each diameter a/^^III2^B 
being twice the radius. 

134. An arc of a circle is any por- 
tion of its circumference; os A M B, 





THE CIRCLE 



83 




A chord of a circle is a straight line joining any two 
points on the circumference; as A B. 

A chord of a circle is said to subtend an arc whose 
extremities are the same as the extremities of the chord. 

The chord A B subtends the arc A M B, and also the 
arc A C D B. Thus, any chord subtends two arcs 
which together make up the whole circumference, but, 
when an arc and its chord are spoken of the smaller of 
the two arcs is always understood unless the contrary is 
specifically stated. 

135. A secant of a circle is any straight line meeting 
the circumference in two points and 
passing through at least one of these 
points; 2& C D E, 

A secant may be considered as a 
chord extended. 

136. A tangent to a circle is a straight line which 
has one and but one point in com- 
mon with the circle; 3S M T N, 

The line is said to be tangent to 
the circle, and the circle to the line. 
The cl)mmon point is called the 
point of contact or point of tan- 
gency. 

137. A segment of a circle is a portion of a circle 
bounded by an arc and its subtending chord; as segment 
A MB in the figure in article 134, /. <?., the part of the 
circle included between the arc A MB and the chord A B, 

138. A sector of a circle is a portion of a circle bounded 
by two radii and the intercepted arc. In the figure in 
Art. 134, the sector C O D is bounded by the arc C Z>, 
and the radii O C and O D, 
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The arc intercepted between two radii is said to sub- 
tend the angle made by the radii; as arc CD subtends 
the angle COD. 

139. A circle is often read by naming the letter at the 
center of the circle. 

From the definition of a circumference it may be con- 
sidered as the locus of a point at a fixed distance fi-om 
the center. Also the distance from the center to any 
point within the circle is less than the radius and the 
distance fix)m the center to any point without the circle 
is greater than the radius. 

Proposition I. Thbo&em. 

140. Two circles are equual if the radius of one 

equals the radius of the other. 





Let the figures O and S rejrresent two circles having 
equal radii. 

To prove that the circles O and S are equal, 

SuG. 1 . Place the O upon the O ►S, with the center 
O upon the center 5. 
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SuG. 2. Where must the circumference of O fall with 
respect to the circumference of 5 ? (See definition of 0.) 
Therefore 

Indirect Method. 

SuG. 1. Same as above. 

SuG. 2. Suppose some part of circumference of one © 
should fall outside of the circumference of the other O, 
how would the radii compare ? 

Proposition II. Theorbm. 

141. J. diameter divides a circle into two eqiuU 
pcurie. 




TM A D B C represent a cirdCf and A Ba diameter. 

To prove that A B divides the circle into two equal parts, 

SuG. 1. Revolve the segment ADD about the line 
A O B into the plane A C B, 

SuG. 2. Where will the arc A D B fall with respect to 
the arc ^ C ^ ? (See definition of 0.) 

142. A semicircle is a segment of a circle bounded 
by a diameter and the aic it subtends, 2la A D B in the 
above figure* 
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Proposition in. Thborbm. 

143. In the same circle, or in equal circles, equcd 
angles cU the center intercept equal ares al the air- 
cumfi 





Let O and S repre s ent equal c^rdtes^ and letAOB and 
C 8 D represent equal angles at the centers Oand Srespec- 
tively. 

To pf-ove that the arc A B is equal to the arc C D, 

SuG. 1. Place O upon 5", so that the lines O A 
and O B fall upon 5 C and 5 /?, respectively. Why is 
this possible ? 

SuG. 2. Where will the arc ^ ^ fall ? Why ? 

Therefore 



Ex. 84. A parallelog^m having one right angle is a 
rectangle. 

Ex. 85. Prove that a quadrilateral is a parallelogram 
if its opposite angles are equal. 

Ex. 86. A quadrilateral is a parallelogram if its diag- 
onals bisect each other. 

Ex. 87. The diagonals of a rhombus or a square bisect 
each other at right angles. 
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Proposition IV. Theorem, 

144. Converte of Prop. III. In the same circle, or in 
eqiual circles, equal arcs subtend equal angles at the 
center. 





Iict O and S represent eqwUdrcleSf and let A B€md CD 
represent equal ares* 

To prove that the angle A O B equals the angle C S D, 

SuG. 1. Place © O upon O 5 so that arcs A B and 
C D coincide. Why is this possible ? 
Complete the demonstration. 
Therefore 



Ex. 88. If two adjacent sides of a rectangle are equal 
the figure is a square. 

Ex. 89. If a line parallel to the base of a triangle bi- 
sects one side it bisects the other side also. 

A Bv& bisected at Z>, and D E\s parallel ^ 

to B C A 

Prove A E equals E C. ^^^ — ^^^ 

SuG. Draw D M l\o A C. 

Ex. 90. In the previous exercise instead ^^ ^ 
of drawing D M parallel to A C, draw E M parallel to 
A B, and prove the exercise. 
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Proposition V. Thborbm. 

145. In the same circle, or in equal circles, chords 
which subtend equal arcs are equal. 





IdA O and 8 represent equal eirtieSf in which the arc 
A B equals the arc € !>• 

To prove thai the chord A B is equal to the chord C D. 

Suo. 1. Draw the radii O A, OB, S C, and S D. 
Suo. 2. Compare Z.s O and 5". Give auth. 
SuG. 8. Compare As A O B and C S D. Give auth. 
SuG. 4. Compare chord A B with chord C D. 
Therefore 



Bx. 91. With the same construction as in exercise 89, 
connect E and M, and prove the exercise without refer- 
ence to any proposition in quadrilaterals. 

Bx. 92. If a line bisects the two legs of a triangle, 
prove that it is parallel to the base. 

Bx. 93. In exercise 89, prove that D E equals one 
half the base i? C 
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Proposition VI. Theorem. 

146. ConyerM of Prop. V. In the same circle, (jt in 
equal drdes, ares which are subtended by equal 
chords are equal. 





Let O and S represent equal circles in which the chord 
A B equals the chord C X>. 

To prove that the arc A B is equal to the arc C D, 

SuG. 1. Draw radii O A, OB, S C, and S D, 
SuG. 2. Compare /^s A O B and C S D. Give auth. 
SuG. 3. Compare Z,s O and S. Give auth . 
SuG. 4. Compare arcs A B and C D. Give auth. 
Therefore 



Ex. 94. The diameter of a parallelogram divides it 
into two equal parts. 

A diameter of a quadrilateral is a line which joins the 
middle points of two opposite sides. 

Ex. 95. The two diameters of a parallelogram bisect 
each other. 
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PROPOsmcm VIL Thsorkm. 

147. Jn the wame drde, or m equal ei^eiee, 
chords which subtend unequal ares are unequal^ that 
chard being greater which subtends the greater are. 





Let O and S r epre semi equal drdes, mmd let the are A B 
be less fftan the are C IK 

To prove thai the dtard A B is less than the tkerd C D, 

SuG. 1. Connect the extremities of the arcs with theii 
respective centers. 

SuG. 2. Place O O upon O S^ O npon S. and A 
upon C 

SuG. 3. As arc A B is less than arc C Z>. where will 
the point B fall with respect to the arc CD? 

SuG. 4. Compare ZCSB with Z C S B. Give 
autL. 

SuG. 5. How, then, does chord C B compMe with 
chord C Z>. and hence A B with CD} Why ? 

Therefore 



Ex. 96. Draw two parallel lines and a transversal 
Bisect each of the two interior angles on the same side 
of the transversal, and prove that the hisectofs are per- 
pendicular to each other. 



THB CIRCLB. 91 

Proposition VIII. Thborbm. 

143. Conyene of Prop- Yil. In the same circle, or in 
equal circles, two arcs which are subtended by un- 
equal chords are unequal, thtit arc bein£ greaier 
which is subtended by the greater chard. 





Ijet O and 8 represent equal dreUst and let the ctiard 
A Bbe less tiian the chord C I>. 

To prove that the arc A B is less than the arc C D. 

SuG. 1. Draw radii A O, B O, C S, and D S, 

SuG. 2. Compare ^s A O B and C S D. Give auth. 

SuG. 3. Place sector A O B upon sector C ^ Z?, so 
that A O falls upon C S. 

SuG. 4. Where will O B fall with respect to the sec- 
tor C5Z>? 

SuG. 5. Where will B fall ? 

SuG. 6. V/ith A upon C, and B located with respect 
to Dy how does arc A B compare with arc C Dt 

Therefore 



Ex. 97. A B C \s an isosceles triangle whose base is 
B Cand whose vertex is A. Extend B A through A to 
O, making A O equal to B A. Connect O and C Prove 
that O Cis perpendicular to B C 
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Proposition IX. Thborbm. 

149 A radius which is perpendicular to a chord 
bisects the chord and its subtended oro. 




IM O Dbea rad4us perpendicular to the chord L JUL 

Te prove that L E equals E M^ and that arc L D equals 
arc D 



Suo. Compare the As LEO and M E O. 
Complete the demonstration. 
Therefore 



Ex. 98. If A is the vertex and B C the base of an isos- 
celes tritingle ABC, and if from any point D in the side 
A B 2L line be drawn perpendicular to the base and meet- 
ing C A extended at E, prove that the triangle A D E 
is isosceles. 

Ex. 99. If a perpendicular be drawn from the vertex 
of the right angle of a right-angled tri- 
angle to the hypotenuse, prove that the 
two triangles formed are mutually equi- 
angular to the original triangle. 

Prove that As A B if/ and A Cif/ are 
mutually equiangular to A A B C* 
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Proposition X. Thkorsm. 

160. A line perpendioidar to a chord (U Ui middle 
point paseee through the center. 




Let A B represent a chardf and C Da perpendiaular to 
A Bat Us middle paint C, 

To prove that C D passes through the center of the circle, 

SuG. 1. From O^ the center of the circle, drop a J. to 
tne chord A B. 

Suo. 2. Where will C 6> lie with respect to C Z? ? 
Why? 

Therefore 

151. Coroi*i.ary I. If two circles intersect, the line 
joining their centers is perpendicular to their common 
chord at its middle point. 

SuG. Erect a J. to the commoik chord at its middle 
point and extend both ways. 

162. C0ROI.1.ARY II. If two eqaal circles intersect, 
the common chord bisects at right angles the line join- 
iag their centers. 
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Proposition XI. Theorbm. 

163. In the same circle, or in equal circles, equal 
chords are equally distant from the center, and of two 
unequal chords the greater is nearer the center. 





I. Let A B and C D represetU equal chords in the 
eqtud circles O atid Sf and O M and S N tfieir respective 
distances from tfie centers O and S, 

To prove that O M equals S N. 

SuG. 1 . Draw the radii (9 ^ and 5 D. 

SuG. 2. Compare l^ O M B with A S N D. Give 
auth. 

SuG. 8. What is your condusion about the equality of 
O MzxASN} 

II. In the dreile Diet A B and A E represent unequal 
chordSf A B being greater tlian A £7, and O M and O P 
their respective distances from tJie center O* 

71? prove that O M is less than O P, 

SuG. 1. Compare ^,Vl A E with arc A B. Prop. yill. 
SuG. 2. Where does E lie with respect to ^ ^ ? Why ? 
Suo. 8, Let F represent the intersection oi P O and 
A B. Why will they intersect ? 
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SuG. 4. Compare O M with O F, O F with O P, and. 
finally, O M with O P. 
SuG. 6. Compare S N with O P. 
Therefore 

Proposition XII. Thborkh. 

164* A straight line perpendicular to the radius of 
a circle at its extremity is tangent to the drole. 



M_B 




Let O B represent a fitraight fine perpendicular to the 
radiue O 8 at its extretn it if O. 

To prove that O B is tangent to the circle, 

SuG. 1. The point O is common to the circle ^S* and the 
line O B. Why? 

SuG. 2. Let M represent any other point in O B. 
Draw 5 M. 

SuG. 3. Compare .S* O and S M\n respect to length. 

SuG. 4. Where, then, is M with respect to the circle ? 
See Art. 139. 

Therefore 



M 
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Proposition XIII. Thborbm. 

155. Conyeneof Prop.Xn If a straight tins is toi^ 
gent to a drde the radiws meeting it dt the point of 
eantaat is perpencUetUar to iL 




Let OB represent a tamgenttoihs dreteSf Dike pouU 
of contactf and 8 O the radius drawn to the point of eon- 
tact. 

To prove that S O is perpendicular to O B, 

SuG. 1. Draw 5* M, any other line from S to O B. 
SuG 2. Compare 5* O and S Mm respect to length. 
SuG. 3. See article 108. 
Therefore 

156. Coroi*lary. At any point in a drcumference, 
one, and only one, tangent can be drawn and a straight 
line perpendicular to a tangent at the point of oontact 
passes through the center. 



Ex. lOG In the figure at the 
right, A E and B C sx^ paral- 
lel, and if/ O is a transversal. 
B O bisecU the angle A O M, 
and CObisects the angWEOM. 
tbrntSJ/oquMlBMC 
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Proposition XIV. Thborbm. 

167. Arcs of a circle intercepted by parallel chords 
are equal. 




Let A B and O D represent two paraUet lines intercept- 
ing the arcs A C and B D. 

To prove that arc A C equcUs arc B D, 

SuG. 1. Drop a _L from (9 to C D^ imd extend it to 
meet the circumference at M, 

SuG. 2. How v&O M related toAB} See Art. 85. 

SuG. 3. See Prop. IX, and complete the demonstra- 
tion. 

Therefore 



Ex. 101. If one of the equal sides of an isosceles tri- 
angle be extended through the vertex and the exterior 
angle formed be bisected, prove that the bisector is par- 
allel to the base. 

Ex. 102. If the diagonals of a parallelogram are equal, 
prove that the parallelogram is a rectangle. 

Ex. 103. The bisectors of the interior angles of a par- 
allelogram form a rectangle. 
7-Geo. 
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PROPOomoif XV. Thborbm. 

IM. Thraufh three poimU,nc€imihe Maine Miniighi 
one eiretunferenee, ojtcf only one, is po tei tl e * 



A^ •B 



Lei A^ B €md C represent three gtven p e imia ne€ im tke 
§atne tstrai-ht line. 

To prove thai ikrougk A, B mmd C one drvumftrence, 
and hut one ^ is possible. 

SuG. 1. What is the locos of a point eqnaUy distant 
from A and C? Give auth. 

SuG. 2. What is the locus of a point eqnaUy distant 
from A and B ? Give auth. 

SuG. 3. Will these two lod intersect ? Why ? 

SuG. 4. Is there a point equally distant from A^ B^ 
and C? 

S'G. 5. Can a circumference pass through the points 
A, B and C? 

SuG. 6. Can there be more than one such circumfer- 
ence ? Why ? 

Therefore 
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Mbasurbmbnt. 

169. Anything which can be measured by a unit of 
the same kind is called quantity. 

The quantities used in geometry are the geometric 
magnitudes, viz., lines, surfaces and solids. 

To measure a quantity is to find out how many times 
it contains another selected quantity of the same kind, 
called the unit of measure. 

In every day experience, the unit of measare it a standard ac- 
cepted by general consent; as a foot, a square yard, a ton. a cord. etc. 

160. The measure of a quantity is the number which 
expresses how many times the unit of measure is con- 
tained in the given quantity. 

A carefol distinction should be made between number, or the 
measare of quantity, and quantity. These words are sometimes care- 
lessly confused. Twenty-six books, 3 ft., 5 pints and 29 sq. ft. are 
quantities; 26, 3, 5 and 29 are numbers. The units by which wo de- 
rive these numbers from the quantities are. respectively, a book, a 
foot, a pint and a square foot. 

161. The ratio of two quantities is the number >f 
times the first contains the second; /. ^., the measure of 
the first regarding the second as the unit of measure; or, 
having measured both quantities by the same unit, the 
quotient of the measure of the first divided by the meas- 
ure of the second. 

The ratio of line A to line B is the A 

number of times A contains By which 
may be determined by laying off B B 

upon A, Or, if A and B be meas- 
ured by same unit w, the ratio of m 
A \.o B \^ the number of times the 
measure of A contains the measure of B, Suppose m 
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Is contained e times in A, and d times in B, then the 
ratio oi A to B equals c divided by d^ which may be ex- 

ptessedasf 

As ratio plajB aa Important part in inbaeqiieDt geometry, it is im- 
portant that the pnpil have clear and definite ideas of what a ratio 
aetvally it, and the relation it sustains to the subject of division. 

From the definition of the ratio of two quantities as the number of 
times the first contains the second, it follows immediately that a ratio 
can exist only between quantities of the same kind, and also that the 
ratio of two quantitiea it alwajrs a pure number: For example, 6 ft. 
contains 8 ft. twioa, hence the ratio of S ft. to 8 ft is 2,— not 2 ft.* 
bnt simply 2. 

Again, dlTltloa hat been defined as the process of finding how 
many times one quantity is contained in another. Kow, it is clear 
that, with this conception of division, the quotient is identical with 
the ratio of two quantities, as above defined. But there are two kinds 
of division; the one just described may be called the division of meas- 
urement; the other is the division of separation, and means the proc- 
ess of dividing or separating a quantity into a certain number of equal 
parts. For exz^mple, 6 ft. may be divided into three equal parts, and 
each part will be 2 ft. In the division of measurement the divisor is 
a quantity of the same kind as the dividend, and the quotient is a 
pure number; bnt, in the division of separation, the divisor is a pure 
number, and the quotient is a quantity of the same kind as the divi- 
dend. Now, the ratio of two quantities identifies itself with the quo- 
tient only in the division of measurement. 

At the ratio of two quantities is the quotient, in one kind of divis- 
ion, the ratio of ^ to ^ is often written in the fractional form, — . It 

B 

is very important to keep constantly in mind the fact that A and B 
are quantities of the same kind, and that the ratio -^ is impure number. 
The case considered above, in which A and B are lines, and each 
is measured by the the same third line m, gives jn=7* It will be seen 
here that A and B are geometric quantities, and e and d are numbers. 

162. Two quantities are said to be commensurable 
when each can be exactly meastu^ by the same unit, 
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/. /., when their ratio can be expressed as a fraction 
whoae numerator and denominator are whole numbers. 

Proposition XVI. Problkm. 

163. To -find the greatest common unit of measure 
of two given lines, 

B B 



D 



Let A B and C D represent two convmenswreMe Mftest 
A B being grenter than C B. 

To find the greatest co*^mon unit 0/ measure of A B 
and CD, 

SuG. Employ the method for finding the greatest com* 
mon divisor of numbers, by division, viz. : 

The greatest common unit cannot be greater than C D, 
the smaller quantity. If C Z> is exactly contained in A -5, 
C Dvs the greatest common unit. Lay oS C D upon A B 
as many times as possible. There may be a remainder 
E B. The greatest common unit oi C D and A B must 
be exactly contained in this remainder E B, and hence 
can be no greater than E B, li E B is exactly contained 
in C Dy then ^ ^ is the greatest common unit; for if it is 
contained in C D it is contained in any number of times 
C Dy and hence in A E and also in A E plus E B. Lay 
oS E B upon C D siS many times as possible. If there is 
a remainder proceed as before. When a remainder is 
obtained which is exactly contained in the last preceding 
divisor, it is the greatest common unit. 

The student should give the reason for each statement 
in the above process. 
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Proposition XVII. Probi^bm. 

1 64, Oiven the greatest common unit of measure of 
two quantities to find their ratio. 

SuG. See definition of ratio. 

165. Two quantities are said to be incommensurable 
when it is impossible to exactly measure both of them 
by the same unit, i. €., to express their ratio as a frac- 
tion whose numerator and denominator are whole num- 
bers. The side and diagonal of a square may be shown 
to be incommensurable, as follows: 




Let A. C represent a square, and B D the dia^gofuU, 

To find whether there is a common unit of measure of the 
tide and diagonal. 

Upon the diagonal B D lay oQ D E equal to the side 
D C, as in Prop. XVI. 

There is a remainder B E, and the greatest common 
unit of measure oi D C and D B is the greatest common 
unit of measure oi B E and D C, or of B E. and B C, 

At Ef draw E F, JL to the diagonal B D, 

In the rt. A B EFthQ Z F B E = half a rt. Z, and 
hence the Z BFE = half art. Z. Hence B E ^ E F, 
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Again, if a line D Fvrere drawn, the two rt. As D C F 
and D E F would have the same hypotenuse, and the 
sides D C and D E equal. Hence E F ^ F C. 

Our problem now is to find the greatest common unit 
of measure, if one exists, of B E and B C 

Upon the diagonal F B\2iy oS F M ^ B E. Then as 
C /^and F M 2x^ each equal to B Ey it is clear that B E 
is contained twice inB C with the remainder B M. The 
greatest common unit of measure, if one exists, oi B E 
and ^ C is the greatest common unit of measure oi B M 
and B E. 

At M draw // i?, ± to the diagonal B F. In the same 
manner that it was proved that B E ^ E F^ F C it 
may also be shown that B M ^ M R ^ RE. 

Then B Mis the side of a square of which ^ -^ is the 
diagonal. 

If we now lay off on -^ jfi" a line equal to B M, the con- 
ditions are the same as when B E was laid off on B C. 
However far the process is continued it is evident that 
each remainder becomes the side of a new square, and 
the last preceding divisor is divided into two parts, one 
of which is the diagonal of the square, and the other a 
side. Hence, at no time in the process will the division 
be exact, and therefore no common unit of measure exists 
for the diagonal and side of a square. Hence they are 
incommensurable. 

166. The ratio of two incommensurable quantities is 
called an incommensurable ratio, or an incommensurable 
number. The ratio of the diagonal and side of a square 

has been computed to equal ^ 
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Note. — An incommensurable number must not be looked upon as 
an inexact number. If the side of a square is one foot the diagonal 

is |/ 2 feet, but this diagonal is a perfectly definite length. 

167. A constant is a quantity whose value is fixed. 
A variable is a quantity which, under the conditions 

imposed upon it, may assume an indefinite number of 
values. For example, the distance from a railway sta- 
tion to a moving train of cars is a quantity which has 
one value at one time, another value a minute later, and 
still another value another minute later, and so on. 

168. When a variable so changes that it continually 
approaches some fixed quantity which it cannot reach, 
but from which it may be made to differ by an amount 
less than any assigned quantity, however small, the fixed 
quantity is called the limit of the variable, and the va- 
riable is said to approach its limit. 

N»te. — By the above definitions it will be noticed that not all va- 
riables have limits; but those considered in the following pages do 
have limits. 

Ift9. Ili^usTrations. One wth of a given line is a va- 
riable which approaches zero as a limit if m is made to 
increase indefinitely, and a minus one m\\i oi a is a vari- 
able which approaches a as a limit if m is made to in- 
crease indefinitely. 

If a point be made to move along a given line, the dis- 
tance from a fixed point to the moving point is a vari- 
able. This variable may or may not have a limit. If 
such conditions be imposed upon the moving point that 
during a second it moves along half the length of the 
line, the next second half the remaining distance, the 
next, half the remaining distance, etc., the length of the 
Ktven line is the limit of the variaUe, 
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The pupil should remember that the limit and tb'^ va- 
riable are always the same kind of quantities; as in the 
example just given, the limit and variable are both dis- 
tanas. 

Proposition XVIII. Thkorbm. 

170. If two vaHables are aHwaya equal as ihey up- 
praa>oh their limits, their limits are eguoL 

A mm' B 



n' O O 



D 

Let A tn atul V n represent two variables^ and A B amd 
C D tiieir respective limits. 

To prove that A B equals C D. 

Lay oS A B upon C D. Let A B equal C O, 

By hypothesis A tn and Cn are always equal, t, €.\ 
A m ==i C n, A m' = C n\ etc. 

But 2>& A m approaches A By or its equal C O, as its 
limit, and C n approaches C Z? as its limit, there must 
come a time, if C 6^ is greater or less than C Dy when 
the value A 7n is not equal to C «, which is contrary to 
the hypothL'sis. Hence C O, or its equal A B^ must 
equal CD, 

Therefore, if two varia»jles are always equal as they 
approach their limits, their limits are equal. 



Ex. 104. If the middle points of the sides of a quad- 
rilateral be joined in order, the hgure formed is a paral- 
lelogram. 

Suo. Draw the diagonals of the given quadrilateral. 
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Proposition XIX. Theorbm. 

171. In the same circle, or in equal circles, two 
angles at the center have the same ratio as the arcs 
which they intereept at the circum^ferenoe. 






Let O and 8 represent two eqiuU circles^ AOB and 
C 8I> two angles at their centers^ and A B and C V tf^e 
arcs which they intercept at the circumference* 

^ J. 4L 4 ^"^ ^^ ,arcAB 

To prove thai . ^ ^^ ^ eqtcals -pr-=, 

^ Z. C S D ^ arc C D 

There are two cases. 

Cask I. When the angles AOB and C S D are com 
mensurable, 

SuG. 1. Let Z. m represent the common unit of meas- 
ure for the two angles. 
SuG. 2. \i /L m is contained 5 times in Z A O B and 

4 times in A C S D, what is the ratio . ^ ^ _ equal 

to? ' 

SuG. 3. Extend the lines of division of the Zs to 
the arcs. How do arcs A E, E F, CI, IK, etc., com- 
pare ? Why ? 

SuG. 4. How does the number of arcs in arc A B com- 
pare with the number of Zs in Z A O B? 
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How does the number of arcs in arc C D compare with 
the number of As in Z. C S D} 

SuG. 5. Then the ratio -p:-= equals what? 

arc CD ^ 

Suo. 6. Compare the ratio of the ^s with the ratio of 

the arcs. 

Therefore 

Casb II. Wlien the angles A O B and C S D are in- 
commensufabU. 





Let the angles A O B and C 8 D be incommenswtablt* 

SuG. 1. Take any unit of measure of one of the ^s, as 
oi ACSD, and apply this unit to the Z ^ O B. There 
must be a remainder. Why ? 

Let this remainder be represented hy Z. M O B. 

SuG. 2. The As A O M and COD are commensur- 
able. Why ? 

SuG. 3. Compare the ratio . ^ - with the. ratio 

arc A M ^. ^, 

-T^-pr, Give auth. 

arc C/> 

SuG. 4. By taking the unit of measure of the Z. C S D 
smaller and smaller continually, the remainder, viz., the 
Z M O B, may be made as small as we please, i. e., it 
may be made to approach zero at its limit. Can it be 
made to disappear entirely ? Why ? (See Sug. 1.) 
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SuG. 5. The Z A O Af is a variable. Why ? (Sec 
definition of variable.) 

Suo. Q. Is Z C S D Si variable or a constant ? 

« W-r.i , Z, A O M ^ ^ . 

Suo. 7. Is the ratio -p ^ ^ ri ^ constant or a van- 
able ? Why ? 

Z A O M 
SuG. 8. What is the limit of y r ^ h ^' ^•' ^o^^^ 

what ratio is ^^ approaching ? 

SuG. 9. Is the ratio 7=-= a constant or a variable ? 

arc C D 

Why? 

SuG. 10. What is the limit of tt-tt **• ^-i toward 

arc C D 

, ^ . . arc A M ,.. > 

what ratio is ^ ^^ approachincr ? 

arc C D ^'^ 

SuG. 11. Compare the two variables y r ^ n ^^^ 

^ as they approach their limits. (See Sug. 3.) 

SuG. 12. Compare their limits. (Prop. XVIII.) 
Therefore 



Ex. 106. The diameters of any quadrilateral bisect 
each other. 

SuG. See definition of diameter in exercise 94. 

Ex. 106. The sum of the angles at the vertices of a 
five-pointed star is equal to two right 
angles. See figure at the right. 

Ex. 107. If a line be drawn in a trape- 
zoid, bisecting one of the legs and parallel 
to the bases, prove that it bisects the other 
leg also. 
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MODEL. 



Proposition XIX. Theorbm. 

172. In the same circle, or in equal circles, two 
angles at the center have the same ratio a* the arcs 
which they intercept at the circumference. 




iJL 




Let O and S represent two equal circles, A O B avd 
C S D two angles at their centers, and A B ana C D the 
tires which they intercept at the drcumference. 

^ ^ ,. J ZA OB ,arcAB 

To i>rove that ^ ^ ^ ^^ equals 



ACS D 

There are two cases. 



arc CD* 



Case I. When the angles A O B and C S D arc com- 
mensurable. 

Let Z. fft represent the common measure of ^s A O B 
and C S D. 

If m is contained 5 times in ^::^ ^ ^ Z? and 4 times in 



ACS D, the ratio 



Z.A OB 



J. (See definition of 



AC SD 
ratio.) 

Extend the sides of the As to the arcs; then arcs A Ey 
E F,CI, IKy etc., are all equaL 
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(In the same circle, or in equal circles, equal angles at the center in 

tercept equal arcs.) 

There are 6 equal arcs in arc A B, and 4 in arc CD, 
for each angle at the center intercepts an arc. 

XT 4.1. .. arc A B h 

Hence, the ratio 



Therefore, 



arc CD 4' 
Z A O B arcAB 



ACSD arc CD' 

Therefore, when the angles at the centers are commen- 
surable they have the same ratio as their intercepted 
arcs. 

Cask II. Whm the angles A O B and C S D are in- 

commensurable. 





Let the angles A O B and C 8 J>he inrommenfnirable* 

Take a unit of measure of one of the ^s, as of ^ C 5 Z), 
and apply this unit to the A A O B, Since the ^s are 
incommensurable, this unit will be contained \n /. A OB 
a certain number of times with a remainder, diS Z, MOB, 

Since the /Is A O MB.nd C S D have a common unit 
of measure, they are commensurable, also the arcs A M 
and CD are commensurable, and hence, by case I, 
A A O M arc A M 
Z CSD "" areCD * 
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* 

Now, by taking the unit of measure of the .d. C S D 
smaller and smaller continually, the remainder, viz., the 
Z. M O B^ which is always less than the unit, may be 
made as small as we please, but cannot be made to dis- 
appear entirely, for then the ^s A O B and C S D would 
be commensurable. Hence, the remainder, M O By ap- 
proaches zero as a limit, and, therefore, th<i Z. A O M 
approaches the /.A O B as a. limit. 

But the Z C S D is Si constant, and hence the ratio 

y j^ ^ r% is a variable which approaches the ratio 

ZA OB ,. . 

y ^ c^ r\ 3,s a limit. 

Again, the ratio ^ ^ is a variable which ap- 

arc CD 

proaches the ratio t^t-^ as a limit. 

arc C D 

„ ZA O M . arc A M 

Hence, as —7-7^-7^-7=:- and t^-tt are two vanables 

Z C S D arc C D 

which are always equal as they approach their limits, 

their limits must be equal (by Prop. XVIII). That is, 

Z A OB ^ arc A B 

Z CSD "" arcCD' 

Therefore, in the same circle, or in equal circles, two 

angles at the center have the same ratio as the arcs 

which they intercept at the circumference. 

173. Scholium I. A degree, which has already been 
defined as ^V ^^ ^ right angle, or, what is the same thing, 
j^ of the whole angular magnitude about a point, is 
often taken as a standard unit angle; and the arc it in- 
tercepts on the circumference, also called a degree, or 
y^ of the circumference, is often taken as a standard 
unit arc. 
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174. ScHOUUM II. By the proposition it will be 
seen that the number of times the unit angle is contained 
in the given angle at the center is the same as the num- 
ber of times the unit arc is contained in the arc inter- 
cepted by the given angle. Hence, we say, briefly, that 
an angle at the center is measured by its intercepted arc. 

176. Scholium III. A right angle which contains 
90 degrees (written 90®), is also often used as a unit 
angle in estimating the size of other angles. 

176. An inscribed angle is one whose vertex is in 
the circumference, and whose sides are chords of the 
circle. The angle D E F is an inscribed 

angle. An angle is inscribed in a segment ^ -s^/f 

of a circle when its vertex is in the arc of 
the segment, and its sides meet the ex- 
tremities of the chord of the arc. The \^ ^/r 
angle D E F \s inscribed in the segment 
DEF. 

Proposition XX. Thborbm. 

177. An inscribed angle is measured by one half 
its intercepted arc. 





Let A be an inscribed anglSf whose Hdea intercept the 
arcB Cm 
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To prove that the angle A is measured by one half ike 
arc B C, 
There are three cases. 

Case I. When one side ar the angle passes through the 
center of the circle. 

SxTO. 1. Connect (9, the center of the circle, with C. 
Suo. 2. Compare Z. A with Z. O C A. Oitc auth. 
SuG. 3. Compare ABO Cwith Z A, Give au-th. 
SuG. 4. By what arc \s, /L B O C measured ? Why ? 
SuG. 6. Then, by what part of the arc ^ C is the Z A 
measured ? 

Casb II. When the center lies between the sides of the 
angle. 



SuG. 1. Through the vertex A draw a diameter A M. 

SuG. 2. By what arc is the Z. B A M measured ? 
Why? 

SuG. 3. By what arc is the Z C A M measured ? 
Why? 

SuG. 4. Then, by what arc i« the Z B A C measured ? 
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Case III. When both sides of the afigle are an the same 
side of the center. 




Suo. 1. Through the vertex A draw a diameter A M. 
SuG. 2. By what arc is the Z, M A C measured ? 
SuG. 3. By what arc is the Z. M A B measured ? 
SuG. 4. Then, by what arc is the ABAC measured ? 
SuG. 5. Compare the last suggestion with Sug. 4. 
case II; and Sug. 6, case I. 
Therefore 

Proposition XXI. Thborbm. 

178. An angle formed by a tangent and a chord is 
measured by one half the intsrcepted arc 

A B 




Let A B represent a tangent, and A Ca chwrd. 

To prove that the angle B A C is measured by one halj 
the arc ADC. 
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StTO. 1. Draw, through A, the diameter A M, 

SuG. 2. By what arc is the A M A C measured ? 
Why? 

SuG. 3. The Z. B A M is measured by one half the 
arc ^ Z? CM, Why ? 

SuG. 4. Then, by what axciathe Z. B A C measured ? 

Therefore 

Proposition XXII. Theorem. 

179. The angle formed by two secants, meeting 
without the circle, is measured by one half the differ- 
ence of the intercepted arcs. 




Let A B and A C rej/resent two secants, meeting at jOl, 
without the circle, and forming the angle B AC* 

To prove that the angle A is measured by one half the 
difference of the arcs B C and E D. 

SuG. 1. Through E, draw a chord E MI\q A B. 

SuG. 2. By what arc is the /^ M E C measured ? 
Why? 

SuG. 8. Compare the Z. A with the Z. M E C, 

Sue. 4. Then, by what arc may ^ ^ be said to be 
measured ? 

Sue. 5- Express the arc M C m terms of B C and D E. 

SuG. 6. Then, by what arc may ^ ^ be said to be 
measured? 
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Proposition XXIII. Theorbm. 

180. ^n angle formed by two iTUersecting ehorda is 
measured by one half the sum, of the intercepted arcs. 

A 

CA ^ \0 




Let A B and C J> represeirU two chords inimreecHng at X, 

To prove that the angle A X D is measured hy one half 
the sum of the arcs C B a^id A D. 

SuG. 1. Through D, the extremity of the chord CD, 
drav D M^io A B, the other chord. 

SuG. 2. Compare Z CXB with Z C D M. Give 
auth. 

Suo. 8. Then, by what arc is Z, C X B measured? 
Why? 

SuG. 4. Express the arc C ^ in terms of BC and BM, 
and then in terms ofBC and A D. 

SuG. 6. Then, by what arc may the Z. C X B ht said 
to be measured. 

Therefore 

181. A polygon is said to be inscribed in a circle 
when each angle of the polygon is an in- 
scribed angle; as polygon A B C D. 

When a polygon is inscribed in a circle, 1/^ ^i9 

the circle is said to be circumscribed 
about the polygon. 




THE CIRCLE. 



117 




A polygon is circumscribed about a 
circle when each of its sides is tangent to 
the circle; as polygon A B C D, 

When a polygon is circumscribed about 
a circle, the circle is said to be inscribed 
in the polygon. 



Proposition XXIV. Thborkm. 

182. If two circles arc tangcmt to each other the line 
joining their centers passes through the point of eon' 
taei» 





Let the circles O and S he tangent to each other ^ X the 
point ofcMitact^ and O S the line joining the centers. 

To prove thai O S, extended if necessary, passes through 
the point of contact X. 

SuG. 1. Draw a common tangent, A B, to the two 
circles. 

SuG. 2. At the point of contact, X, erect sl J^ to A B, 
and extend it through both circles. 

SuG. 3. Why will the J_ pass through the centers ? 

SuG. 4. What relation will this line sustain to O S f 
Give auth. 
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Problrms of Construction. 

183. In the previous work the constructions have 
been represented, instead of being actually performed. 
When it is known that a certain relation of points, lines, 
or surfaces is possible, it has been considered sufiGicient 
to represent that relation rather than to actually con- 
struct it. 

Since elementary geometry deals only with figures 
which can be made from straight lines and circumfer- 
ences of circles, the constructions of elementary geometry 
are those which it is possible to effect by means of a 
straight edge and dividers, which are necessitated by the 
postulates named below. 

Problems of construction belong in no sense to pure 
geometry, but are simply applications of the principles 
demonstrated in pure geometry. 

Postulates of Construction. 

184. Let it be granted: 

1. That a straight line may be drawn between any two 
points and may be extended to any length through either 
extremity. 

2. That a circle may be drawn with any point as a 
center, and with any straight line as a radius. 

Note. — It will be observed that the first postulate necessitates the 
straight edge, and the second the dividers. 



Ex. 108. If the middle points of the three sides of a 
triangle be joined by straight lines, the triangle is divided 
into four triangles which are equal in all respects. 

Ex. 109. A diameter of a circle is greater than any 
other chord. 
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Proposition XXV. Problem. 
185. To bisect a given g^aight line. 




Let ABbea given giraight line. 
To Insed A B, 

Sua. 1. Use the truth that if two equal circles inter- 
sect, the line joining their centers is bisected at right 
angles by their common chord. 

Suo. 2. To use this truth, A and B must be the cen- 
ters of two equal intersecting circles. Hence, construct 
two equal intersecting circles, with A and B as centers, 
by postulate 2, and draw their common chord by postu- 
late 1. 

Note — A little experience will suggest how to omit the unessential 
parts of lines. For instance, in the above construction all the cir- 
cumferences may be omitted, except short arcs near the points ol io- 
tersection, M and N. 



M C 



( — 



Ex. 110. The sum of the bases 
of a trapezoid is equal to twice the 
diameter joining the middle point 
of the legs. 

Prove A B equals one half the 
sum oi C D and EG, 

SuG. Draw M N ^to D G, through A. 
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Proposition XXVI. Problem. 

186. To erect a perpendicular tQ m giv&n line, ai a 
given point in that line. 



V 


k 




M 








Let ABbe the gUfen line^ and Mthsgiven 
To erect a perpendiculmr to A B^ at M, 

Suo. Use the same principle as in the preceding prob- 
leu. 

In order to use the principle, M must be the middle 
point of the line joining the centers of the ©s. Hence, 
find points on the line A B equally distant from M (post- 
ulate 2), and proceed as in the preceding problem. 

Second Method. 

Suo. 1. Use the two principles that only one straight 
line can be drawn through two points (Ax. 11), and 
that all the points in the J., at the middle point of a 
straight line, are equally di>?tant from the extremities of 
the line. Hence, if two points of the _L cnn be found, 
the line drawn through them must be the J.. 

Sua. 2. What point of the J. is given and may be 
used as one of the two points ? 

SlXI. 8. To find another point see Prop. XXV. 
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Third Method. 

Suo. 1. Use the truth that an Z, inscribed in a semi- 
circle is a rt. ^ . 

Suo. 2. Take any point O, not in the line A B, or in 
aXto^^atilf, asa center, and with a radius equal to 
O M describe a 0. It will cut ^ i9 in M, and some other 
point N, Draw a diameter through N, Complete the 
solution. 

Proposition XXVII. Probuh. 

187. To draw a perpendicular to a given line prom 
a given point without that line. 



M 



A. ' B 



Let A B represent the given line, and Mthe given paint. 
To draw a perpendicular from M to the line A B, 

Suo. 1. As Mis one point in the required jL, but ovz 
other point has to be determined in order to construct it. 

SuG. 2. Use the truth that equal oblique lines drawn 
from a point in a X to a given line, cut off equal dis- 
tances from the foot of the J.. 

How can these points at equal distances from the foot 
of the jL be found ? Give auth. 

Suo. 8. Then, find the foot of the X. (Prop. XXV.) 
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SBCOND MitTHOD. 



M 



B 



C 
Let A B represent the ffiven UnCf and M the given paint. 

Suo. 1. Connect M with some point of the line A B; 
as C, 

SuG. 2. Can a O be described upon C M, as o, diam- 
eter? How ? What problem and postulate are used in 
this construction ? 

SuG. 3. Complete the construction. Give authority 
for each step in the solution. 

Proposition XXVIII. Probum 

188. To bisect a given arc 

A 



0. 






Let A B represent the given arc 

To insect the arc A B. 

SuG. 1. What proposition has been demonstrated 
which involves the bisection of an arc ? Art. 149. 

SuG. 2. Solve the problem by using O^ the center oi 
the circle. Also, solve without using the center O, 
Art. 150. 

I/0U. — Do not use the references given if 70a can answer the sng^ 
gestive questions witbont their aid. 
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Proposition XXIX. Problbm 
189. To bisect a given angle. 



Let O represent a given angle. 
To bisect the angle O, 

SUG. 1. With (9 as a center describe an arc. 
SuG. 2. What truth has been demonstrated concern- 
ing the bisection of an angle ? See Arts. 171 and 188. 

Proposition XXX. Problem. 

190, To find the center of a circle, when any arc of 
the circumference is given. 

Let A B represent an arc. 

To find the center of the circle of which A C B is an arc, 

SuG. 1. Select any three points on the arc; aiS A, C 
and B, 

SuG. 2. What is the locus of points equally distant 
from A and C ? 

SuG. 8. What is the locus of points equally distant 
from C and B ? 

SuG. 4. Will these two loci intersect? Why? 

SuG. 6. Is there a point equally distant from the three 
points A, C and BJ Is there more than one such point ? 
Complete the solution. 
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Proposition XXXI. Probi^km. 

191, At a given point in a given line, to oonstruet 
an angle equal to a given angle, with the given line 
ag one side. 




Let M represent the given anglet A B the given Une and 
A the given point. 

To construct at A^ an angle equal to the angle M^ hav- 
ing A Bfor one side, 

SuG. 1. Use the truth that, in equal 0s, equal chords 
subtend equal angles at the center. 

SuG. 2. To apply this truth, construct an arc and its 
chord subtending the Z. M\ then, with ^ as a center and 
with the same radius, construct an arc intersecting A B, 

SuG. 3. Prom the point of intersection, construct a 
chord equal to the chord subtending the ^ M. 

Name the postulates used at each step. 



Bx. 111. If from two 
opposite vertices of a 
parallelogram two lines 
be drawn to the middle 
points of two opposite 
sides, the lines will tri- 
sect the diagonal joining the other verticeii See exer- 
cise 89. 
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Proposition XXXII. Problem. 

192. Through a given point to construct a straighi 
line parallel to a given straight line. 

J B 






M^ 



Lei ABbe a given straight line, and M a given paint 

To construct a straight line through M parallel to A B. 

SuG. 1. Connect M with any point oi A B\ as the 
point O, 

SuG. 2. What relation must the Z formed by the re 
quired line and M O bear to the A A O Af} 

Complete the solution. 

Second Method. 

SuG. 1. How must the distances between A B and the 
required line compare ? 
SuG. 2. From M^ draw a jL to /^ ^. 
Sua. 3. Draw any other ± to -^ ^. 
Complete the solution. 



Ex. 112. If the middle points of two 
opposite sides of a quadrilateral be 
joined to the middle points of the diag- 
onals, the joining lines form a parallelo- 
gnun 
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Proposition XXXIII. Probi«hh. 

198. To construct (1) the complement of a given 
angle; (2) the supplement of a given angle; (3) the 
third angle of a triangle, having given the other two 
angles. 

SuG. 1. In (1) use the truth that the acute Zs of a 
rt. A are complements of each other. 

SuG. 2. In (2) use the truth that the sum of the Zs 
on the same side of a straight line equals two rt. Zs. 

SuG. 3. Construct the two given Zs so that they will 
be adjacent, and then use the same truth as in Sug. 2. 

Proposition XXXIV. Proiwm. 

194. Given two angles and the included side of a 
triangle, to construct the triangle 




D 



Let A and B represent the two given angleSf and C D 
the included side* 

To construct a triangle having A and B for two of its 
angles^ and the side included between these angles equal to 
the line C D. 

SuG. Apply Prop. XXXI, so as to make C and D each 
a vertex of the required A. 



Ex. 113. Prove that the line which bisects a chord 
and its subtended arc passes, if extended, through the 
center of the circle. 
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Proposition XXXV. Problem. 

195. CUven two sides and the includrd an£le of a 
triangle^ to construct ths triangle. 



M 



N 




Let M and If represent the two sideSf and O the included 
angle* 

To construct a triangle having M and N for two of its 
sides^ and the angle foinud by those sides equal to the 
angle O. 

This problem is so simple that the student can solve it 
without the aid of any suggestions. 



Ex. 114. Parallel straight lines, included between par- 
allel straight lines, are equal. 

Ex. 115. What is the locus of the middle points of all 
the chords of a circle which are parallel to a given line. 

Ex. 116. A radius drawn to the middle point of an arc 
will bisect its subtended chord. 

Ex. 117. A straight line cannot cut the circumference 
of a circle in more than two points. 

Sua. If it cut in three points, how many equal lines 
could there be drawn from a point to a straight line ? 
How many equal straight lines can be drawn from s 
point to a straight line ? 



128 PLANE GEOMBTRT. 

Propositioh XXXVI. Probi,bm. 

196. To eonstrueb a triangle whose eidsa are three 
given lines. 

A B 

C D ■ 

E P 

Let AB^CI> and BF represent three given lines. 

To construct a triangle whose sides are A B^ C D and 

E F respectively. 

SuG. 1. Draw the line A B, How many vertices of 
the required A are now located ? 

•SuG. 2. With the extremity C, of the line C Z?, fixed 
at Ay what is the locus of the point Dl 

SuG. 3. From the answer to Sug. 2, where does the 
third vertex of the required A lie ? 

SuG. 4. With the extremity E, ol the line E F^ fixed 
at By what is the locus of the point F} 

SuG. 6. From the answer to Sug. 4, where does the 
third vertex of the required A lie ? 

Sug. 6. Now, give complete directions for construct- 
ing the A. 

Can three such lines be given that the problem is im- 
possible ? 



Ex. 118. Prove that the two tangents 
from a point to a circle are equal. 

Sug. Connect the center of the circle 
with the given point Complete the 
construction. 




THE CIRCLE. 



1S9 




EXBRCISES. 

119. If a tangent and a chord of a circle are parallel, 
prove that the arcs intercepted between the tangent and 
chord are equal. 

120. Upon a given base, construct an isosceles triangle, 
in which the sum of two equal sides shall equal a given 
line. 

121. All angles inscribed in the same segment are 
equal. 

122. Prove that an angle inscribed in 
a semicircle is a right angle. 

To prove that the angle ^ ^ C is a 
right angle. 

123. Demonstrate Prop. XXII by an- 
other method. 

SuG. Draw B £, By what arc is j/A B E meas- 
ured ? By what arc \s Z. B £ C measured ? Then, by 
what arc must Z. A be measured ? 

124. In the same circle, or in equal 
circles, an angle inscribed in the smaller 
of two segments is larger than an angle 
inscribed in the larger segment. 

Prove that the angle A E B is larger 
than the angle COD. 

125. An angle formed by a tangent and a secant is 
measured by one half the difieience of the intercepted 
arcs. 

126. The segments of a straight line 
intercepted by concentric circles are 
equal. 

Prove A B equals CD. 
Concentric circles are circles having 
the flame oenter. 






y 
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Proposition XXXVII. Probuuc. 

197, Through a given point, to draw a tangent to a 
given cirole. 
Cass I. IVkeu the point is an the circumference. 




Let A represent the given paint in the eireutnference of 
tlie given circle. 

To draw a tangent to the cirde O, through the point A, 

SuG. 1. What relation does a tangent bear to the ra- 
dius drawn to the point of contact ? 

SuG. 2. Give the method of making the construction 
in this case. 

Cash II. When the given point is without the cirde. 




Let A represent the given point without the circle O. 
To draw a tangeni to the drde O^ through the point A. 
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Suo. 1. Connect O and A. 

SuG. 2. If the required point of contact were joined 
both to O and A, what kind of an Z would be formed ? 

Suo. -3. What is the locus of the vertex of the 2^ in a 
A whose base is O ^ ? See Art. 177, and Exs. 121, 122. 

Suo. 4. Give, now, complete directions for finding the 
point of contact, and hence for constructing the tangent. 

Proposition XXXVIII. Problbm. 

198. To circumscribe a circle about a £iven tri- 
anfie. 




Lft ABC represent the given triangle. 

To circumscribe a circle about the triangle ABC. 

Suo. 1. The problem is to find the center of a O whose 
circumference passes through A, B and C\ i. e., to find 
a point equally distant horn A, B and C, 

Suo. 2. See Art. 158, and then give complete direc- 
tions for circumscribing a O about the /^ A B C. 

QxTBRY. How many circles can be circumscribed about 
a triangle ? 
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Proposition XXXIX. Problem. 
199. To inscribe a circle in a given triangle' 



Lei ABC represent the triangle. 

To inscribe a circle in the triangle ABC. 

SuG. 1. If a O can be inscribed in the A, the center 
of the O must be equally distant from the three sides. 

SuG. 2. Is there such a point? See exercise 71. 

SuG. 8. How may this point be found ? 

SuG. 4. Give complete directions for inscribing a circle 
in a given A. 

QuQRT. How many circles can be inscribed in a given 
triangle ? Why ? 
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PROPOSITIONS IN CHAPTER II. 



PROPOSITION I. 

Two circles are equal if the radios of one equals the radius of the 
other. 

PROPOSITION II. 

A diameter divides a circle into two equal parts. 

PROPOSITION III. 

In the same circle, or in equal circles, equal angles at the center 
intercept equal arcs at the circumference. 

PROPOSITION IV. 

CoNVERSB OF Prop. III. In the same circle, or in equal circles, 
equal arcs subtend equal angles at the center. 

PROPOSITION V. 

In the tame circle, or in equal circles, chords which subtend equal 
arcs are equal. 

PROPOSITION VI. 

CoNVBRSB OF Prop. V. In the same circle, or in equal circles, arcs 
which are subtended by equal chords are equal. 

PROPOSITION VII. 

In the same circle, or in equal circles, two chords which subtend 
unequal arcs are unequal, that chord being greater which subtends 
the greater arc. 

PROPOSITION VIII. 

CoNVSRSB OF Prop. VII. In the same circle, or in equal circles, 
two arcs which are subtended by unequal chords are unequal, that 
arc being greater which is subtended by the greater chord. 

PROPOSITION IX. 

A radius which is perpendicular to a chord bisects the chord and 
its subtended arc. 
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PROPOSITION X. 

A line perpendicular to a chord at its middle point pasaea throngb 
the center. 

PROPOSITION XI. 

In the same circle, or in equal circlet, equal chords are equally 
distant from the center, and of two unequal chords the greater is 
nearer the center. 

PROPOSITION XII. 

A straight line perpendicular to the radius of a circle at its eztrem 
ity is tangent to the circle. 

PROPOSITION XIII. 

CoNVBRSB OF Prop. XII. If a straight line is tangent to a cirda 
the radius meeting it at the point of contact is perpendicular to it 

PROPOSITION XIV. 
Arcs of a circle intercepted by parallel chords are equaL 

PROPOSITION XV. 

Through three points, not in the same straight line, one circnmfer- 
ence, and oaly one, is possible. 

PROPOSITION XVI. 
To find the greatest common unit of measure of two given lines. 

PROPOSITION XVII 

Given the greatest common unit of measure of two quantities to 
find their ratio. 

PROPOSITION XVIII. 

If two variables are always equal as they approach their limits, 
their limits are equal. 

PROPOSITION XIX. 

In the same circle, or in equal circles, two angles at the center 
have the same ratio as the arcs which they intercept at the circamfec- 
ence. 
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PROPOSITION XX. 
An inscribed an^ is measnred by one half its intercepted arc. 

PROPOSITION XXI. 

An angle formed by a tangent and a chord is measured by one half 
the intercepted arc. 

PROPOSITION XXII. 

The angle formed by two secants, meeting without the circle, is 
measnred by one half the difference of the intercepted arcs. 

PROPOSITION XXIII. 

An angle formed by two intersecting chords is measured by ons 
half the sum of the intercepted arcs. 

PROPOSITION XXIV. 

If two circles are tangent to each other the line Joining their cen- 
ters passes through the point of contact. 

PROPOSITION XXV. 
To bisect a given straight line. 

PROPOSITION XXVI. 

To erect a perpendicular to a given line, at a given point in that 
line. 

PROPOSITION XXVII. 

To draw a perpendicular to a given line from a given point with- 
out that line. 

PROPOSITION XXVIII. 
To bisect a given arc. 

PROPOSITION XXIX. 
To bisect a given angle. 

PROPOSITION XXX. 
To Had the eentar of a circle, when any arc of the drcnmferenoe fe 
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PROPOSITION XXXI. 

At a giveD point in a given line, to construct an angle equal to a 
given angle, with the given line as one side. 

PROPOSITION XXXII. 

Through a given point, to construct a straight lina parallel to a 
given straight line. 

PROPOSITION XXXIII. 

To construct (1) the complement of a given angle; (2) the supple- 
ment of a given angle; (3) the third angle of a triangle, having given 
the other two angles. 

PROPOSITION XXXIV. 

Given two angles and the included side of a triangle, to construct 
the triangle. 

PROPOSITION XXXV. 

Given two sides and the included angle of a triangle, to construct 
the triangle. 

PROPOSITION XXXVI. 

To construct a triangle whose sides are three given lines. 

PROPOSITION XXXVII. 
Through a given point, to draw a tangent to a given circle. 

PROPOSITION XXXVIII. 
To circumacriba a circle about a given triangle 

PROPOSITION XXXIX. 
To inscribe a circie in a given triangle. 



CHAPTER III. 

PROPORTIONAL LINES, AND SIMILAR POLYGONS. 



Thb Theory of Proportion. 

200. Proportion is an equality between two ratios. 
If A and B form one ratio, and C and D an equal ratio, 
a proportion is formed, which may be written in either of 
the forms: 

^^^;oT, AiB^CiD. 

Either of these is read: "the ratio of A to B equals 
thcratioof CtoZ?;" or, *'^ is to iff as C is to Z?." 

The terms of a proportion are the four numbers, or 
quantities, compared. 

In any ratio the first term is called the antecedent, 
and the second term the consequent. Hence, in any 
proportion the first and third terms are called anteced- 
ents, and the second and fourth terms are called conse- 
quents. 

In any proportion, the first and fourth terms are called 

extremes, and the second and third terms are called 

means. 

A C 
In the proportion -=- =■ -7^-, the first term is A, the 

second B^ the third C, and the fourth D, A and C are 
the antecedents, B and D are the consequents, A and D 
are the eztiemes, and B and C are the means. 
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Proposition I. Thsorkm. 

201. In a proportion, all of whose terms are num- 
bers, the product of the means equals the product of 
the extremes. 

Let -v — jy ^^ ^ propiyrtion in wJUch A^B^C and I> 
ore numbers. 

To prove A D ^=^ B C. 

A 

SuG. 1. What process is performed upon the ratio -k- 

B 

to produce the product A D"^, 
SuG. 2. What, then, must the ratio -jr be changed 

into ? Why ? 
Therefore 

MODEL. 

Proposition I. Theorem. 

202. In a proportion, all of whose terms are num- 
bers, the product of the means eguaZs the product of 

the extremes. 

A C 

Let r^ = -f\ be a proportion in which A^ B^C and D 

MS MJ 

are numbers. 

To prove A D ^ B C. 

^- X BD== AD md ^ X BD^ BC 

Hence, by Ax. ^, A D =^ B C, 

Therefore, in a proportion, all of whose terms are num- 
bers, the product of the means equals the product of the 
extremes. 
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Proposition II. Theorem. 

208. If the product of two. numbers equals the 
product of two other numbers, the factors of one 
product m^y be m,ade the means, and the fa^stars of 
the other product the extremes, of a proportion. 

LeiAB = C D he an equMtUm^ in which At Bf CandB 
are the numbers* 

To prove ;^ — ^• 

SuG. 1. What process must be performed upon A B to 

produce the fraction yr ? 

SuG. 2. By the same process the second member, C D, 
is changed into what ? 
Therefore 

Note, — It frequently occura that expressions are used which are 
perfectly intelligible in some cases and have no meaning in other cases. 
For example, the expression A B (that is, A times B) has a perfectly 
definite meaning, if A and B are both numbers; it also has a definite 
meaning when A is a. pure number and B a quantity, provided A be con- 
sidered as the multiplier; but if A and B are both quantities, A B has 

no meaning. Likewise, the expression -^ has a definite meaning 

if A and B are both numbers; it also has a definite meaning \l A\m 2l 
quantity and B a number; also, if A and B are both quantities of the 
same kind; but has no meaning if ^ is a number and ^ is a quantity, 
or if ^ and B are quantities unlike in kind. See Art. 161. 

In all the following operations upon ratio, and applications of it, care 
should be taken to interpret the symbols of number or quantity, and 
see if the principles of the fundamental rules of arithmetic and al- 
gebra can be applied. The scholia following the theorems in the the- 
ory of proportion will suggest the limitations which the principles «■• 
derlyiag the operatiooa impose upon the propositi 
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204. A mean proportional between two given num- 
bers, or quantities, is the second or third term of a pro- 
portion in which the means are alike, and the extremes 
are the given numbers or quantities. In the proportion 

A B 

^ = 7^ , ^ is a trean proportional between A and C 

Proposition III. Problbm. 

205. To dpf ermine a mean proportional between 
two given numbers. 

Let A and C be the given nmnbers, und B the required 
mean propartiofiedm 

To determine the value of B in terms of A and C . 

A B 

Suo. In the equation -^ = -p- , find the value of B, 

Nott, — In propositions I, II and III, the terms ot the proportiuos 
most be regarded not as geometric magnitudes, but as numbers or /A# 
measures of magnitudes. These propositions, however, afford aid in 
investigating propositions whose terms are geometric magnitudes in- 
stead of numbers. For example, suppose it is required to determiae 
the mean proportional between two lines ^ A and C, in which a rctd 

is taken as the unit of measure If B is the required mean propor- 

A B 
tional, the equation —=•-:; must hold Since A and C are each some 

number of rods, B must also be some number of rodi. 
Suppose A =. a rods, 

B •= b rods, 
C ^ c rods 

Now, B is determined as soon as 3 ia determined From the pro- 

A B a b 

portion -5 = 7; it follows that the proportion -r = - is true, and. 

from this last equation, h may be found. 



Ex. 127. An angle formed by two tangents is meas- 
ured by one half the differeuce of the intercepted arcs. 
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Proposition IV. Thkorbm. 

206. If, in several successive ratios, the consequent 
of the first eqiifds the a,ntecedent of the second, the con- 
sequent of the second equals the antecedent of the 
third, etc., the ratio of the antecedent of the first to 
the consequent of the Uist equals the product of tJie 
raHoB. 

i€* g> ^# -pf ^ and -^ rtfprtsent the ratios. 

To prove that -=^ equals the product of the ratios. 

» 

Suo. 1. \i A, B, C, D, E and F are numbers, apply 
the algebraic rule for multiplying fractions. 

SuG. 2. If ^, B, C, D, E and F are geometric magni- 
tudes, they are all magnitudes of the same kind, and 
by definition each ratio is a number. 

^ A B C D E ^ 

Let^ = m. -=«, -= r, ^^ '^ F^'' 

m, «, r, s and / b^ing numbers. 

Suo. 3. Then, A -= m B, B ^ n Q C = r D, 
D:= sE and ^ = / /: Why ? 

SuG. 4. Since A ^=^ m B and B — n C^ A ^ m n C. 
Since A ^ m n C and C = r D, A = mn r D, 
In the same way A =^ m n r s E, 
Finally, A = mnrstF, 

SuG. 6. Since A^mnrstF, -= ^ mnrst.. Why? 

SuG. 6. But m n r s t is the product of the given ra- 
tios. 
Therefore 
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Nott I. — A careful interpretation of the symbols should be made 
at each step of the preceding proposition. 

l^oie 2. — The preceding proposition may be illustrated as follows: 

1 bushel _ . 1 peck ^ g 1 quart _^ ^ 

1 peck "" • 1 quart ' 1 pint 

Therefore, -= — "^ = 64. the product of the ratios. 
1 pmt 

Note 3. — To say that = j-— = 4, is only another form of say- 

mg that 1 bushel = 4 pecks. ~ = m ia only another form of A 

r^m B. 

This should be illustrated until the pupil sees that they are only 
different forms of expression for the same thought, vis., that 1 peck 
is the unit by which 1 bushel is measured, or that B is the unit by 
which A it measured, in whichever way it is expressed. See page vi 

QuBRY. In the equation A = m n r Dy which sym- 
bols i^present numbers and which represent quantities ? 

Proposition V. Theorbm. 

207, Both terms of a ratio may be multiplisd by 
any number without changing the value of the ratio. 

Let -g- represent a rtMo. 

^,_ A m A , . , 

pntfe -j^ = — ^, m being a number. 

5j|ja. 1. Let the ratio -5- equal the number r. 

Suo. 2. In the equation -=^ = r, find what A equals. 

Suo. 8. Multiply both members of the equation last 
found by m, and from the result find the value of the ra- 

m A 
""" mB- 

A tn A 

Suo. 4. How, then, docs s compare with — -«r? 

Therefore 



PROPORTION — SIMILAR POLYGONS. 143 

208. Corollary. Both terms of a ratio may be 
divided by the same number; also, by the same quantity, 
provided it is a quantity of the same kind as the terms 
of the given ratio. 

209. Scholium. In the foregoing proposition A and 
B may both be numbers, or both like quantities. 

Proposition VI. Theorem. 

210. If fournumbers, or like quantities, are in pro- 
portion, the ratio of the first to the thir.d equals the 

ra4;iiopfthe second to the fourth. 

To prove 7=^ =■ 75^ 

A C 

SuG. 1. If -5- = the number w, what does -=r equal ? 

SuG. 2. Find A and C in terms of B and D, respec- 
tively. 

Express the ratio of A to C, and reduce by Prop. V, 
Cor. 

Therefore 

211. ScHOLroM. Proposition VI practically states 
that the second and third terms, of a proportion may be 
interchanged. This is true if the terms of the propor- 
tion are numbers, or quantities of the same kind, but not 

true if the terms are quantities unlike in kind. For ex- 

i ^, _,. 16 rods 1 peck . ^ 

ample, the proportion ^ , « -r-^ — : is true, since 

each ratio equals 8, but if the second and third terms be 

interchanged the result would be -; =- " -. . 

** 1 pedc 1 quart 

absolutely meaningless expression. 
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212. When from any proportion a new proportion is 
obtained by taking the antecedents for one ratio, and the 
consequents, in the same order, for the other ratio, the 
second proportion is said to be deduced from the first by 
alternation. 

^r^ = -=- is deduced by alternation from -5- =■ tt. 

Proposition VII. Theorem. 

213. If four numbers, or quantities, are in propor- 
tion, the ratio of the second to the jirst equals the ror 
tio of the fourth to the third, 

A C 
Let ;b = ;^ ^ *'*^ given praparUan, 

To prove -- = — , 

A C 

SuG. 1. Let -5- = w. Then --- = w. 

o JJ 

SuG. 2. From the equations in Sug. 1, find the values 
of -^ and C respectively. 

SuG. 3. Divide by A and C, respectively, the two 
equations obtained in Sug. 2. Compare the results and 
reduce. 

Therefore 

214. Scholium. Proposition VII states that in a 
proportion the terms of one ratio may be interchanged, 
provided the terms of the ether ratio are interchanged 
also. In this proposition the terms of one ratio may be 

different in kind from the terms of the other ratio. For 

1 .1. ^.32 rods 1 peck . ^ ^ 

example, the proportion -tj — r- = . . , is true, and 
'^ '^ '^ 2 rods 1 pint 

the proportion obtained by applying the theoxem, vix«, 
2 rods 1 pint . , ^ 

32 rods 1 peck 
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215. When, from any proportion, a new proportion is 
formed by inverting the ratios, the second proportion is 
said to be deduced from the first by inversion. 

Proposition VIII. Theorem. 

216. If four numbera, or qiiantities, are in propor- 
tion, the ratio of the first plus the second, to the second, 
equals the ratio of the third plus the fourth, to the 
fowrth. 

Let v* = "^ ^ ^^^ given proportion. 

To prove — ^— = — ^— . 

A C 

SuG, 1. Let - = m. Then yr =■ i«. 

A A A- S 

SuG. 2. From - = m, what does - ,, — equal ? 

C C -\- D 

SuG. 3. From -^ = ///, what does — -= — equal ? 

Compare answers to Sugs. 2 and 3. 
Therefore 

217. Scholium. In proposition VIII, the terms of 

one ratio may be different in kind from the terms of the 

other ratio and the proposition still be true. For ex- 

, ^, 12 rods 10 quarts . 

ample the proportion -7; — r— = —^-^ is true and 

^ ^ 6 rods o quarts 

the proportion obtained by applying the theorem, viz., 

18 rods 16 quarts . 
-5 — -T- «■ -ir-^ — —- IS also true. 
6 rods 6 quarts 

A C 

218. When from the proportion ^ "=" TS ^^* P''^ 

portion 5 — = — jz — is obtained, the second is 

said to be deduced from the first by composition. 
10— G«a 
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Proposition IX. Thborbm. 

219. If four numbers, or quantities, are in propor- 
tion, the ratio of the first minus the second to the sec- 
ond, equals the ratio of the third minus the fourth, to 
the fourth. 

Let '0=7)^ the ffiven proportion* 

To prove that — -= — = — = — . 

A C 

SxJG. 1. Let -^ =: m. Then -^ » »». 

^ ^ g 

SuG. 2. From — - = w, what does — 5 — equal ? 

C C — D 

SuG. 3. From —- =« m, what does — -=z — equal ? 

SuG. 4. Compare answers to Sugs. 2 and 8. 
Therefore 

220. Scholium. In Proposition IX. the terms of one 
ratio may be diflferent in kind from the terms of the other 
ratio and the proposition still be true. Illustrate this 
fact 

A C 

221. When jfrom the proportion -0=7^, the pro- 

A R C D 

portion -= =■ =: — is obtained, the second is 

said to be deduced from the first by division. 

Proposition X. Theorem. 

222. In a series of equal ratios, all of whose terms 
are numbers or qTiantities of the same kind, the ratio 
of the sum of the antecedents to the sum of the conse- 
quents equals any one of the ratios. 
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^^. A + C+E+G A C , 

SuG. 1. ]Let each of the given ratios = x. 

SuG. 2. Put each ratio separately equal to x and find 
each antecedent. 

SuG. 3. Find the sum of all the antecedents. 

SuG. 4. From the result of Sug. 3, find the value of x. 

SuG. 6. Equate the value of x just found to any of the 
given ratios. 

Therefore 

223. A continued proportion is an eqv"^Uty of sev- 
eral ratios. 

In proposition X, the terms of the given ratios must 
be numbers or quantities of the same kind. Illustrate 
the absurdity of using quantities of different kinds. 



Bx. 128. If 4 = J^. prove that -^ = ^ . 

and also that — -j — »■ — 75 — . 

A C 

In deducing the second proportion from the first, are 

A^ B^ C and D restricted to being numbers, or may they 

be quantities as well; and, if quantities, are they all 

quantities of the same kind, or may they differ in kind ? 

A C 
Ex. 129. If -3- = -^ , -^, -5, C and D being measures 

A^ C* 
of magnitttdes, prove that -^ «= -^. 
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Proposition XI. Theorbm. 

224. // three terms of one proportion are respec- 
tively equal to the three corresponding terms of anr- 
other proportion, tJie fourth terms are equaZ. 

Let ^^^ and 5 = ^. 

To prove that C ^^ M, 

A C M 

SUG. 1. If ^ =■ ^ then ^ ■■ ^ and "^ =* ''• Why? 

C M 

SuG. 2. From — = r, find C, and from — « y 

find if/. 
SuG. 3. Compare C and M. 
Therefore 

Note, — In ail the preceding propositions in the theory of propor- 
tion, the theorems are true if the terms of the proportions are num- 
bers. 

If the terms are geometric magnitudes, the limitations noted should 
be carefully studied and applied. Read Arts. 159, 160 and 161 oo 
measurement, and note their bearing on the theory of proportion. 



Bx. 130. Prove that an angle 
formed by a tangent and a chord, is y^ A ' '^\ ■ ' 
measured by one half the intercepted ^f*-^ \ \ 
arc, using the following construction: | /"q ) 
Drop a _L from the center of the O to dV / 

the chord and extend to the arc. Con- ^^ ^ 

nect O and the point of contact A. 

SuG. Compare Z. M O A with A between tangent 
and chord. 

Ex. 131. In the figure of Prop. XXIII, Chap. II, con- 
nect B and D, and prove the proposition in another 
manner. 
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Proposition XII. Thkorbm. 

225. If parallel lines intercept equal segments on 
one transversal, they intercept equal segments on all 
transversals* 



/ 


F 


c/lo 




l/lp 


r 

\M 


k/\s 


I 



B 



D 



Let E Ff G Hf etc*^ represent parallel lines intercepting 
equal segments EG9G If etc*, on the transversal A Bf and 
tlte segments F H^ H M^ etc, an the transversal V D» 

To prove FH^ H M ^ M N, etc, 

SuG. 1. From E, G, /, etc., draw lines E Oy G P, I S, 
etc. , B to C Z>. 

SuG. 2. In the As E O G, G P I, etc., compare the 
lines E Oy G P, I S, etc. 

SuG. 3. Compare E O with F H, G P with H M, I S 
with M N, etc. 

Therefore 



Ex. 132. If a quadrilateral is inscribed 
in a circle the sum of the opposite ^ 
angles equals two right angles. Prove 
that ^ A plus A C equals two rt. Zs. 
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Ex. 133. A circle is described on one of the sides of 
an equilateral triangle as diameter. Prove that the cir- 
cumference bisects each of the other two sides. 

Proposition XIII. Thborbm. 

226. If a line is parallel to the base of a triangle, 
the ratio of the segments of one side equals the raMo of 
the segments of the other side. 



Let DEbe a line paraXM to the base B€ cf the tri- 
angle ABC. 

^ ^ AD AE 
Toprave-^^-^^. 

Casb I. When A D and D B are commensurable. 

SuG. 1. Since A D and D B are commensurable, sup- 
pose each to be measured, and express their ratio. 

SuG. 2. Through the points of division in A By draw 
lines p to the base and intersecting A C 

SuG. 8. Compare the segments of A E and E C with 
respect to size. How many are there as compared with 

the number of segments irxAB} 

A E AD 

Sua. 4. Compare the ratio -prp with the ratio ^-^ . 
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Casb II. When A B and D B are incommensuruAle, 

A 



Suo. 1. Divide A D into any number of equal parts, 
and lay off the unit of measure upon D B bs many times 
as possible. There will be a remainder, M B, less than 
the unit of measure. Why ? 

SuG. 2. Through M, draw MN \\^oB C, 

AD A E 

Suo. 8. Compare -, -^ with -f-tv- Give auth. 

^ DM EN 

SuG. 4. If the unit of measure be continually dimin- 

A D 

ished, the ratio ^ .^ is a variable. Why ? 

Suo. 6. What is its limit ? Why ? 

A E 
SuG. 6. The ratio -r=-rr is also a variable. What is 

EN 

its limit ? 

AD A E 

SuG. 7. How do the limits of -mnf and ^^-y> com- 

D M EN 

pare? (See Art. 170.) 
Therefore 

Note. — Compare this demonstration with that of Prop. XIX. 
Chap. II. 

227. C<>ROLLARY. If a line be drawn parallel to the 
base of a triangle, one side is to either of its segments 
as the other side is to its corresponding segment. 

SuG. Take the conclusion of the proposition by com- 
position. 
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Proposition XIV. Thkorkm. 

228. // a line divides two sides of a triangle pro- 
portionally, it is parallel to the base. 



Let ABC be a triangle, and let JD E divide the siden 
A B and A C so tliat -j-^ = -t-tt* 

u± JS A. Lf 

To prove that D E is parallel to the base B C. 
SuG. 1. From Z>, draw D M \\toB C. 

SuG. 2. Compare the ratios -T-5 and . ^ . 

SuG. 3. See hypothesis, and compare A E and A M 

k.JL. 1. 

SuG. 4. Complete the demonstration. 
Therefore 

S1MI1.AR Polygons. 

229. Similar polygons are those which have their 
corresponding angles equal, and corresponding sides 
proportional. 

Points, lines, or angles, which are similarly situated 
in similar polygons, are called homologous. 



PROPORTION — SIMILAR POLYGONS. 



168 



In similar polygons, the ratio of two homologotis sid'^ 
is called the ratio of similitude of the polygons. 




The polygons A B C D E and A B' C D' E' are 

A B 
similar if Z -4 - Z ^', Z ^ = Z ^', etc., and 



A'R 



CD 



EC ^ 

B'C CD 



J , etc. 



A E 
The ratio -rr^r is the ratio of similitude of the poly 
A Jj 



gons. 



Ex. 134. The locus of the middle points of all chords 
which pass through a given point, is a 
circle whose diameter is the line con- 
necting the given point and the center of 
the circle. 

Prove that the circle described on O S 
is the required locus. 

Ex. 135. Through one of the points 
common to two intersecting circumferences, draw the 
diameters of the circles and prove that the line con- 
necting the other extremities of the diameters passes 
through the other point of intersection of the circumfer- 
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Proposition XV. Theorem. 

230. Two triangles which are nvutually equia^f^ 
gular are similar. 




Let ABC and A' B' C be two triangles in which the 
angle A = the angle A'f the angle B = tne angle B' and 
the angle C = tlie angle C • 

To prove that the triangles ABC and A' ff C are 
similar, 

SuG. 1. Place the l^ A' B C upon the A ^ iff C, so 
that A' B lies upon A B with A' upon A and B upon Af. 

SuG. 2. What direction will A C take ? Why ? 

SuG. 3. Where will the point C fall ? 

SuG. 4. What relation of position does M N sustain to 
BC} Why? 



SuG. 6. 

A'C 

AC' 



AM AN 



AB 



AB 



J, /, . Give auth. Hence ^ ^ 
AC . A B 



SuG. 6. In the same way compare the ratios 



A'B' 
AB 



and ^^. 

SuG. 7. Apply dcunition of similar polygons and dxmw 
conclusion. 
Thertfotm 
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231. Corollary I. If two triangles have two angles 
of one respectively equal to two angles of the other, the 
triangles are similar. 

232. Corollary II. Two right triangles which have 
an acute angle of one equal to an acute angle of the 
other, are similar. 




A/v'P 



Bx. 136. If the sum of the opposite 
angles of a quadrilateral equals two right 
angles, prove that a circumference is 
possible through the four vertices. 

SuG. A circumference may be de- 
scribed through three vertices, as A, B 
and C. If it does not pass through D, It must cut the 
line C D, ox C D extended, as at M, Compare the sum 
oi Z.^ B and C M A with two rt. ^s. Also, the sum of 
Z.S B and C D A with two rt. Zj&. 



Ex. 137. If a quadrilateral be circum- 
scribed about a circle, the sum of one 
pair of opposite sides is equal to the sum 
of the other pair. 



Ex. 138. If two circles are tangent, and two secants 
be drawn through the point of con- 
tact, the chords joining the inter- 
sections of the secants and the cir- 
cumferences are parallel. 

Prove A D parallel to B C, 

SuG. Draw the common tangent, 
M N. Compare A A O M with Z CON. Compare 
Z^Oi/with ZADO\2lso, ZCOA^ with AOBC. 
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Proposition XVI. Thkorkm. 

233. If two triangles have an angle of one equal to 
an angle of the other, and the aides including the 
equal angles proportional, the triangles are similar. 




In the triangles ABC and A' B' C let the angle A 

A B 

equal the angle A' and let the ratio ., ^, equal the ra^ 

tio 37-^. 

To prove that the triangles ABC and A' B* C are 
similar. 

Suo. 1. Place the A ABC upon the A A' R C\ with 
A upon A\ and A B and A C upon A' R and A* C re- 
spectively. Why is this possible ? 

Sua. 2. Where will B and C fall ? 

Suo. 3. What relation of position will the line B C 
sustain to ^ C ? Why ? 

Suo. 4. How do the ^s B and C compare with the 
Zs B* and C respectively ? 

Suo. 6. See Prop. XV. 

Therefore 
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Proposition XVII. Theorem. 

234. Two triangles whose sides are proportiandL 

are similar. 

A 




N ^. 




AB BC _ AC 
A'B' * B' C " A C" 

To prove thai the triangles ABC and A' Bf C are 
similar. 

Suo. \ On A B. lay oS A Af equal to A' B and on 

A C lay off A N equal to A' C. Connect M and A^. 

A B A' B* 

Suo. 2. Compare the ratios and srT^r Give 

auth. 

o^ o r. AB .. AM 

SuG. 8. Compare ^y: with -jrr-j^\ t. e., compare 

44 with 4r^ • Give auth. Art. 233, 
B C M N 

StJG. 4. Compare ^' C and M N. See Art. 224. 

Suo. 5. Then, how do As A' B' C and A M N 

compare ? Why ? 

SuG. 6. The line M N divides A B and A C propor- 
tionally. Why ? See hyp. 

Suo. 7. How is the A -^ ilf AT related to the A ^ ^ CI 

Suo. 8. Then, how are the As ^' B' C and ABC 
related ? 

Therefore 
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Proposition XVIII. Theorem. 

235. The ratio of homologoua altitudes of similar 
triangles equals the ratio of similitude of the tri' 
angles* 




C F 




Let A M and E NbehanwlogousaUUudes in the sitnUar 

triangles ABC and EFO^ and let -^-p represent the 
ratio itf similitude of the triangles* 

^ ^ ,. , AM AB 
To prove that -^j^ « -^-p. 

SuG. 1. The As A MB andENFaTe rt. As. Why ? 

SuG. 2. In the rt. As A MB and E N F^ compare 
Z B with Z F. 

S.UG. 3. Then, how are the ^^sA MB and EN Fie 
lated ? See Art. 232. 

SuG. 4. Compare the ratio -;=-tt with the ratio 



EN 



EF' 



Give auth. 
Therefore 



Ex. 139. Through a given point, to draw a straight line 
so that th^ portion of it intercepted between two given inter- 
secting lines shall be divided at the point into two equal 
parts. 

Suo. Throug'h the point draw a line parallel to one' of 
the giv«n lines (Art. 226.) 
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Proposition XIX. Theorem. 

m 

286. // two polygons are composed of the same 
fiumfber of triangles, similar ea^h to eash and sim^i- 
larly pUueed, the polygons are sim^ilar. 





Let the polygons ABOJDEP a/nd A' B' C D E K 
be composed of the same number of triangles, similar 
each to each and similarly placed^ ABC being sitnilar to 
A' B' C 9 a/nd so on for the other triangles. 

To prove that the polygons are similar. 

SuG. 1. Compare the Z. A with the Z. A\ /. B with 
iLB\ etc. 

Sua. 2. Compare the ratio -jrn, with ni r-t • 
SuG. 3. Compare the ratio d> f~i with -ttt^', also 



the ratio 



CD 
CD' 



with 



A C 



Now, compare 



B C 
B'C 



CD 



with ^.^,. 

Sua. 4. In a similar manner compare the ratios of 
other corresponding sides in the two polygons. 

Sua. 6. Apply the definition of similar polygons, and 
draw the conclusion. 

Therefore 
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Proposition XX. Thborbm. 

237. Converse of Prop. XIX Two similar polygons 
may be divided into the same number of triangles^ 
similar each to ea^h and sim^ilarly placed. 





Let the polyg&ns ABC DBF and A' B' C B' E* F 
be sifnUoTf and let aU possible diagonals be drawn from 
corresponding vertices A and A'. 

To prove that the triangles in one polygon are similar to 
those in the other polygon. 

Sua. 1. Compare the A -^4 ^ C and A' B' C (See 
Prop. XVI. 



SuG. 2. Compare the ratios 
CD , BC 



A C 
A'C 



and 



BC 



B'C 






also, 
A C 



the ratios j^rj^ ^^d -^Ta^ • Compare the ratios -^77^ 

ana ^, j^,, 

SuG. 3. Compare Z A CZ> with Z A' C D' . 
SuG. 4. Compare the ^s A C D and A' CD*. 
Suo. 6. In a similar way compare the other corre- 
sponding As in the two polygons. 
Therefore 
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PROPOSITION XXI. ThBORAM. 

288. The ratio of the perimeters of two similar 
polygons equals the ratio of similitude of the polygons. 




^ . ^. ^ ^. ^. perimeter A B C D E 
To prove that the ratto ^-^^^ A^WCUE 

the ratio of similitude ., ^ . 



equals 



SuG. See proposition X, and give the demonstration. 
Therefore 



Ex. 140. Straight lines 

drawn through an}' point 

will intercept proportional 

segments upon two parallel 

lines. 

AC CE 



Prove that 



BD 



DF 



EM 

FN 



, etc. 




AC C E 

SuG. Compare each of the ratios tt-^ and -r^-^ with 



BD 



the ratio 



OC 



DF 



OD' 
Complete the demonstration. 

11— Geo. 
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Proposition XXII. Theorem. 

239. // a perpendicular be dropped to the hypote- 
nuse from the vertex of a right angle in a right tri- 
angle: 

I- The triangles thus formed are similar to each 

other and to the whole triangle, 

II* The perpendicular is a msan proportional be- 
tween the segments of the hypotenuse. 

Ill* Uaoh side is a mean proportional between the 
hypotenuse and the segmerU adjacent to that eU 




Let ABC represent a right triangle^ right angled at A, 
atui let AM represent a perpendicaiar drawn frovn A to 
the hypotenuse B €• 

I. To prove thai the triangles A M Q A MB and 
B A C are similar. 

Sua. 1. In the rt. ^n A M C and A MB, compare 
Z CAMinihZB. 

SuG. 2. See Art, 232. 

SuG. 8. In the rt As ^ il/ C and i9 ^ C notice that 
A Cvs common. See Art. 282. 

II. To pr^ that -^-^ - ;^^. 

Suo . Deduce this proportion from the similar As AMC 
and A MB, 
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TTT T J. 41. 4CB AB ., , CD CA 

III. Toprovethat ^ = ^/ or that ^A^ ^M- 

Suo. Deduce the first proportion from the similar 
As ABC and ABM. Deduce the second proportion 
from the similar As ABC and A CM, 

Therefore 

A^#/#. — In similar triangles, homologoos sides are oppoeitA equal 
angles. 

Proposition XXIII. Thborbm. 

240. If two chords of a oirde intersect, the ratio of 
either segment of the first to either segment of the sec- 
ond equals the ratio of the remaining segment of the 
second to the remaining segment of the first. 




Let Ihe chords A B and C D intersect €U X 

4X C X 



To prove that 



DX B X' 



SuG. 1. Connect A and C\ also, B and D. 

Suo. 2. Compare Z. A with Z. D ; also, Z. C with 
Z B. (Art 177.) 

Suo. 3. Compare As A X C and D X B with respect 
to form. (Art. 230.) 

Suo. 4. Complete the demoQstratkMi. 

Therefore -^ ^ 
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Proposition XXIV. Theorem. 

241. If two secants intersect without a circle, the 
ratio of the first secant to the second equals the ratio 
of the external segment of the second to the external 
segment of the first. 




Let A B and A C represent two secants fneeUng at 

A B A E 



To prove that 



A C AD' 



Sua. 1. Connect D and C\ also, B and E, 
SuG. 2. Compare the As ^^ Z? C and A E B. 
SuG. 8. Complete the demonstration. 
Therefore 



Are A, Bf C and D restricted to being numbers, or may 
they be quantities ? If quantities, are they all of the 
same kind, or may they differ in kind ? 

Ex. 142. Give a solution of Prop. XXXII, Chap. II. 
by using the truth that if two lines are perpendicular to 
the same line they are parallel. 
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Proposition XXV. Theorem. 

242. // a secant and a tangent meet without a 
circle, the tangent is a mean proportional between the 
secant and its external segmsnt. 



Let A C represent a tangentf and OC a secant tneeting 
the tangent at the point CL 

T ^ 41. 4 OC AC 

To prove that ^^fc^TC' 

SuG. 1. Connect A and O ; also, A and B, 
SuG. 2. Compare the l^s A B C and O A C with re- 
spect to form. 
SuG. 3. Complete the demonstration. 
Therefore 



Ex. 148. What is the locus of the ver^x of thie right 
angle of a right-angled triangle constructed upon a given 
line as a hypotenuse? (See Ex. 122.) 

Ex. 144. Construct upon a given line, as a chord, a 
segment of a circle which shall contain a given angle. 

SuG. Construct at the ends of the given line, and upon 
it, angles whose sum is the supplement of the given angle. 
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Proposition XXVI. Problem. 

243. To divide a ^iven straight line into any ntun- 
her of equaJf parts. 




Lei A She the given straight line* 

To divide A B into any number of equal parts — for eX' 
ampU^four. 

Sua. 1. Through A^ draw an indefinite straight line 
making any convenient ^ with /^ A 

Sua. 2. Take any convenient unit of length and lay it 
off four times on the indefinite line. 

SuG. 3. Connect the last point of division, Fy with the 
point By and draw \s\.o F B through the other points oi 
division, C, D and E. 

SuG. 4. Why will these s divide A B into equal 
parts? 



Ex. 145. With a given fixed base, and a given verti- 
cal angle of a triangle, find the locus of the vertex. See 
exercise 121. 

Ex. 146. Construct a triangle whose base and vertical 
angle are given, and whose vertex is at a given distance 
from the middle point of the base. 

SuG. Solve by intersection of two loci. 
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Proposition XXVII. Problem. 

M4. To divide a giv^n straight lins imio p4Mrt$ pro- 
parUanal to any given 




IM A B bo tke wUfon &ira4ghi Une^ 

A. F F G 
To divide A B into parts such that —z-z- « -^^ , «ic 

SuG. 1. Through A^ draw an indefinite stnught line 
making any convenient Z. with A B. 

SUG. 2. On this indefinite line lay off, in succession, 
the lines M, N, R, etc. 

SuG. 8 Connect the last point of division with the 
point B^ and draw | s from the other points of division, 
Q D, etc 

Sua. 4. Why will these | s divide A B into parts pro- 
portional to M, N^ R^ etc? 

346. A fourth proportional to three given quanti- 
ties is the fourth term of a proportion whose first three 
terms are the three given quantities taken in order. If 
the three given quantities are 6 tt., 12 ft. and 18 ft, the 
fourth proportional is 36 ft. ; if the given quantities are 
12 ft.. 6 ft. and 18 ft., the fourth proportional is 9 ft.; if 
the given quantities are 18 ft., 6 ft. and 12 ft , the £Dtuth 
proportional is 4 fL 
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Proposition XXVIII. Probwm. 

246. To find a fourth proportional to three given 
lines. 



A B 

C D 



F 



Let AB^C D and E Fbe three given lines. 

To find a fourth proportional to these three lines. 

SuG. 1. In the figure in Art. 226, notice that E Ci^% 
fourth proportional to A D^ D B and A E, 

SuG. 2. Construct a figure in which one of the lines 
shall be a fourth proportional to A B, CD and £ F, 

SuG. 8. Work out at least .three solutions of this prob- 
lem. 

* 

247. A third proportional to two given quantities is 
the fourth term of a proportion whose first term is one of 
the given quantities, and whose second and third terms 

are each the second of the given quantities. If ^ "" -» 

9 € 

^ is a third proportional to a and b. 



Bx. 144. Construct a triangle having a given base, a 
given altitude and a given vertical angle. 
SuG. Solve by intersection of two loci. 
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Proposition XXIX. Problem. 
248. To find a third proportional to two given lines, 

A B 



D 



LH A B {md C Dbe two given lines* 

To find a third proportional to A B and C D. 

SuG. 1. See suggestions to the preceding proposition, 
and make the construction. 
SuG. 2. Make out at least two solutions. 

Proposition XXX. Problem. 

249. To find a mean proportional between two ^iven 
lines. 



.B 



C D 



Let A B and C Dbe two given lines* 

To find a mean proportional between A B and C D. 

SuG. 1. See suggestions to Prop. XXII, II, and make 
the construction. 

SuG. 2. Make out two or more solutions. Every prop- 
osition which involves a mean proportional should sug- 
gest a solution to the problem. 



Ex. 148. Prove Prop. XVIII, Chap. Ill, by taking 

B C 

^r-^ as the ratio of similitude of the triangles. 
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Proposition XXXI. Problbm. 

250. To construct, upon a given line as a haa^ 
triangle sim liar in a given triangle. 




E G 

Let A B Che a given triangle^ and EG a given Une» 

To construct, upon E G as a bcLSty a triangle similar tc 
the triangle ABC, 

SuG. 1. If ^ C be regarded as the base of the tk A B C, 
how must the Z. at E, in the required A, compare with 
theZ^? 

SuG. 2. How must the A^XG compare with the Z, CI 
SuG. 3. Make the required construction. 



Ex. 149. If two parallel lines 

are cut proportionally by a set 

of secant lines, prove that the 

secant lines all pass through a 

common point. 

AC CE ^ 
WD^-DF^ ^tc, prove 



If 




\M 



that the lines B A, D C, F E, 
etc., intersect at a common 
point. 

SuG. Extend two of them, B A and D C, until they 
meet at O, Connect O and E, and extend O E \^o the 
other of the parallels. Determine the relative position 

of the lines O M and E F. ^ J = ^. Why? 

B D D F 



A C CE 
BD^ DM ' 



Why? 
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Proposition XXXII. Problem. 

261. To construct a polygon similar to a given poly- 
gon and having a given line as one side. 




Let M N F 8S he a ffiven polygon^ and M' N* a given 

straight line, 

Ta construct^ with M* N' as one side^ a polygon similar 
toMNPSR. 

SuG. 1. Let M' N' be homologous to the side M N^ 
and from M draw all possible diagonals of the given 
polygon. 

SuG. 2. On M' N' construct 2l is., M' N' P' , similar 
to the A y^ iV P. Give auth. 

SuG. 3. On M' P' construct a A similar to the 
t^ M P S. Continue the construction. 



PROPOSITIONS IN CHAPTER III. 



PROPOSITION I. 

In a proportion, all of whose terms are nuirbers, the product of 
the means equals the product of the extremes. 

PROPOSITION II. 

If the product of two numbers equals the product of two other 
numbers, the factors of one product may be made the means, and the 
factors of the other product the extremes, of a proportion. 

PROPOSITION IIL 
To determine a mean proportional between two given numbers. 

PROPOSITION IV. 

If, in several successive ratios, the consequent of the first equals 
the antecedent of the second, the consequent of the second equals the 
antecedent of the third, etc. , the ratio of the antecedent of the first to 
the consequent of the last equals the product of the ratios. 

PROPOSITION V. 

Both terms of a ratio may be multiplied by any number without 
changing the value of the ratio. 

PROPOSITION VL 

If four numbers, or like quantities, are in proportion, the ratio ol 
the first to the third equals the ratio of the second to the fourth. 

PROPOSITION VII. 

If four numbers, or quantities, are in proportion, the ratio of the 
second to the first equals the ratio of the fourth to the third. 

PROPOSITION VIII. 

If four numbers, or quantities, are in proportion, the ratio of the 
first plus the second, to the second, equals the ratio ol the third plus 
tb« fourth, to the fourth. 
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PROPOSITION IX. 

If foar nambers, or quantities, are in proportion, the ratio of the 
first minus the second, to the second, equals the ratio of the third 
minus the fourth, to the fourth. 

PROPOSITION X. 

In a series of equal ratios, all of whose terms are numbers or 
quantities of the same kind, the ratio of the sum of the antecedents to 
the sum of the consequents equals any one of the ratios. 

PROPOSITION XI. 

If three terms of one proportion are respectively equal to the three 
corresponding terms of another proportion, the fourth terms are 
equal. 

PROPOSITION XII 

If parallel lines intercept equal segments on one transversal, they 
intercept equal segments on all transversals. 

PROPOSITION XIII. 

If a line is parallel to the base of a triangle, the ratio of the seg- 
ments of one side equals the ratio of the segments of the other side. 

PROPOSITION XIV. 

If a line divides two sides of a triangle proportionally, it is parallel 
to the base. 

PROPOSITION XV. 
Two triangles which are mutually equiangular are similar. 

PROPOSITION XVI. 

If two triangles have an angle of one equal to an angle of the other, 
and the sides including the equal angles proportional, the triangles 
are similar. 

PROPOSITION XVII. 
Two triangles wbose sides are proportional are similar. 
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PROPOSITION XVIII. 

The ratio of homologous altitudes of similar triangles equals the 
ratio of similitude of the triangles. 

PROPOSITION XIX. 

If two polygons are composed of the same number of triangles, 
similar each to each and similarly placed, the polygons are similar. 

PROPOSITION XX. 

CoNVBRSB OF Prop. XIX. Two similar polygons may be divided 
into the same number of triangles, similar each to each, and similarly 
placed. 

PROPOSITION XXI. 

The ratio of the perimeters of two similar polygons equals the rar 
tio of similitude of the polygons. 

PROPOSITION XXII. 

If a perpendicular be dropped to the hypotenuse from the vertex of 
a right angle in a right triangle: 

I. The triangles thus formed are similar to each other and to the 
whole triangle. 

II. The perpendicular is a mean proportional between the seg- 
ments of the hypotenuse. 

III. Each side is a mean proportional between the hjrpotenuse 
and the segment adjacent to that side. 

PROPOSITION XXIII. 

If two chords of a circle intersect, the ratio of either segment of 
the first to either segment of the second equals the ratio of the re- 
maining segment of the second to the remaining segment of the first. 

PROPOSITION XXIV. 

If two secants intersect without a circle, the ratio of the first secant 
to the second equals the ratio of the external segment of the second to 
the external segment of the first. 

PROPOSITION XXV. 

If a secant and a tangent meet without a circle, the tangent im a 
mean proportional between the secant and its external segment. 
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PROPOSITION XXVI. 
To divide a given straight line into any number of equal parts. 

PROPOSITION XXVII. 

To divide a given straight line into parts proportional to any given 
lines. 

PROPOSITION XXVIII. 
To find a fourth proportional to three given lines. 

PROPOSITION XXIX. 
To find a third proportional to two given lines. 

PROPOSITION XXX. 
To find a mean proportional between two given lines. 

PROPOSITION XXXI. 

To construct, upon a given line as a base, a triangle similar to a 
given triangle. 

PROPOSITION XXXIL 

To construct a polygon similar to a given polygon and having a 
given line as one side. 



CHAPTER IV. 



COMPARISON AND MEASUREMENT OF POLYGONS. 



Definition. 

252. The area of a surface is its ratio to some selec- 
ted unit of measure, coupled with the unit of measure. 
(See Arts. 169 and 160.) 

If m denotes the unit of measure for determining the 

area of a surface A^ and if the ratio — equals b (article 

ifi 

161), the area of the surface A is bfn\ i, e.^ b times the 
unit nt. 

The unit of measure used to express the area of sur- 
faces is a square, whose side is a given linear unit; as a 
square inch, a square foot, etc. 

Proposition I. Thkorbm. 

263. Two parallelograms having eqmal bases and 
equal altitudes are equal in area,* 



A 



rn 



B A' -m^ 



B'A' 




m' 



D' -"' 




IM A B C D and A' B' C D' be two parallelofframs 
having D C and D' C eqiuiU and the altitudes ira n and 
m' n' equal. 

To prove thai the area of A C equals the area of A* C. 
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SuG. Place the O A C upon the O A' C, D C upon 
U C\ and compare the parts external to each other. 
Therefore 

Proposition II. Theorbm. 

254« If two rectangles have equal altitudes, the ra- 
Uo of their areas equals the ratio of their bases. 



A 



B 4 



r 



JU...J — 



.'.r 



"G 



Let A C and E G be two rectangles having equal aUi' 

tudeSf D A and JETE. 

-, . ,, . area of A C DC 

To prove that r j^ r- ==" rFT^ • 

^ area of EG HG 

Case I. When D C and H G are commensurable. 

SuG. 1. Measure D Cand H Ghy some common unit 
of measure. Let the unit be contained m times in D Q 
and n times in If G, 

SuG. 2. What is the ratio ofDCtoUG} 

SuG. 3. Through the points of division erect JLs to 
D C and H G, and extend the _Ls to the secondary bases, 
thus dividing A C and E G into rectangles. 

SuG. 4. How many rectangles in ^ C? How many in 
H Gl How do these smaller rectangles compare in size ? 
Why? 

Suo. 5. What does the ratio of the areas of the rect- 
angles A C and E G equal ? 

SuG. 6. Compare the ratio of the areas with the ratio 
of the bases. 
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Cas9 II. When the bases are incommensuraiU. 

A R M B li G 




S N 



K 



I 



Sua. 1. Take any measure oi K I and lay it off on Z^ C 
as many times as possible. There must be a remainder 
less than one of these parts. Why ? Suppose the meas- 
ure of A^/is contained in Z? Ca certain number of times 
with a remainder D N. Erect N M 1. to Z? C, at the 
point N, 

Sua. 2. Compare the ratio of the areas oi M C and E 1 
with the ratio oi N C and K I. 

SuG. 3. Use, now, a unit of measure smaller than D N, 
and let the remainder now htDS. Erect S R l.to D C 
at 5*, and compare the ratio of the areas oi R C and E 1 
with the ratio oi S C and K L 

Sua. 4. By continually decreasing the unit of measure 

the two ratios compared are variables. The limit of the 

area of A C 



first ratio is 



Why ? The limit of the sec- 



area of E I ' 

D C 
ond ratio is prj . Why ? 

Suo. 5. What relation exists between the variables as 
they approach their limits ? (See Sug. 8.) 
Suo. 6. What relation exists between the limits ? 
Therefore 

255. CoROtLARY. If two rectangles have equal bases 
the ratio of their areas equals the ratio of their altitudes. 

N0te /. — Compare the demonstration of Prop. II with that of 
Prop. XIX, Chap. II. What other propotition is demonstratad in a 
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form 



AV// 2. — Hereafter a ratio like 
A C 



area A C 
ana E J 



will be writteD in the 



EI' 



Proposition III. Theorem. 

256, The number of units of area in any rectangle 
is equal to the product of the number of linear units in 
the base and altitude. 




m 



u 



u 



u 



B 



u. 



Lei A represent a rectangle^ U a unit of measure for 
area, and u the linear tmitf viz., a side of the square V. 
Let u be contained a times in m and b times in n. 

To prove that A contains the unit U^a y, b times, 

Suo. 1. Construct a rectangle B whose altitude is n 
and whose base is u. 

Suo. 2. What is the ratio of ^ to ^ ? (Prop. II.) Re- 
duce the answer to the simplest form. 

Suo. 8. What is the ratio of -^ to i/? Reduce as be- 
fore. 

Suo. 4. What, then, is the ratio of ^ to U} (Art. 206.) 

Therefore 



Ex. 150. In a given line determine a point which is 
equally distant from two given points not in the line. 

NoU, — In this, and as many other problema of construction as pos- 
sible, employ the intersection of loci. 
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MODEL. 

Proposition III. Theorem. 

257. The number of ufiits of area in any rectangle 
Is equal to the product of the number of linear units in 
the base and altitude. 




B 



u 



Let A represent a rectangle^ V a unU of fneamire far 
area, and u the linear unit, vix*, a side of the square V, 
Let u he contained a times in m and b times in n. 

To prove that A contains the unit U, a X b times, ■ 

Construct the rectangle B, whose altitude is n and 
whose base is «. 

Since A and B have equal altitudes ^ — — - (Prop- 
osition II.) 



But since u is contained a times in w, — = 

u 

Hence, -5- «=■ a. 

B n 
Since B and £/have equal bases, tt ■■ - • 

^ U u 

n 
But since u is contained h times in «, - = h. 



a. 



Hence, jj ^ b. 

Smcc -g- ■■ «. aiid U ^ ' U 



ay.b. (Art. 206.) 
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That is, A contains 27, a x ^ times. 

Therefor^, the number of units of area in any rectangle 
is equal to the product of the number of linear units in 
the base and altitude. 

258. Scholium I. In the applications of this theorem 
the base and altitude must be expressed in terms of the 
same unit, and the unit of area must be the square whose 
side is the linear unit. 

259. Scholium II. By comparison of the theorem 
with the definition of area (Art. 252), it will be observed 
that the area of a rectangle is the product of the measures 
of the base and altitude joined to the name of the unit of 
area. 

Illustrations. If the base of a rectangle is 10 ft. and 
the altitude 6 ft., the area of the rectangle is (6 x 10) 
sq. ft. If the base of a rectangle is 10 ft. and the altitude 
6 in. (or \ ft.), the area of the rectangle is {\ X 10) sq. ft. 
(Sch. I.) 

260. Scholium III. The expression ** the product of 
the base and altitude,** is a common abbreviation for 
**the product of the measures of the base and altitude 
joined to the name of the unit of area." 

** The product of two lines,*' or *' the square of a line," 
must not be interpreted in any other sense than that just 
stated. With this interpretation, Prop. Ill is usually 
stated as follows: The area of a rectangle is equal to the 
product of the base and altitude. 

The numbers which represent the measures of the lines 
may be integral, fractional, or incommensurable. 

The rectangle of two lines is an expression which is 
sometimes used instead of the product of two lines. 
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Neu. — It may aaka tb* tbougbl In the foregoing deraonstratMa 
clearer to illustrale it by the orithmelical form of analjiui. 

U Is contained io B the same Dumber of times that v U in x, '. *., 
i times; also, B is contained ia A the same number of ttmea that w b 
in m. i. t., a times. Now, aa U 'm contained b times in B, and B \m 
containeda times in ^, it [o) lows thai £/ i« contained « X ' tbttM In jf. 

To take a definite case, let I he base 
and altitude be measured by some r i 1 ] F"'"™! 1 ' 

linear unit, as 1 inch; and suppose 

this nnil is contained 5 times in the — 

altitude and S times in the base, 

then, as seen in the figure at the — — 

right, there are 8 columns, with S I — I 1 — I — LJ — L 

■qoues in each colnmn, and hence, 

in »11, 8 X 5 squares; i. t., 40 sqaare iocbe*. 

It is readily seen, by constructing a figora, that it the nnlt is con- 
tained a fractional number of times in the baae and altitude the same 
mle is reached. 

QuBRv, Can the conclusion of the proposition. In all its generality, 
be drawn from the method in common nse in aiithmetia? 



Proposition IV. Thborbm. 

261, TheareaofaparaUeLoiramequMLatkeprodMot 
of its base and altitude, 
SvG. See Props. I and III, and demonstrate. 



Ex. 15t. Determine a point equally distant from two 
given points, and at a given distance irom a given line. 

How many points answer the conditions of tbe prob- 
lem? 

Ex. 162. Determine a point equally distant from two 
given parallel lines, and equally distant from two given 
points. 
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Ex. 153. Determine a point at given distances frota 
each of two given intersecting lines. 

How many points answer the conditions of the prob- 
lem? 

Ex. 164. Determine a point at given distances from 
two given points. 



Proposition V. Thborbm. 

262. The area of a triangle egiuils one half the 
product of its base and altitude. 




Let ABC represent a triangle^ A B its hose and M C 
Its altitude* 

To prove that the area of the triangle ABC equals one 
half of A B Hmes M C 

SuG. 1. From C, draw C D equal and fl to A B, and 
connect B with D, What kind of a figure \% A D} 
Why? 

Suo. 2. Compare the A ^ ^ C with the A CD B, 

SuG. 8. Compare the A /i iff C with the O A D, in 
respect to magnitude; also, compare bases and altitudes. 

Sua. 4. What, then, is the area of the H^ A B C in 
terms of A B and CM} 

Therefore — 
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263. Corollary. If two triangles have equal alti- 
tudes their areas have the same ratio as their bases. 





C 



In the triangles A CD and A' C D, let the altitudes 

A B and -^' ^ be equal. 

A CD ^ \A B y. CD CD 

A'Cn \ A' By. CD ^ CD' 
auth. 



Then 



Give 



In a similar manner, prove that if two triangles have 
equal bases their areas have the same ratio as their alti- 
tudes. 

264. Scholium. For the interpretation of the ex- 
pression, " the product of the base and altitude," in prop- 
ositions IV and V, see Art. 260. 

Proposition VI. Thborbm. 

2165. The area of a trapezoid equals one half the 
product of its altitude by the sum of its bases. 





D Af 

Let A B CD represent a trapezoid^ and AM Us fUHtude, 
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To prove that the area of the trapezoid, A B C D, equals 
Tfie half of A M times the sum of A B and D C. 

SuG. 1. Draw the diagonal, B D. 

SuG. 2. In the A Z? C ^, if Z? C is taken as the base, 
what is the altitude ? Then, what is the area of the 
l^ D C B equal to ? 

SuG. 3. In iht jC^ D A B, if A B is taken as the base, 
what is the altitude ? Then, what is the area of the 
A DA B equal to ? 

SuG. 4. What, then, is the area of the trapezoid A BCD 
equal to ? 

Therefore 

Ex. 155. The ratio of the squares of the legs of a right 
triangle is equal to the ratio of the segments formed by 
dropping a perpendicular from the vertex of the right 
angle upon the hypotenuse. 

SuG. 1. See figure in Art. 239. By use of part III of 
the proposition in Art. 289, find an expression for the 
square of each leg of the triangle. (See note, Art. 205.) 

SuG. 2. What is the ratio of the squares found ? 

Ex. 156. The sum of the squares of the legs of a right 
triangle equals the square of the hypotenuse. 

SuG. 1. See Sug. 1, of Ex. 155. 

SuG. 2. Add the squares. 

Ex. 157. Determine a point at a given distance from a 
given point, and equally distant from two parallel lines. 

How many points answer the conditions of the problem ? 

Is this problem always possible ? 

Ex. 158. Determine a point at a given distance from a 
given point, and equally distant from two given intersect- 
ing lines. 

Show when there are four points, when three, when 
two. when one, and when not any. 



186 



PLANE GEOMETRY. 



Arba of a Poi,ygon. 

266* Various methods have been used to find the area of poly- 
gons. Among the methods nsed the following may be noticed: 

From any vertex of the polygon draw all 
possible diagonals, as in fig. 1, at the right. 
The polygon is, by this means, divided into 
triangles, and, if the bases and altitudes of 
these triangles can be measured, their areas' 
can be computed, and then, by addition, 
the area of the polygon can be found. 

Another method is to draw the longest 
diagonal of the polygon, and, from the ver* 
tices, drop perpendiculars upon this diag- 
onal, as in fig. 2, at the right. The poly- 
gon is, in this way. divided into triangles 
and trapezoids, and, if the bases and alti- 
tudes of these triangles and trapezoids can 
t>e measured, their areas can be computed 
and then, by addition, the area of the poly- 
gon can be obtained. 

Still another method is to draw, through 
any vertex of the polygon, a straight line, 
exterior to the polygon, and, from the ver- 
tices, drop perpendiculars upon this line, as in fig. 3. 
In this way, triangles and trapezoids are formed, 
and, if the various bases and altitudes can be meas- 
ured, the areas of the triangles and trapezoids can be 
computed, and, if the areas of the parts exterior to 
the polygon be subtracted from the sum of the other 
areas, the difference gives the area of the polygon. 

The method just described is the one by which surveyors sometimes 
compute irregular areas bounded by straight lines. 

In considering the area of a field, or any large irregular polygon, 
it is often convenient to make a map or outline of the polygon accu- 
rately drawn to a scale as large as convenient. Then, any line con- 
nected with the polygon considered, can be determined by means of 
the bomologous line in the oonstmcted polygon. 





no. t. 
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Proposition VII. Thborbm. 

267. Hie ratio of the areas of two similar triangles 
Is equal to the ratio of the squares of their homologous 
edges, or homologous altitudes. 




Let ABC and EFO represent two sim^Uar triangles, 
and A M atid E N homologous altitudes. 



^ABC 



To prove that ^ ^ „^ = 
'^ A EFG 



BC 



or 



1 • 



SUG. 1 



FG"" EN 
t^ABC BCxAM BC AM 



AEFG FGxEN FG EN' 
(Art. 262.) 

SuG. 2. Compare the ratio of the bases with the ratio 

of the altitudes. (Arts. 229 and 235.) 



^ BC AM 
SuG. 3. -?T^ X 



BC BC BC^ 



FG EN FG FG -pG 



Why? 



Find the ratio of the areas in terms of the altitudes. 
Thereftwe 



Bx. 169. Draw the common chord of two intersecting 
circles. Prom any point in the chord extended draw 
tangents to the two circles. Prove that the tangents are 
equal. 

Bx. 160. To construct a triangle similar to a given 
triangle, having a given perimeter. 



l^H 
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Proposition VIII. Thborkm. 

268. The ratio of the areas of two similar polygons 
equals the ratio of the squares of two homologous sides. 




Let O and O' represent two similar pdyganB. 

To prove that -zy 



A'B 



\ • 



SuG. 1. Divide the polygons into similar As; ABC 
similar to A' ff C, etc. 

SuG. 2. What is the ratio of the areas of As ABC 

and A' B' C in terms of ^ ^ and A' B ? What is the 

ratio of the areas of As A C D and A' C U in terms of 

CZ? and C'Z7? Art. 267. 

t. A B C t. A CD 



SuG. 8. Compare the ratios 



t.A'RC" /^A'CU' 



A A D E 



l^ADE 



J , etc, (See Ex. 129.) 



O 



Suo. 4. Compare the ratio -^- with either of the ratios 

inSug.8. (Art. 222.) 

SuG. 6. What is the ratio of the are^ of the polygona 
in terms of the sides ? (See Sug. 2.) 

Therefore 

269. CoROiXART. The ratio of the areas of two sim- 
ilar polygons equals the ratio of the squares of any two 
homologous lines. 
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Proposition IX. Theorem. 

270. The square described upon the hypotenuse of 
a right triangle is equal to the sum of the squares de- 
scribed upon the other two sides. 




Let ABC represent a right trianglSy whose hypoteMue 
is A C^ and let A E be the square upon the hypotenuse^ and 
B 8 and B M the squares on the other two sides. 

To prove that A E = B S plus B M. 

SuG. 1. Draw B G\\.o C E, and extend to meet N E^ 
at a Draw B N, B E, C S ^n^ A M. 

SuG. 2. Compare As B C-fi" and ACM. 

SuG. 8. Compare the area oi l^ A C M with the area 
of the square B M, and the area of t^ B C E with the 
area of the rectangle C O, 

SuG. 4. Compare the area of the square B M with the 
area of the rectangle C O, 

SuG. 5. Compare As CAS and NAB, 

SuG. 6. Compare the square -5 5 with the rectangle -^(9. 

SuG. 7. Compare the sum of the areas of the squares 
B M and B S^ with the sum of the areas of the rectangles 
C O and A O; i. e., with the area of the square C N, 

Therefore 
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271. SCHOWUM I. This proposition is known as the 
Pythagorean proposition. It is so named in honor of 
Pythagoras, who is supposed to have given the first 
demonstration of it. 

272. Scholium II. The "square of a line*' is an 
expression often used instead of the square described 
upon a line. But if the former expression is used it must 
be interpreted as already explained in Art. 260. Using 
this language, the Pythagorean proposition is often stated 
as follows: The square of the hypotenuse of a right tri- 
angle equals the sum of the squares of the other two 
sides. The proposition is often put in the form of an 

equation, thus: A C* = A B^ -\- B C*. From thif 
equation two others are readily obtained by mere trans- 
position, viz.: 

A~B^ -^AC^ -BlC^ 

and 'BC^ = TC^ - A~B\ 

When any two of the three sides of a right triangle are 
given, the remaining side may be found from one of the 
three equations just written. 



Ex. 161. If two triangles have an // 

angle of one equal to an angle of the /\ 

other, the ratio of their areas equals / \ 

the ratio of the products of the sides /^"^^"->^--^ 

including the equal angles. ^Z-rrrr.-^ir^r^??!:^^^^, 
A A B C ^ A B X A C 

"^^ AA B C ABxAC • 
SuG. Connect B and C\ Compare each A with 

AABC (Prop. V, Cor.). (See Art. 260.) 
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Proposition X. Theorem. 

273. The square described on the sum of two lines 
equals the sum of the squares described on the two 
lines plus twice the rectangle whose sides are the two 
lines. 

Ar-4 1^ 





i 



M 



/V 



Let A B and B Cbe two given Unes, and A C their s/u/m. 
Let A Nbe the square described on A (J. 

To prove that A N equals the sum of the squares de- 
scribed on A B and B C plus twice the rectangle whose sides 
are A B and B C, 

Sua. 1. I^ay oS A £ equal to A B, and draw £ O fito 
A C\ also draw B Af\\ to CN. 

SuG. 2. What kind of a figure is £ B? 

SuG. 3. Compare C O with A B ; also O N and M jN 
with B C 

SuG. 4. What kind of a figure is Af O? 

SuG. 6. Compare the rectangles B O and £ Af. 

SuG. 6. Notice that the square A iV, is divided into 
four parts, and then note the answers to Sugs. 2, 4 and 5. 

Therefore 

274, SCHOi,iUM. With the interpretation given in 
Art. 260 for the square of a line and the product of two 
lines, this proposition lua}' be expressed thus: 

If AC^AB + BC 

then A~C^ = aTB^ + 'BC'' + 2 A B x B C. 
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162. Prove that the area of a rhombus equals one 
half the product of its diagonals. 

163. Given the area of a trapezoid equal to 104 sq. ft., 
the altitude equal to 6 ft. and the difference between the 
bases equal to 2 ft. Find the two bases of the trapezoid. 

164. A B is a, chord of a circle. C D \s b, diameter 
perpendicular to A By and intersecting A B at £. C £ 
is 5 in. and 'AC 10 in. Find the diameter of the 
circle. 

165. Find the dimensions of a rectangle whose perim- 
eter is 16 in. and whose area is 15 sq. in. 

166. Find the dimensions of a rectangle whose perim- 
eter is 28 ft. and whose diagonal is 10 ft. 

167. If the hypotenuse of a right triangle is 15 ft. and 
the ratio of the legs is f , what is the area ? 

168. Prove that the area of an equilateral triangle con- 
structed on the hypotenuse of a given right triangle, is 
equal to the sum of the areas of the equilateral triangles 
constructed on the other two sides of the given right tri- 
angle. 

169. If one acute angle of a right triangle is 60*, prove 
that the area of the equilateral triangle constructed on 
the hypotenuse is equal to the area of a rectangle whose 
sides are the two legs of the right triangle. 

170. The altitude of a trapezoid is 3 ft. and the bases 
are 8 and 12 ft. respectively. Extend the non-parallel 
sides until they meet, and find the areas of the two tri- 
angles of which the trapezoid is the difference. 

171. If two triangles have two sides of one equal re- 
spectively to two sides of another and the included 
angles supplementary, the triangles are equal in area. 
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Proposition XI. Theorem. 

276. The square described on the difference of two 
lines equals the sum of the squares described on the 
two lines minus twice the rectangle whose sides are 
the two lines. 



A 
K C 


H 








T, 






I' 


I) 


I 


^ C 


r 



Lei A B and B C he two given lines, and A C their dif- 
ference. Let A Fbe tfie square described an A C, 

To prove that A F equals the sum of the squares de- 
scribed on A B and B C, minus twice the rectangle whose 
sides are A B and B C, 

SuG. 1. Let A D ht. the square described on A B and 
B K the square described on B C 

Sue. 2. Extend K C\.o L, and H Fto G, 

SuG. 3. Compare E B with B C, and B G with C A. 
Compare E G with A B. 

SuG. 4. Compare the rectangle E F with the rect- 
angle D H. 

SuG. 5. Notice that the square A F equals the sum ol 
the squares A D and B K, minus the sum of the rect- 
angles E F^n^ D H. 

Therefore 

13— Geo. 
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276. Scholium. With the interpretation given in 
Art. 260 for the square of a line and the product of two 
lines, this proposition may be expressed thus: 

If A C=^ A B - B C 

then Al:^ -=A^^ +Bl:^ --^ABx BC 

277. The projection of a point upon a straight line 
is the foot of the perpendicular from the point to the line 

The projection of a given straight 
line upon another straight line is that 
part of the second line included be- 
tween the projections of the extrem- 
ities of the given line. The projection q ___J [__ p 

of A B upon C D is Af N, 



8 



M 



N 



Proposition XII. Theorem. 

278. The square on the side opposite an acute angle 
of a triangle equals the sum of the squares of the other 
two sides minus twioe the product of one side by the 
projection of the other side upon that side. 

G 

f 




Let ABC he a triangle of which the angle A is wmOs^ 
and lets L9 AD and A K be the squares deeoHbed on the 
gide^BC^A C and A B respectimfym 
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T§ prove that the square B L equals the sum of the 
squares A D and A Ky miiius twice A B times the projec* 
tion of A C upon A B. 

SuG. 1. From A, draw A O 1. to B C, and extend it 
to R. From B^ draw Bm A^to A Cy and extend it to -£". 
From C, draw Cn A^ to A B and extend it to H. 

SuG. 2. Draw A I, A L, B D, B F, C /^ and C G, 

SuG. 3. Compare ^ A B /with A C B /C. Compare 
£^ A B I with rectangle B R, and A C^ A" with rect- 
angle B H, Compare rectangle B H with rectangle B R. 

SuG. 4. In a similar manner compare rectangle C E 
with rectangle C R, 

SuG. 6. Compare £^C A G with £^ B A F, Compare 
£^ C A G with rectangle A H. Compare A. B A FWith. 
rectangle A E. Compare the rectangle ^ ^ with rect- 
angle A E, ^ 

SuG. 6. The square B L '=^ the sum of the rectangles 
BHandCE. Why? 

SuG. 7. The square B L^= the sum of the squares A K 
and A D, minus the sum of what two rectangles ? 

SuG. 8. The square B L ^ the sum of the squares A K 
and A Dy minus twice the rectangle A H, Why ? (That 
is, the square B L ^^ the sum of the squares A K and 
A Dy minus 2 x -^ G X An,^ 

SuG. 9. Compare A G X An with A B X An, 

SuG. 10. Notice that An is the projection of -^ C 
upon A B, 

Therefore 



Ex. 172. The non-parallel sides of a trapezoid are each 
16 inches, and the bases are 12 inches and 30 inches re- 
spectively. Find the area of the trapezoid. 
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Proposition XIII. Theorem. 

279. The squuare on the side opposite an obtuse angle 
of a triangle equals the sum of the squares of the other 
two sides plus twice the product of one of the sides by 
the projection of the other side upon that side. 




Lei A B Che a trianglCf of which the angle A is obtuse^ 
and let B L9AK and A Dbe squares on thesides B C9AB 
and A C respectively. 

To prove that the square B L equah the sum of the 
squares A K and A D plus twice A B times the projection 
of A C upon A B, 

SuG. 1. From Ay draw A O JLtoB C, and extend to R. 
From By draw Bm J^ to C A extended, and extend Bm 
to £. From C, draw Cn A, to B A extended, and extend 
Cn to H. 

SuG. 2. Draw A I, A L, B D, B F, C A'and C G. 

SuG. 3. Compare As A B I and C B K. Compare 
ixABI with rectangle B R. sm^ ^ C B K with rect- 
angle B H. Compare rectangle B R with rectangle B H. 
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SuG. 4. In a similar manner compare rectangle C R 
m\h rectangle C E, 

SuG. 6. Compare As B A F and C A G. Compare 
tk B A F with rectangle A E, and l^ C A G with rect- 
angle A H, Compare rectangle A E with rectangle A H. 

SuG. 6. The square B L equals the sum of the rect- 
angles B Hqm^C E, Why ? 

SuG. 7. The square -5 L equals the sum of the squares 
A K and A D plus twice the rectangle A H. Why ? 
(That is, the square B L ^ the sum of the squares A K 
ind A D plus 2 X -^ G X An.') 

SuG. 8. Compare A G X An with A B X An. 

SuG. 9. Notice that An is the projection oi A C upon 
4 B, 

Therefore 



Ex. 173. If one circle is inscribed in a right triangle, 
and another circle circumscribed about the same right 
triangle, the sum of the diameters of the circles is equal 
to the sum of the two legs of the right triangle. 

Ex. 174. If a circle is inscribed in a right triangle the 
sum of the two legs of the triangle exceeds the hypote- 
nuse by an amount equal to the diameter of the circle. 

Ex. 176. The circle inscribed in an equilateral triangle 
has the same center as the circle circumscribed about the 
HSLtne triangle, and the radius of the circumscribed circle 
Is double that of the inscribed circle. 

Ex. 176. The ratio of similitude of two similar poly- 
gons is 4^, and the sum of their areas is 518 sq. in. Find 
the area of each polygon. 

Ex. 177. Upon a given base construct a right triangle 
having given the perpendicular from the right angle to 
the hypotenuse. 
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Proposition XIV. Problem. 

280. Upon a given line as hose, to construct a rect- 
angle equal in area to a given square. 




J? 



Let C Dbe the given line^ and A E the given square* 

To construct upon C D as a base^ a rectangle equal in 
area to the square A E, 

SuG. 1. Let X stand for the required altitude. Since 
the area of the rectangle is to be equal to the area of the 
square, the product of the measures oi C D and X must 
equal the square of the measure of A B. Hence, 
ABy.AB^CDy.X, 

SuG. 2. Make a proportion from the equation in Sug. 1. 
Art. 203. 

Suo. 3. All the terms of the proportion, except X, be- 
ing given, construct A' by a method based upon proposi- 
tion XXVIII, Chap. If I. 

Sug. 4. Having now constructed X^ construct the rect- 
angle. 

Therefore 



Bx. 178. Find the base and altitude of a rectangle 
whose diagonal is 15 ft. and whose area is 108 sq. ft^ 
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Proposition XV. Problem. 

281. To construct a square equal in area to a ^ven 
rectangle* 




Let A B CDhea ^i/ven rectangle* 

To construct a square equal in area to rectangle A C 

SuG. 1. What is the area oi A CI 

SuG. 2. If JV represents the side of the square equal in 
area to A C, make a proportion oi D C, B C and X. 

SuG. 3. Construct the line represented by X in the 
proportion. 

Note, — There are at least three previous propositions by which the 
above problem can be worked. It may be time well used by the po- 
pil to work more than one solution. 



Ex. 179. Find the area of a right triangle whose 
hypotenuse is 1 ft. 8 in., and one of whose legs is 1 ft. 

Ex. 180. Construct a square equal in area to a given 
trapezoid. 

Ex. 181. Construct a square equal in area to a given 
triangle. 

Ex. 182. Construct a square equal in area to a given 
parallelogram. 
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Proposition XVI. Problbm. 

282. To construct a square whose area is egucU to 
the sum of the areas of two given squares. 





Lei A and B he two given squares. 

To construct a square whose area equals the sum of the 
areas of A and B, 

Sua. Apply Art. 270. 

Proposition XVII. Problem. 

283. To construct a square whose area is equal to 
the difference of the area^ of two given squares. 

Suo. Apply Art. 272. 

Proposition XVIII. Problem. 

284. To construct a rectangle in which the sum of 
the base and altitude equals a given line, and the area 
equals the area of a given square. 

A B 



F E 

IM V Ube the given linSf and 



ABBFUk^gktenequoff. 
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To construct a rectangle in which the sum of the base ana 
altitude equals C Dy and the area equals the area of the 
square A B E F. 

Sua. 1. The side A B of the given square must be a 
mean proportional between the two segments into which 
C D must be divided. 

SuG. 2. See some former proposition about a mean 
proportional: for example, Art. 239, II. 

Query. Can only one, or can an indefinite number, uf 
rectangles be constructed whose area equals the area of 
the given square ? 



Ex. 183. Prove that the product of the sum of two 

lines by their diflference equals the difference of their 

squares. 

Ex. 184. Construct a square whose area is equal to the 

sum of the areas of three given squares. 

Ex. 185. Upon a given line as a base, construct a rect- 
angle whose area is equal to the sum of the areas of a 
given square, a given trapezoid and a given triangle. 

Ex. 186. Construct a parallelogram having a given 
angle, whose base and altitude taken together equal a 
given line, and whose area equals the area of a given 
square. 

Ex. 187. Two parallel chords of a circle are, respect- 
ively, 86 in. and 48 in. long; the radius of the circle is 
80 in. What is the distance between the chords ? 

Ex. 188. The area of a square inscribed in a circle is 
one half the area of a square circumscribed about the 
same droit. 
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Proposition XIX. Probi^km. 

285. To constriuct a triangle equal in area to a given 
polygon. 




Let ABODEFbea given polygon. 

To construct a triangle equal in area to the polygon 
A B CDEF, 

SuG. 1. Draw a diagonal cutting offone vertex; as -5 Z?. 

SuG. 2. Through C, the vertex cut off, draw a line 
II to the diagonal B D. 

SuG. 3. Extend E D until it meets the line || to the 
diagonal at O, Connect O with B. 

SuG. 4. Compare the areas of the ^sB CD and BOD. 

Suo. 6. Compare the areas of the polygons A B CDEF 
SLudABOEF, 

SuG. 6. Notice that the number of sides of the last 
polygon is one less than of the original polygon. 

Continue the process until the polygon is reduced to a 
triangle. 

Ex. 189. The area of a triangle is equal to one half 
the product of its perimeter by the radius of the inscribed 
drcku 
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Proposition XX. Problem. 

286. To find two straight lines whieh hav^ the saane 
ratio as two given similar polygons. 





Lei M and N be two given HmUar pdi^ffone^ 

M 

To find two lines whose ratio equals the ratio -j^. 

Sue. 1. Construct a right triangle, ABC, having for 
its legs A B and B C, any two homologous lines in the 
two polygons, and from By the vertex of the rt. ^, drop 
\iL 1, B D upon the hypotenuse A C. 

SuG. 2. Compare the ratio ^f-^^^^ ^th t^^ ^^^ 

polygon N 

==rr-; then the last ratio with the ratio 7^-7^* (Bx. 1S6.) 
BC ^^ 

SuG. 3. What, then, are the required lines ? 



Bx. 190. If tangents to a circle be drawn at the ex- 
tremities of any chord, these tangents make, with each 
other, an angle which is twice the angle between the 
chord and the diameter of the circle drawn through the 
extremity of the chord. 

Ex. 191. Any straight line drawn through the center 
of a parallelogram divides the parallelogram into two 
parts which are equal in all respects. 



204 PLANE GEOMETRY. 



Proposition XXI. Probi^m. 

287. To construct a polygon similar to a given pdly- 
gan and equal in area to another given polygon. 






m 



LeA A and B be ttvo given polygons* 

To construct a polygon similar to A, and equal in area to B, 

Stjg. 1. Construct squares equal in area to the polygons 
A and B respectively, and let m and n represent the 
sides of the squares. 

SuG. 2. Let a represent one side of the polygon Ay 
and find a fourth proportional to m^ n and a, 

SuG. 3. Let p represent the fourth proportional just 
found, and construct a polygon P similar to A^ having 
the side p in the polygon P homologous to the side a in 

the polygon A. 

A a^ 

Suo. 4. Compare the ratio -=- with the ratio — r. 

P p* 

A m'* 

SuG. 5. Compare the ratios -=• and — r . Compare 

£f n 

^ with 4t. (See exercise 129.) Compare the ratios 

A a* 

-=^ and -r^ . Compare B with P. 

D P^ 

288. A line is divided in mean and extreme ratio 
when the ratio of the whole line to the greater segment 
equals the ratio of the greater to the lesser segment. 
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Proposition XXII. Problem. 

289. To divide a straight line in mean and extreme 
ratio. 




Let A Bbea given straight line* 

To divide A B in mean and extreme ratio, 

SuG. 1. At B, erect 9l1,\,o A B, and on this X lay off 
B 0^\A B. 

With O as a center, and O B bs b, radius, describe a 
circumference. Draw a line through A and (9, meeting 
the circumference at iV and M. 

On A B lay off" a distance A X equal to A N, 



SuG. 2. 



AM 
A B 



A B 



Give auth. 



AN' 

A N B X 
SuG. 8. By division -5—=, = -ttv- Explain. 

A B AN ^ 

SuG. 4. Therefore, by inversion and substitution 

AB _ AX 

AX^ XB' 
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PROPOSITION I. 

Two parallelograms having equal bases aod equal altitudes are 
equal in area. 

PROPOSITION II. 

If two rectangles have equal altitudes, the ratio of their areas equals 
the ratio of their bases. 

PROPOSITION III. 

The number of units of area in any rectangle is equal to the prod 
uct of the number of linear units in the base and altitude. 

PROPOSITION IV 

The area of a parallelogram equals the product of its base and 
altitude. 

PROPOSITION V. 

The area of a triangle equals one half the product of its base and 
altitude. 

PROPOSITION VI. 

The area of a trapezoid equals one half the product of its altitude 
by the sum of its bases. 

PROPOSITION VII. 

The ratio of the areas of two similar triangles is equal to the ratio 
of the squares of their homologous sides, or homologous altitudes. 

PROPOSITION VIII. 

The ratio of the areas of two similar polygons equals the ratio of 
the squares of two homologous sides. 

PROPOSITION IX. 

The square described upon the hypotenuse of a right triangle is 
equal to the sum of the squares described upon the other two sides. 
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PROPOSITION X. 

The square described on the sum of two lines equals the sum of 
the squares described on the two lines plus twice the rectangle whose 
sides are the two lines. 

PROPOSITION XI. 

The squares described on the difference of two lines equals the sum 
of the squares described on the two lines minus twice the rectangle 
whose sides are the two lines. 

PROPOSITION XII. 

The square on the side opposite an acute angle of a triangle equals 
the sum of the squares on the other two sides minus twice the product 
of one side by the projection of the other side upon that side. 

PROPOSITION XIII. . 

The square on the side opposite an obtuse angle of a triangle equals 
the sum of the squares on the other two sides plus twice the product 
of one of the sides by the projection of the other side upon that side- 

PROPOSITION XIV. 

Upon a given line as base, to construct a rectangle equal in area to 
a given square. 

PROPOSITION XV. 
To construct a square equal in area to a given rectangle. 

PROPOSITION XVL 

To construct a square whose area is equal to the sum of the areas 
of two given squares. 

PROPOSITION XVII. 

To construct a square whose area is equal to the difference of the 
areas of two given squares. 

PROPOSITION XVIII. 

To construct a rectangle in which the sum of the base and altitude 
equals a given line and the area equals the area of a given square 



PROPGSiTIQM SDL 
To cofMtniet » tftao^e oqiiai ia mok. to a g^res 

To ffaid mo 4lf«Mg|ft line* fPbkdti hsve the 
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CHAPTER V. 

REGULAR POLYGONS AND CIRCLES. 



Dbfinition. 

290, A regular polygon is a polygon whicli is both 
equilateral and equiangular. The equilateral triangle 
and square are examples of regular polygons. 

Proposition I. Thkorbm. 

291. An equilateral polygon inscribed in a circle is 
a regular polygon. 




Let ABC D EF represent an equiUUeral polygan in* 
scribed in a circle. 

To prove that A B C D B Fis a regular polygon. 

Suo. 1. Compare the arcs A By B C, etc. Give auth. 
Suo. 2. Compare ^^s A B C, B C D, etc. Give auth 
SuG. 3. Apply the definition of a xegular polygon to 
A B CDEF. 
Therefore 

14— Geo. 
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292. Corollary. A regular polygon may have any 
number of sides. For, if the circumference of a circle be 
divided into any number of equal parts, the lines joining 
the points of division will form an inscribed equilateral 
polygon. How does the number of sides of the polygon 
compare with the number of parts into which the circum- 
ference is divided ? 

Proposition II. Thborbm. 

298. A circle can be circumscribed cubov/t a reiular 
polygon, and a circle can be inscribed in a regiUar 
polygon^ 



Let AB C D E F represent a regular polygon. 

I. To prove that a circle can be circumscribed about 
ABCDEF. 

Sua. 1. At if/ and N^ the middle points of two adja- 
cent sides, erect J_s and extend them until they meet 
at O ; then O is the center of a circumference which 
passes through A^ B and C Why ? 

SuG. 2. Join O with each vertex of the polygon. 

Suo. 8. Compare O C with O B. 

SuG. 4. Compare Z O B C with Z O C B. 

SuG. 5. Compare Z. A B C with /.BCD. 

Suo. 6. Compare AOBA with /L O C D. 
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SuG. 7. Compare ^ O B A with A O C D, and hence, 
compare O A with O D. 

SuG. 8. The circumference through Ay B and C, also 
passes through D, Why ? 

SuG. 9. In a similar manner show that the same cir- 
cumference passes through E and F. 

SuG. 10. Can a O be circumscribed about the polygon 
ABCDEF} 

II. To prove that a circle can be inscribed in the poly^ 
gon A B CD E F, 

SuG. 1. Compare the distances of the various sides of 
the polygon from O, (See Art. 163.) 

SuG. 2. Can a circle be inscribed in the polygon 
A B CD EF^, 

Therefore 

294. The radius of a regular polygon is the radius 
of the circumscribed circle. 

The apothem of a regular polygon is the radius of 
the inscribed circle. 

The center of a regular polygon is the center of the 
inscribed or circumscribed circle. 

The angle at the center of a regular polygon is the 
angle formed by two radii drawn to two adjacent vertices 
of the polygon. 

295. Pram the definitions just given three inferences 
may be immediately drawn: 

(1) The angle at the center of a regular polygon equals 
four right angles divided by the number of sides of the 
polygon. 

(2) The radius of a regular polygon bisects the angle 
of the polygon to which it is drawn. 

(8) The angle at the center of a regular polygon is the 
supplement of the interior angle of tVi^ ^^^c^^cm. 
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Proposition III. Thborbm. 

296. If a circumference is divided Uito any num- 
ber of equal parts, the tangents drawn through the 
points of division form a regular circumscribed poty- 
gon. 




Let the circumference ABCDE F^be divided into equa^ 
parts, A Bf B C9 etc^f and at the points A^ B9 etc^f let tan^ 
gents be dratun, forming the polygon O HK L MN* 

To prove that GHKLMNisa regular polygon, 

SuG. 1. By what is the Z. G measured ? By what is 
the Z. H measured ? Compare Z.^ G and H, Compare 
^s H and K^ etc. 

SuG. 2. Compare the t^^^ A G B and B H C. Com- 
pare the l^s B H C 2Ln& C K D, etc. 

SUG. 3. Compare GH and HK\ also, H K ^n^ KL, 
etc. 

SuG. 4. Apply the definition of a regular polygon to 
GHKLMN. 

Therefore — > - - 

297. Corollary I. If the vertices of a regular in- 
scribed polygon be connected with the 
middle of the arcs subtended by the 
sides, a regular inscribed polygon of 
double the number of sides is formed. 
(See Art. 145.) 
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298. Corollary II. The perimeter of a regular in- 
scribed polygon is less than the perimeter of a regular 
inscribed polygon of double the number of sides. 

299. Corollary III. If a regular ^ 
polygon is Circumscribed about a circle, 
and if tangents are drawn at the middle 
points of the arcs between the original 
points of contact, a regular circumscribed 
polygon of double the number of sides is 
formed. • 

300. Corollary IV. The perimeter of a regular cir- 
cumscribed polygon is greater than that of a regular cir- 
cumscribed polygon of double the number of sides. 

301. Corollary V. If a regular . 
polygon is inscribed in a circle, tangents 
drawn at the middle points of the arcs 
subituded by the sides of the inscribed 
polygon, form a regular circumscribed 
[>olygon whose sides are parallel to the 

sides of the inscribed polygon, and whose vertices lie in 
the radii extended of the inscribed polygon. 

SiJG. 1. Draw radii of the to the points of contact of 
tangents; also radii to the vertices of the inscribed poly- 
gon, and extend these latter radii. 

8nG. 2. Show that each radius of the latter set bisects 
the Z^ formed by two adjacent radii of the former set. 




Bx. 192. The line joining the middle points of the 
bases of a trapezoid divides the trapezoid into two parts 
equal in area. 
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Proposition IV. Theorem. 

302. Regular polygons of the same number of sides 

are siinvt^ar. 




Let A D and H F repres^tit two regular polygons^ ^^ 
so/me number of sidles* \ 

To prove that A D and H P are similar polygons, j 

SuG. 1. Compare the sum of the interior Z.% of A ^ 
with the sum of the interior ^s oi H P, ■ 

SuG. 2. Compare /L^ A and H, B and K^ etc. ; 

A B H IC 

SuG. 3. Compare the ratios -^-7, and r=^-y , etc. 

A B B C 

SuG. 4. Compare the ratios -rn^ ^^^ t^t » ^^^ 

Therefore 



Ex. 193. Given the three angles of a triangle, and the 
area equal to the area of a given polygon; construct the 
triangle. 

SuG. Construct any triangle having the three given 
angles, and then consult Art. 287. 

Ex. 194. What is the locus of the center of a circle 
frhich is tangent to a given line at a given point ? 
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Proposition V. Theorem. 

803. The perimeters of two regular polygons of the 
game number of sides have the same ratio as their 
radii, or their apothems. 



M B 




H N K 



c r 




IMA BCD EF and HKLBBT represent tuH>regU' 
lar poly y Of IS of the same number of sides. 



To prove that 



O A 



OM 



HK+KL+LP+PR+RT+TH 



SH SN' 

Suo. 1. Compare the ratio of the perimeters with the 

A B 

ratio of any two homologous sides; as wgr. 

Suo. 2. Compare -jT-f> with -ft^, or with -^r-rv- 

O A 
Suo. 3. Compare the ratio of the perimeters with -^ttt » 

or with qt-tv . 
Therefore 



304. Corollary. The areas of two regular polygons 
of the same number of sides have the same ratio as the 
squares of their radii, or the squares of their apothems 
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Proposition VI. Theorem. 

305. If the number of sides of a regular inseribed 
polygon be increased indefinitely the apothem is a 
variable which approaches the radius as a limit. 




Let A B be a ftMe of a regular polygon^ and O H Us 

tifiothetn. 

To f>rove that if the number of sides of the polygon be 
increased indefinitely y the apothem is a variable which ap- 
broaches O A as a limit. 

SuG. 1. In the /^ A O H, compare O A and O H, 
SuG. 2. Compare O A - O H with A H\ with A B, 
SuG. 3. Since, by sufl&cicntly increasing the number 
of sides of the polygon, one side, A By may be made 
shorter than any assumed line, however short, what re- 
lation does O A sustain to O //? That is, what relation 
does the radius sustain to the apothem ? 
Therefore 



Ex. 195. If the middle points of two adjacent sides of 
a parallelogram be joined, a triangle is formed, equal in 
area to one eighth of the area of the parallelogram. 
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BXERCIS9S. 

196. Draw a circle through a given point tangent to a 
i^ven line at a given point. 

197. The diagonals of a parallelogram divide it into 
four triangles equal in area. 

198. What is the locus of the vertex of an isosceles tri- 
angle upon a given base ? 

199. A B C is 2i triangle, and D any point in ^ C ex- 
tended. Find a point E m A B, such that the area of 
the triangle E B D will be equal to the area of the tri- 
angle ABC, 

200. Draw a line through a given point in a side of a 
triangle so as to divide the triangle into two parts equal 
in area. 

201. If the diagonals of a quadrilateral intersect ai 
right angles, show that the area of the quadrilateral is 
one half the area of a rectangle whose sides are equal to 
the diagonals of the quadrilateral. 

202. The hypotenuses of three isosceles right triangles 
form a right triangle. Prove that one of the isosceles 
triangles is equal to the sum of the other two. 

203. If the diagonals of a quadrilateral intersect at 
right angles, prove that the sum of the squares on one 
pair of opposite sides equals the sum of the squares on 
the othet pair. 

204. If a parallelogram be inscribed in, or circum- 
scribed about, a circle, the diagonals pass through the 
center. 

205. A circle circumscribes an isosceles triangle, and 
tangents are drawn to the circle through the vertices of 
the triangle. Prove that these tangents form a second 
isosceles triangle, and that the two triangles cannot have 
equal vertical angles unless both are equilateral. 
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Proposition VII. Theorem. 

306. If the number of sides of a regular inscribed 
polygon be increased indefinitely, tJie perimeter of the 
polygon is a variable which approaches the circwm- 
ferenoe of the circle as a limit. 

F. B 




Let C D represent the side of a reffuUnr inscribed poly' 
gon, and p Us perimeter. 

To prow that as the number of the sides of the polygon 
inaeaseSy pis a variable which approaches the circumference 
of the circle as a limit. 

SuG. 1, Let E B h^ the side of a circumscribed poly- 
gon similar to the inscribed polygon, and let P denote 
the perimeter of the circumscribed polygon. Let r de- 
note the radius and a the apothem of the inscribed poly- 
gon. 

P r 
SuG. 2. Compare the ratios - and — . 

pa 

Suo. 8. The ratio — —^ = what ? See Ex. 128, 

SuG. 4. From the answer to Sag. 3, find the vmlue 
oiP- p. 

SuG. 5. Since P is greater, and p less, than the cir- 
cumference of the 0, the difference P — p must be 
greater than the difference between the circumference and 
either Porp. Let c represent the circumference of the O, 
thea c ^ pis less than P — p. 
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SuG. 6. Show that by increasing the number of sides 
of the polygon, the value oi P — p (Sug. 4), may be 
made to decrease indefinitely, yet cannot be made equal 
to zero. 

Sug. 7. Hence, as r — ^ is less than P ^ p and still 
f — p cannot be made equal to zero, therefore, c is the 
limit of p. That is, the circumference of the O is the 
limit of the perimeter of the inscribed polygon when the 
number of sides of the polygon is made to increase in- 
definitely. 

Therefore 

Additional Helps. 

The numbers attached to the following additional 
aelps indicate that they are answers to suggestions of 

corresponding numbers. 

P r 
2 1. = - 

p a 
8. — p- — . 

4. p^p^ir^a) X ^. 

p 

6. — continually decreases, since P decreases and r 

remains unchanged; also, r — a diminishes indefinitely 

p 
(Prop. VI). Hence (^ — «) x - diminishes indefin- 
itely, but cannot be made absolutely zero. 



Bx. 206. To draw a common tangent to two given 
circles. 

Ex. 207. If three equal circles are tangents to one an- 
other, the lines joining their centers form an equilateral 
triangle. 
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Proposition VIII. Thborbm. 

307. // the number of sides of a regular inscribed 
polygon be increased indefinitely, the area of the poly- 
gon is a variable which approaches the area of the 
circle as a limit. 




Let C JD represent a side of a regular inscribed polygon^ 
and let A denote the area of the inscribed polygon^ A' the 
area of a similar circumscribed polygon^ and A' the a/rea 
of the circle. 

To prove thai if the number i^ sides of the polygon be in- 
lefinitely increased^ A is a variable whose limit is A\ 

SuG. 1. I<et r denote the radius, and a the apothem, of 
the inscribed polygon; also, let p denote the perimeter of 
the inscribed polygon, and P the perimeter of a similar 
circumscribed polygon. Let ^^ be a side of the cir- 
cumscribed polygon homologous to the side C D oi the 
inscribed polygon. 

SuG. 2. What is the area of the trapezoid E B C D in 
terms oi E B, CD and FGl That is, in terms oiEB, 
CD and (r— a). 

SuG. 8. What is the value of A"-- A in terms of P^ p 
and {r--a)t 
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SuG. 4. Compare the answer to Sug. 3 with Px (r—a). 

SuG. 6. As the number of sides of the polygon is in- 
creased, P evidently diminishes, and (r — a) approaches 
zero as a limit. Therefore, Px (r —- a) approaches zero 
as a limit. What, then, may be said of the difference 
/4"— A as the number of sides of the polygons is in- 
creased ? 

But A*^ A is always less than y^"— A, and, as it can 
not become zero, A* is the limit toward which A is ap 
proaching. 

Therefore 

Additional Hblps. 

The numbers attached to the following additional helps 
indicate that they are answers to suggestions of corre- 
sponding numbers 

2. Trapezoid E B C D ^ {E B ^^ C D) x \{r ^ a). 
Why? 

8. A'*-A^(^P^-p)x\(^r'-a>), Why? 

4. (/>-f^) X iC-^X^X (''-«). Why? 

5. -^"— A continually decreases and approaches zero 
as a limit. 

308. Corollary. The area of the circle is the limit 
of the area of a regular circumscribed polygon as the 
number of sides is indefinitely increased. 



Ex. 208. If the radius of one circle is the diameter of 
another, the circles are tangent to each other, and any 
line drawn from the point of contact to the outer circum- 
ference is bisected by the inner one. 

Ex. 209. Draw a circle of a given radius, through a 
given point, tangent to a given circle. When will there 
be two solutions, when one solution, and wb'^n no solu- 
tion? 
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Proposition IX. Theorem. 

309. The area of a regular polygon is eqiuil to one 
half the product of its perimeter and apothem. 



A.- 


— . /? 


/■■•• 
/r/ \ 






E'-- 


' D 



\c 



Let AB C I> EF be a regular polygon^ and O N iU 
apoUiem. 

To prove that the area of the polygon equals one half tht 
product of its perimeter and apothem, 

SuG. 1. Circumscribe a circle, and draw radii to the 
vertices of the polygon. 

SuG. 2. Compare the distances from the center to the 
sides of the polygon. 

SuG. 3. The area of the A ^ O ^ equals what ? Give 
an expression for the area of each of the other As into 
which the polygon is divided. The sum of the areas oi 
all the As equals what ? 

Therefore 



Ex. 210. Draw a circle with its center at a given point 
tangent to a given circle. When is there only one solu- 
tion? 
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BXKRCISBS. 

211. Construct a triangle equal in area to a given tri- 
angle, two sides of tue required triangle being given. 
Show when there are two solutions, when one solution 
and when no solution. 

212. Construct a line that shall equal l/8. 

Sua. Let X = 1/3. Then Jir« =- 3; or, - = ^ . See 

X I 

Art. 249. 

213. Construct a line that shall equal 1^8 in. Give two 
solutions. 

214. Construct three equal circles which shall be tan- 
gent to one another and to a given circle. Consider two 
cases: (1) that in which the three circles are within the 
given circle, and (2) that in which the three circles are 
without the given circle. 

216. If two opposite sides of a quadrilateral in- 
scribed in a circle are equal, the other two sides are par- 
allel. 

216. Find the side of a square equal in area to a rect- 
angle whose sides are 6 and 9. 

217. Find the length of the chord joining the points of 
contact of two tangents to a circle whose radius is 8 in. 
drawn from a point 12 in. from the center. 

218. Construct a triangle whose area is equal to 9 times 
the area of a triangle whose sides are 6, 7 and 9. 

219. What is the ratio of the areas of two similar tri- 
angles whose homologous sides have the ratio | . 

220. Oiven two similar triangles, construct a third tri- 
angle similar to the other two whose area shall be equal 
to the sum of the areas of the other two. 
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Proposition X. Thborsm. 

310, T?ie circumferences of two eirclei have the 
same ratio as their radii. 





Let O and S represent two drdes^ M and R' their radU 
and C and C their circjfmferences. 

C R 
To prove thai -^ = -^=r, . 

C K 

SuG. 1. Inscribe in the two circles similar regular poly- 
erons. Let P and P' represent their perimeters. Then 

^ = -^ . Give auth. 

SuG. 2 From the equation in Sug. I, P^P' x. ^ 

(Page 142.) 

SuG. 3. Now, let the number of sides of each polygon 
continually increase, always, however, keeping the num- 
ber of sides of one polygon the same as the number of 
sides of the other polygon. During this change the 

variable P is always equal to the variable P* X -5^. Why? 

Sug. 4. Since P and P are variables which approach 
Cand C* respectively, as their limits (Prop, VII), there- 

fore P and P'x-=- are variables which approach C and 
Cx-j=- respectively, as their limits. Why ? 
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Suo. 6. C= Cx-^. Why? 

C R 
SuG. 6. Hence — =» ^ , Why ? 

Therefore 



311. COROIXARY I. The circumferences of two circles 
have the same ratio as their diameters. 

If D and U represent their diameters, 

312. Corollary II. The ratio of the circumference 
of a circle to its diameter is the same for all circles. 

For, by Cor. 1, ^/ = ^ . 

C C 

and by alternation 75 = 7y • 

This ratio is represented by the Greek letter n (pi). 

C C 

Hence, j^ = ?r; or, ^-^ = tt. 

Hence, C ■= «'Z> ; or, C = 2 ;r ^. 



Ex. 221. Draw a line through the vertex of a triangle 
so as to divide the triangle into parts whose areas have 
the ratio f . 

Ex. 222. Two circles are tangent externally; locate a 
line of a given length so that it shall pass through the 
point of contact and have its extremities in the circum- 
ferences of the circles. 

Ex. 223. Oiven one leg of a right triangle and the ra- 
dius of the inscribed circle, construct the triangle, 

Ex. 224. Inscribe a circle in a given rhombus. 

15— Geo. 
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Proposition XI. Thborbm. 

313. The a reas of two circles have the same ratio as 
the squares of the ra^ii. 





Let A and A' represent ttie areas, and B atut JB' the 

radU of the circles O atul S respectively. 

A R^ 

To prove that -jj- — » ^j. 

SuG. 1. Inscribe in the two circles regular polygons of 
the same number of sides, and let M and Af represent 

their respective areas. 

M 
SuG. 2. What does the ratio •jrp equal in terms of R 

and ^ ? (Art. 304.) 
SuG. 8. Proceed as in Prop. X. 
Therefore 

314. Corollary. The areas of circles have the same 
ratio as the squares of their diameters. 



Bx. 226. Construct a triangle equal in area to a given 
triangle, the base and the distance from the vertex to 
the middle point of the base being given. 
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Proposition XII. Theorbm. 

316. The area of a circle equals one half the product 
of its circumference and radium. 




Let O refpresenJt a circlet B its radiuSf C Us circumfer- 
ence and A its area. 

To prove that A equals one half of C X R* 

Sua. 1. Inscribe in the circle a regular polygon, and 
let P denote its perimeter, M its area, and r its apothem. 

SuG. 2 Express M in terms of P and r. Give auth. 

SuG. 3. If the number of sides of the polygon be in- 
definitely increased, express the value of M, 

SuG. 4. Express the limit of M^ the area of the vary- 
ing polygon. 

SuG. 5. Express the limit of the varying value of M. 

SUG. 6. What is the area of the equal to ? Why ? 

Therefore 

Additional Helps. 

The numbers attached to the following helps indicate 

that they are answers to the above suggestions of the 

same numbers. 

2. M^^Pxr, 
8. M^^ \ Px r however great the number of sides. 
4. Limit oiM^ A, (Art. 307.) 

5. Since the limit of /^ is C (Art. 306), and the limit 

of r is ^ (Art. 805), the limit of ^/^X r is ^ C X -ff. 

6. Therefore ^ — | C x /?. (Art. 170.) 
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316. Corollary I. The area of a circle equals n times 
the square ol the radius. If the value of C given in 
article -^12 be substituted in the expression for the area, 
the above equation becomes 

A = \Y.'ln Ry.R\ 
that is, A ^ n R'', 

317. Corollary II. The area of a sector equals one 
half the product of its radius and arc. 

SuG. Compare the ratio of the sector to the circle, with 
the ratio of the arc of the sector to the circumference of 
the circle. 

Proposition XIII. Theorbm. 

318. One side of a regular hexagon eqiuals the ror 
diu8 of the circumscribed circle* 




Let ABC represent a regular heocagon inecribed in a 
circle whose raUius is O A. 
To prove A B = O A. 

SuG. 1. Draw the radius O B, 

SuG. 2. The A A O B \s what part of four rt. Zs ? 
Then, how many degrees are there xn Z. A O Bt 

Suo. 3. How many degrees in the sum of the Zs O A B 
SLud O B A} 

SuG. 4. Compare Zs O A B and O B A. How many 
degrees in each of these Z.s'^ 
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Sxjo. 5. Compare the three Zs of the A ^ O B, 
Suo. 6. Compare the sides O A and A B. 
Therefore 

319. Similar arcs, similar sectors and similar seg- 
ments in different circles are those which correspond to 
equal angles at the center. 

Proposition XIV. Theorem. 

320. The areas of two similar segryvents have the 
same ratio as the squares of their radii. 

A E 





D 
Let. BCD and F H K represent two sitniUxr segments 
of dr* iefi whose centers cure A a nd E respectively. 

To prove that ^^^^^j^ ^=^,. 

SuG. 1. Provethat the As y^^C and iff^/r are similar. 

SuG. 2. Express the ratio of the areas of As ABC and 
E F H in terms of A B and EF; also the ratio of the areas 
of sectors A B DC and EFKH in terms of A B and ^/^ 

SuG. 8. Compare the ratio of the areas of the sectors 
with the ratio of the areas of the As. 

Suo. 4. Take the proportion of Sug. 8, by alternation 
and then by division. Compare the ratio of the areas of 
segments with the ratio of the area*^ of As or of sectors. 

o K ^ .t. ,, seg, B C D .'AB'^ 

Sug. 6. Compare the ratios -^ — rpryr-r^ and ^ . 

^ seg.FHK EF 

Therefore ■ 
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Proposition XV. Problbm. 

321. Oiven the radius of a circle aitd the side cf a 
regular inscribed polygon, required to find the side of 
a regular inscribed polygon of double the nwmber of 

sides. 

C 




LeS O represent a dr^^e^ R its radius^ A B Hba side ef a 
regular inscribed polyfjon^ and A C the side of a regular 
inscribed polygon of double the number of sides* 

To find the leyigth of A C in terms of the known quanti- 
ties, R and A B, 

SuG. 1. Connect O and A. 

SuG. 2. In the rt. A A S O, express the value ofS O 
in terms of OA (^= R) smd A S (=:^ iA B), (Art. 270.) 

Sttg. 3. Express C S m terms of R and S O^ and then 
in terms of R and A B. 

SuG. 4. In the rt. A ^ 5 C, yl 5 and CS have both 
been expresssed in terms of R and A B. Hence, express 
A Cin terms of R and A B, and reduce the answer to its 
simplest form. The result is: 

If R equals unity 



ac~^2-Va-ab*. 
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The algebraic work by which the preceding result is 
obtained is as follows: 



CS:=zR^SO^R - s/R*^\IaB)*. 
^V \{A BY^-R^-^ R s/ R^ --\{A B)*^R^ ^\{AB)^ (Art. 375) 

EXBRCISES. 

226. I^ from a point without a circle, two secants be 
drawn whose external segments are 8 in. and 7 in. , while 
the internal segment of the latter is 17 in., what is the 
internal segment of the former ? 

227. The sides of a triangle are 6, 6 and 7, and the 
side corresponding to 6, in a similar triangle, is 36; find 
the other two sides of the triangle. 

228. Find the altitude of an equilateral triangle whose 
side is 10 in. Find the side when the altitude is 10 in. 

229. If three similar polygons be constructed on the 
three sides of a right triangle, prove that the area of the 
polygon constructed on the hypotenuse equals the sum 
of the areas of the polygons constructed on the other two 
sides. 

Suo. See Art. 268. 

230. All equal chorda of any circle are tangents to 
some other circle. 

231. la A Bf the diameter of a circle, or, in .^ if ex- 
tended, take any point C, and draw CD perpendicular 
to ^ ^ ; if ^ be joined with any point P in CD, and A P 
meet the circumference at Q\ then APxAQ^ACx AB. 
That is, A Px A Q = a constant. 
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Proposition XVI. Problbm. 

o22. To compute, appro.vimately, the ratio of the 

oircumference of a circle to its diameter. 

Since, by Art 812, the ratio is constant, let the radius 
equal unity. 

By Prop. XV, A C^ J 2 - i 4^^^-^^ 

HA C is one of the equal sides of a regular polygon of 
n sides, nxA C ^ the perimeter, which may be re- 
garded as an approximation to the circumference of the 
circle; the greater the number of sides the closer the ap- 
proximation. 

If A B equals one side of a regular inscribed hexagon, 
A B — the radius, which = 1. 

The formula then gives 



61763809. 



^C='y/2- l/4- (1)* = ^2-1/^- . 

Hence, the perimeter of a regular twelve-sided poly- 
gon = 12 X. 51763809 = 6.21166708. 

The result found for a side of a regular twelve-sided 
polygon substituted for A B in the above formula, gives 
the side of a regular twenty-four-sided polygon. 

In this way the sides of regular inscribed polygons of 
greater and greater number of sides may be found. 
Some of the results are given in the following table: 



NO. SIDBS. 



6 
12 
24 
4S 
06 



ONB 8IDB. 



1 



/ 



1/ 2 - v^ra= .51768800 

1/ 2 -- \/4^(.51763800)T i 
1/ 2 - x/4 - (.26105238r»": 

1/ 2 - ^/4 ~ (.130806261 ^": 
1^2 - \/4 - (.06533817) 2 = 



.26105288 
.18080626 
.06588817 
.03271840 



PBRIMBTBR. 



6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 
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In this way, the perimeter of a polygon of 768 sides 
has been computed to be 6. 283169 -f. 

Dividing this result by the diameter, /. tf., by 2, gives 
8.141684+, as an approximate value of the ratio of the 
circumference of a circle to its diameter, i. e. , an approx- 
imate value oin\ 

The approximate value usually used is 8. 1416. 

Therefore, ^=3.1416 approximately. 

323. CoROi*i*ARY. As an approximate value of n has 
t)een found, the area of a circle may be found approx- 
imately in terms of its radius. The approximate value 
is found by mtUHplying the square of the radius by 3.14,16, 
(Art. 316.) 

324. Scholium. Archimedes (born 287 B. C), found 
an approximate value of n. He proved that its value is 
between 34- and 344- The former of these two values is 
often used as an approximate value of n when great ac- 
curacy is not required. 

. In modem times the value of n has been computed to 
a large number of decimal places. Clausen and Dase, in- 
dependently of each other, computed the value to the 
two hundredth decimal place. Other computers have 
given the value to over five hundred decimal places, but 
their results have not been verified. The number is in- 
commensurable, and cannot be expressed exactly by any 
number of decimal places. 



Ex. 232. The altitude of an equilateral triangle equals 
one and one half times the radius of* the circumscribed 
circle. 

Bx. 233. If the center of each of two equal circles lies 
on the circumference of the other, the square on the com- 
mon chord is three times the square on the radituL^ 
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Suo. Lay off six times as a chord, the line which equals 
one side of the hexagon. How can this line be obtained ? 

328. Corollary I. By joining the alternate vertices 
of the regular inscribed hexagon, an equilateral triangle 
is inscribed in the circle. 

329. Corollary II. By bisecting the arcs subtended 
b}' the sides of a regular inscribed hexagon, and joining 
the points of division with the adjacent vertices of the 
hexagon, a regular dodecagon (z. ^., a regular polygon of 
twelve sides), is inscribed in the circle. 



Ex. 234. Divide a circle into segments such that an 
angle inscribed in one segment shall be three times an 
angle inscribed in the other segment. 

Ex. 235. From a point without a circle two tangents 
are drawn which, with the chord of contact, form an 
equilateral triangle whose side is 18 in. Find the diameter 
of the circle. 

Ex. 236. Find the locus of the center of a circle which 
passes through two fixed points. 

Ex. 237. Find the locus of the point of intersection of 
tangents to a fixed circle which intersect at a given angle. 

Ex. 238. Find the locus of a point equally distant from 
the circumferences of two equal non-intersecting circles. 

Ex. 239. Find the locus of the center of a circle tan- 
gent to two intersecting straight lines. 

Ex. 240. Find the h)cus of a point equally distant from 
the circumferences of two concentric circles. 

Ex. 241. Prove that the apothem of an inscribed equi- 
lateral triangle equals one half of the radius of the circle. 
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Proposition XIX. Problbm. 
330. To inscribe a regular decagon in a given eirels. 




Let Obea given drdLe* 

To msa-ibe a regular decagon in the circle O, 

SuG. 1. Divide the radius O -/4 in mean and extreme 
ratio, and let 6> C be the greater segment. 

SuG. 2. Draw the chord A B equal to O C, and connect 
O with B, and C with B. 

SuG. 8. See the definition of mean and extreme ratio 
and form a proportion with the lines O A^ O Cand C A, 

SuG. 4. In the proportion just formed substitute for O C 
its equal, A B^ thus forming a new proportion. 

SuG. 5. By means of the last proportion, compare the 
As O AB a;id ^ ^ C in respect to similarity. In this 
comparison notice that the ^ -^ is common to the two As. 

SuG. 6. Compare the lines A B and B C; also the lines 
O C and CB. 

SuG. 7. Compare Z ABC with Z O ; also, Z.CB C 
with Z O. Compare Z. A B O with Z O, Compare 
ABA O with Z O. 

Sua. 8. The sum of the three Zs of the A O -ff -4 con- 
tains the Z O how many times ? 
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SuG. 9. The Z 0\s what part of two rt. Zs ? What 
part of four rt. Zs ? Hence, the chord, A By subtends 
what part of the circumference ? 

SuG. 10. Now, give the method of inscribing a regular 
decagon in a circle. 

331. Corollary. By joining the alternate vertices 
of a regular inscribed decagon, a regular inscribed penta- 
gon is formed. 

332. General Scholium. Methods have already been 
explained of inscribing in a circle a regular polygon of 3, 
4, 5, 6, 8 or 10 sides. Any regular inscribed polygon 
being given a regular inscribed polygon of double the 
number of sides, can be formed by bisecting the arcs sub- 
tended by the sides and joining the points of division to 
the adjacent vertices of the given polygon. Hence, by 
means of the. inscribed square regular polygons can be 
inscribed of 8, 16, 32, etc., sides; by means of the regular 
inscribed hexagon regular polygons can be inscribed of 
12, 24, 48, etc., sides; by means of the regular inscribed 
decagon regular polygons can be inscribed of 20, 40, 80, 
etc., sidefs. There is still one more set of polygons which 
can be inscribed in a circle. For, if from any point on the 
circumference a chord be drawn equal to one side of a 
regular inscribed hexagon, and from the same point an- 
other chord be drawn equal to the side of a regular in- 
scribed decagon, then the first chord subtends an arc 
which is one sixth of the circumference, and the second 
chord an arc which is one tenth of a circumference, and 
th« difference between these two arcs is one fifteenth of 
the circumference. Hence, the chord joining the ex- 
tremities of the two chords previously drawn l« one side 
of a regular inscribed polygon of fifteen sides, and fi-om 
this re^lar polygons can be inscribed of 30, 60, etc. ^ svds&. 
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PROPOSITION IX. 

The area of a regular polygon is equal to one haW Iki product of its 
perimeter and apothem. 

PROPOSITION X 



The circooifereDces of two circies have the saMa ratio as their 
radii. 

PROPOSITION XI. 

The areas of two circles have the same ratio as the tqvares of their 
radii. 

PROPOSITION XIL 

The area of a circle equals one half the product of its circnmfer- 
eoce and radios. 

PROPOSITION XIII. 

One side of a regolar hexagon equals the radius of the circum- 
scribed circle. 

PROPOSITION XIV. 

The areas of two similar segments have the same ratio as the 
squares of their radii. 

PROPOSITION XV 

Given the radius of a circle and the side of a regular inscribed 
polygon, required to find the side of a regular inscribed polygon oi 
doable the number of sides. 

PROPOSITION XVI. 

To compute, approximately, the ratio of the circumfereoce d a 
circle to its diameter. 

PROPOSITION XVIL 
To inscribe a square in a given circle. 

PROPOSITION XVIIL 
To inscribe a regular hexagon ia a given cirda 

PROPOSITION XIX. 

To inscribe a regular decagon in a given circle 



^ 



GEOMETRY OF THREE DIMENSIONS. 



CHAPTER VI. 
UNES AND PLANES. 



Definitions. 

333. Geometry of three dimensions treats of fig- 
ures whose parts are not confined to a single plane. 

Geometry of three dimensions is also called solid 
geometry and geometry of space. 

The results of plane geotnetry furnisli the basis for the 
investigations of geometry of three dimensions, but it 
must be remembered that the statements of plane geome- 
try are made with respect to figures which are entirely in 
one plane, and are not necessarily true in geometry of 
three dimensions. Therefore, in geometry of three di- 
mensions, the theorems of plane geometry must not be 
applied when the reference is to parts of a figure not all 
in one plane; but those theorems may be applied first to 
one plane, then to another, and so on. 

In reasoning from plane geometry to geometiy of three 
dimensions, the following axiom is used. 

334. Axiom 14. The relations of the parts of a figure, 
or figures, in one plane are not changed by moving the 
plane containing the figure iirom one position to an- 
other. 

16— Gea 



V 



243 SOLID GEOMETRY. 

335. A plane has been defined as a surface such thai a 
straight line joining any two of its points will lie wholly 
in the surface. 

A plane is considered to be indefinite in extent, so that 
if any straight line of the plane be extended indefinitely 
it will continue to lie wholly in the surface. 

336. A plane is said to be determined when it is ex- 
actly located, or is distinguished from every other plane. 
A plane is determined by lines or points when it is the 
only plane which contains those lines or points. 



Ex. 244. The apothem of a regular inscribed hexagon 
equals ^ R V'^o ; R representing the radius of the circle. 

Ex. 245. One side of an inscribed equilateral triangle 
equals R l/3 ; R being the radius of the circle. 

Ex. 246. One side of an inscribed square equals R V2 , 
and its apothem equals \ R l/2; R being the radius of the 
circle. • 

Ex. 247. Show how to cut off the corners of an equi- 
lateral triangle in such a way that the remaining figure 
will be a regular hexagon. 

Ex. 248. If any two polygons whatever be circum- 
scribed about the same circle, prove that their areas have 
the same ratio as their perimeters. 

Ex. 249. In a given circle inscribe an isosceles triangle 
in which each base angle is twice the vertical aiigle. 

Ex. 250. In a given circle inscribe a triangle whose 
angles are proportional to the numbers 3, 4 and 5. 

Ex. 251. What is the area of a sector whose arc is one 
sixth of the circumference, in a circle whose radius is 
15 in. 
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PoposiTiON I. Theorem. 

337. A p^ane rtmy be passed through any sfrnighi 
line, Out the line does not detenn hie the plane. 




Let A B represent ant/ straight line. 

To prove that a plane may he passed through the line A B, 
hut that the line does uot deterynine the plane, 

SuG. 1. Consider any plane whatever, and draw any 
straight line in the plane. 

SUG. 2. Move the line and plane until the line of the 
plane coincides with the given line, A B, 

SuG. 3. Is it possible, then, to pass a plane through 
the line A Bt 

SUG. 4. Must the plane always occupy exactly the 
same position when the line of the plane coincides 
with^^? 

Suo. 6. Does the line determine the plane? 

Therefore 



J-. 



338. When a plane takes in succession the various 
possible positions with the line of the plane coinciding 
with the line A B^ the plane ia said to revolve about A B. 
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Proposition II. Thborbm* 

839. A plane is defe /mined: 
!• By a straight line and a point without the line. 
II- By two intersecting straight lines* 

III. By two parallel straight lines. 

IV. By three points not in a straight line. 




Let A B represent a straight linSf and C a point not in 
the line A B» 

To prove that the line A B and the point C determine a 
plane. 

SuG. 1. Through the line A B pass a plane, and let it 
revolve about A B until it contains the point C. 

SuG. 2. How much can the plane be revolved, either 
way, about B^ and still contain the point C? Why ? 

SuG. 3. What is yotu- conclusion about part I of the 
proposition ? 




Let A B and C D represent two intersecting Unes* 

To prove that A B and C D determine a plane. 

SuG. 1. Pass a plane, M N, through the line A B and 
some point oi C D not in A B, 

Suo. 2. How many planes can occupy this position ? 
Why? 
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Suo. 8. Where does the line C D lie with respect to 
the plane M Nl (Art. 335.) How many points oi C D 
are in the plane M Nl 

Suo. 4. Do the lines A B and C D determine a plane ? 




Let A B and C D represent two parallel lines* 

To prove that A B and C D determine a plane. 

SuG. 1. By definition of H lines, in how many planes 
do they lie ? 

SuG. 2. Pass a plane through A B, and one point 
of C D. How many planes occupy this position ? Where 
is the plane of || lines located with respect to this plane ? 
Then, how many planes can pass through the lines A B 




C 




Let A9 B and C represent three points not in one 
straight line. 

To prove that the points A, B and C determine a plane. 

SuG. Connect two of the points. What conditions 
have you now ? 
Therefore 
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PkOPOSlTION III. ThEORBH. 

340. Ttie intersection of two planes is a straight 
line. 





Let MN and C D represent two ptanes^ and A and B 
two points of their itUersedion. 

To prove that M N and C D intersect in a straight line. 

SuG. 1. Connect A and B. Where is the line A B 
with respect to each of the planes ? 

SuG. 2. Take any point of the plane -^iV, without the 
line A B, Can this point be in the plane CD also? 
Why ? (See Prop. II, part I.) 

Therefore 

Query. What is the locus of a point common to two 
planes ? 

341. The point in which a straight line intersects a 
plane is called the foot of the line. 

342. A line is perpendicular to a plane when it ia per- 
pendicular to every line in the plane drawn throngh its 
foot. 

The plane is then said to be perpendicular to the line. 
A line is oblique to a plane when it is not perpendicu- 
lar to every line in the plane drawn through its foot. 
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Proposition IV. Theorem. 

343. From a given point without a plane, one, and 
only one, perpendiculai' can he dropped to the plane, 
and the perpendicular is the shortest line from the 
point to the plane. 




Let MN repi^esftit the given plane, and A the given 
point Without tfie pUnie. 

To prove that ^ from A, one, and only one, perpendicular 
can be drawn to the plane M N, and that the perpendicular 
is shorter than any other line from A to the plane M N. 

SuG. 1. Of all lines from A to the plane M N, either 
there is one shortest line or a group of equal shortest 
lines. Suppose A C and A D are two of a group of 
shortest lines. Connect C and D, 

SuG. 2. liA CiindAD are =,what kind of A is /^ CD? 

SuG. 3. From A, draw A B A^ to CD. Compare A B 
and A C in respect to length. 

SuG. 4. If any two lines from A to the plane M N, are 
equal in length, can they be shortest lines to the plane ? 

SuG. 5. Then, how many shortest lines are there from 
A to the plane M N} 

Stjg. 6. Let A O represent the shortest line from A to 
the plane ^iV, and draw E G, any line in the plane MN, 
through the point O. 

SuG. 7. Since A O is the shortest line from A to the 
line E G, what relation does A O sustain to EG^ Why ? 

SuG. 8. Since E G is any line drawn through the foot 
of -^ O, what relation must A O sustain to the plane AfN? 

SuG. 9. How many JLs can be drawn from A to the 
plane i^A^? Why? 

Therefore 
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Proposition V. Thborbm. 

344. At a given point in a plane, one perpend ieur 
lar, and only one, can be erected to the plane. 




.G 



• S 
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Let C D repreaent a plane, and O a given point in Hie 
plane. 

To prove that one and only one perpendicular can bt 
erected to the plane at the point O. 

SuG. 1. Let M N repre-e-.it another plane, and A B 
a JL from A to the plane M N. 

SuG. 2. Place the plane M N on the plane C D, so 
that B coincides with O, When so placed, what rela- 
tion does AB sustain to the plane C Dl (Ax. 14.) 
Can a J_ be erected to the plane C /?, at the point O ? 

SuG. 3. If more than one J. can be erected, let O E 

and O G represent two -Ls to CD, at O, Let RS h^ the 

intersection of the plane E O G with the plane C D, 

V/hat relation do both O E and O G sustain to H S? 

\Vhy ? (Art. 842.) Can a second ± be erected to a 
plane at a given point of the plane ? 

Therefore 
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Proposition VI. Theorbm. 

345. If, from any point in the perpendicular to a 
plane, oblique lines be drawn, those which meet the 
plane at equal distances from the foot of the perpen- 
dicular are equal ; and, of two unequal oblique lines, 
that which meets the plane at the greater distance from 

the foot of the perpendicular is greater. 

A 




Let MN represent a pkitie, ami A B a perpend ictilar to 
the plane; also, let A D, AC and A E represent obliq^tf 
lines meeting the plane MN at the points Z>, C and E re- 
spectively, and let B C equal B Ef atid B D be greater 
than B E. 

To prove that the obligKr lines A C and A E are equals 
and that the line A D is loiiger than the line A E, 

SuG. 1. What relation does A B sustain to B C and 
also to BE} Why ? (Art. 342.) 

SuG. 2. Compare As ABC and ABE, 

SuG. 8. Compare A C and A E, 

SuG. 4. Revolve the plane of the t^ A B E upon A B 
as an axis, into the plane q{ A B D, and lei A B F be 
the position which ABE takes after the revolution. 

SuG. 5. Since ^s ABE and A B D are rt. As (why 
are they rt. As ?), where will B F lie with respect to B D} 

SuG. 6. Compare A F with A /?, and hence A E 
with A D. 

Therefore 
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Proposition VTI. Tseommm^ 

346. Ifattra4rghtlin»eUperpendAC!aUart9t9ro 
of a plans iU their poimt of imierseetiom^ U is 
rfifii^-fly tQ tib# PROMS'* 




ABmmMCDtmmUmm cr 

Ite piame, amd BO m pupi m ffi t m O m r U Ute tmm Umn at 

tkmir pouU ^ imterseobimh €K 

To prcfve that O E is perpendicular 19 the plane M N. 

SuG. 1. Extend O E Xo S, making O S ^ E O^ and 
let O ^ represent anv line of the plane throngih the point 
O. Draw the line B D, intersecting O R sX. R, Qaor 
nect both E and S with the points B, R and D. 

SuG. 2. In As E O B and SOB, compare E B and 
5^; also, in ^s EOD scndSOD compsj^ED 2XkdSI>. 

SuG. 8. In ^sE B D and S B D, campai« ^EB D 
with ASBD, 

SuG. 4. In As-ffi^-^andS'-ffJP.compane^^wMnS'JP, 

SuG. 5. lu l:^^E O R^xAS O R,cxmxf9a^ ZmEOR 
and 5 O -ff . 

SuG. 6. What relation does E O sustain ^ O R^ 

SiTG. 7. Since O R i^ any line of tte plme tinxNiich 
the point O, what relation does JI'^SBSlnftilt tbe pine? 
(Art. 842.) 

Therefavt — — 
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Proposition VIII. Theorbm. 

847. All the perpendiculars to a given line at the 
iame point lie in the fame plane, and that plane is 
perpendicular to the given line. 






Let B O be a given line^ and O A, O Cf O Df etc»f Unes 
fMrpendicular to JS O, at O. 

To prove that O A, OC^ O D, etc., arein the same plane, 
and that the plane is perpendicular to B O, at O, 

Suo. 1. The lines O D and O C determine a plane. 
The lines O B and O A determine another plane. Let 
tliese two planes intersect in the line O M. 

SuG. 2. What relation does B O sustain to the plane 
determined by O D and O C? Why ? (Art. 846.) 

SuG. 3. What relation does OB sustain to O Af} 
Why? 

Suo. 4. What relation does O B sustain to O A} 

SuG. 6. What relation then must O A sustain to O Mt 
(See Arts. 40 and 333.) 

SuG. 6 Then, where must O A lie with respect to the 
plane determined by O D amd O CI 

Therefore 
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348. C0ROLI.ARY I. Through a given point in a 
straight Hue only one plane can be drawn perpendicular 
to the line. 

Suppose one plane drawn through O, A. to O B, 
Then, if a second plane can be drawn through O J_ to 
OB, all the lines in that second plane through O would 
be ± to (9 B, at O. But all the lines ± to OB Sii O are 
in the same plane. Hence the second plane must coin- 
cide with the first. That is, only ong plane can be drawn 
through O ±toB O. 

349. Corollary II. From a given point without a 
line only one plane can be drawn perpendicular to the 
given line. 




O 

5' 




" 'B 



••»< 



lyet the plane A By through the point N, he A^ to MO 
at O. 

If another plane can be drawn through N JL to M O, 
represent it by C B, and suppose C B \s> A^to M O zX. S. 
Connect N and O ; also N and S, 

What relation must (9 iVand 5* A^ each sustain to M St 
Why? 



Ex. 262. Find the area of a circular ring included be- 
tween the circumferences of two concentric circles, whose 
radii are 3 and 6 respectively. 
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Proposition IX. Theorem. 

350. //, from the foot of a perpendicular to a plane, 
a line be drawn perpendicular to any line of the 
plane, and, from the point of intersection, a line be 
drawn to any point of the perpendicular, the last line 
is perpendicular to the line of the plane. 




het M N represent a plnne^ aiid A B a perpendicular to 

tlve plane. Let C L> represent a line of tfie plane MN, and 

let B O he perpendUniUir fo D C, at O, and let the point of 
intersection O, he joined to t\ a point in A B. 

To prove that F O is perpendiadar to C D. 

SuG. 1. On the line D C, take O D = O C. Connect 
r with C and D ; also connect B with C and D. 
SuG. 2. Compare ^s B O D and B O C, 
SuG. 3. Compare B D with B C, 
SuG. 4. Compare As F B D and F B C. 
SuG. 5. Compare F C and F D, 
SuG. 6. Compare /\s F C O and F D O. 
SuG. 7. Compare Z,^ D O F^luA C O F, 
Therefore 
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361. A Straight Hne is parallel to a plane when the 
line and plane cannot meet however far they may both 
be extended. 

In that case, the plane is also parallel to the line. 

362. Two planes are parallel to each other when they 
cannot meet however far both may be extended. 

Proposition X. Thborbm. 

353<> If one of two parallel straight lines is perpen- 
dicular to a plane, the other is perpendicular to 
the same plcau^ 





LetAB and CD be two parallel lineSf meeting th&V^*^ 
MN in the points B and D respectivelyt and let CV^ ^ 
perpendicular to the plane MN. 

To prove thai A B is perpendicular to the plane M 

SuG. 1. Connect B and Z>, and, through By draw a 1^°^ 
E F, in the plane M N, ± to B D. Connect ^ with a]^y 
point O in C D. V 

SuG. 2. What relation does O B sustain to EF^ or i? 1 '^ 
to OBI What relation does E F sustain to B D*^ 

SuG. 3. What relation does E F sustain to the plane i 
A BBC? (Art. 346.) What relation does E F sustain ^ 
ioAB? 
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Sva. 4. What relation does A B sustain to EFl What 
relation does A B sustain X.o B D} Why ? What rela- 
tion does A B sustain to the plane M N} Why ? 

Therefore 

Proposition XI. Thborem. 

364, If two lines are perpendicular to the same 
plane, they are parallel. 




Let ihetwo straight llnee A B €md C I> be perpendicular 
to the plane M If* 

To prove thai A B and C D are parallel. 

Suo. 1. \i A B \s not [to CD, draw, through any 
point O, of A B, a line OE tto CD, 
SuG. 2. What relation does O E sustain to the plane 

Mm (Art. 368.) 

Suo. 8. Compare the answer to Sug. 2 with the hy- 
pothesis, and finish the demonstration. 

Therefore 



Bx. 258. Find the line on which a paper triangle must 
be folded in order that the vertex may fall upon a given 
point of the base. 
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Proposition XII. Theorbm, 

355. If two straight lines are eaoh parallel to o 
third straight line they are parallel to eaoh other. 



iC 



M 




D 



/' 




Let A B and C D each be pa/raUel to EJF. 

To prove that A B and C D are parallel to each other. 

SuG. 1. Draw a plane, M N, J^ to E P, 

SuG. 2. What relation does A B sustain to the plane 
M N'> What relation does C Z> sustain to the plane ^^iV? 

SuG. 3. What relation do A B and C D sustain to 
each other ? 

Therefore 



Ex. 254. Equal oblique lines, drawn from a point in 
the perpendicular to a plane, meet the plane at equal dis- 
tances from the foot of the perpendicular, and of two un- 
equal oblique lines the longer meets the plane at the 
grea'^er distance from the foot of the perpendicular. 

Ex. 255. What is the locus of the foot of an oblique 
line of constant length drawn from a point in a perpen- 
dicular to a plane ? 
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Proposition XIII. Theorem. 

366. Everij plane containing one, and only one, of 
two parallel Lln^s, is parallel to the other line. 



Let A B and CD be two pardfJel lines ^ and M N a pUme 
cantainiuff the line A B, 

To prove that the line C D and the plaiic M N are par- 
allel, 

SuG. \. A B and C D determine a plane C B. Why ? 

SuG. 2. What is the intersection of the planes M N 
aiidr^? Why? 

Sue. 3. \i C D meets the plane M N, it must meet it 
in the line A B. Why ? 

SuG. 4. Is it possible for B D to meei the plane M N} 
Why? 

Therefore 

357. Corollary I. Through ^ ^ 

a given straight line a plane can 
be passed parallel to any given 
.-straight line. 

Through C Z> a plane can be 
passed parallel to A B. 

SuG. From any point in CD, draw a line || to ^ ^ ; as 
the line OP. The plane determined by C D and O P is 
parallel to A B. Why ? 
17— Geo. 
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368. Corollary II. A plane can be passed 
to any two straight lines 
through any given point with- 
out the lines. 

Let A B and C Z7 be any 
two lines, and O any point 
without the lines. 

SuG. Through O, draw two 
lines \ \.o A B and C D x^ 
spectively. 

Proposition XIV. Theorem. 

369. If a line and a plane are parallel, the inter- 
section of the plane with any plane containing the 
line is parallel to the line. 





Lei the line CI>be paraUel to the pltme M N, and let the 
plane C B, containing the line C A intereect MN in the 
line A B. 

To prove that A B and C D are parallel 

Query, Of what proposition .is this the converse ? 

SuG. Give two demonstrations, a direct and an indi 
rect. 

Therefore 
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Proposition XV. Theorbm. 

360. Planes perpendLouUir to the same straight line 
are parallel. 



M 



C 




I 



D 



I 



Let Gie planes MN and OIP be perpendicular to the 
straight Une A B. 

To prove that the planes M N and O P are pardlleL 

SuG. 1. Let C and D be the points of intersection of 
the line A B with the planes M N ^vA O -P respectively. 

SuG. 2. If the planes M N and O P intersect, connect 
any point of their intersection with the points C and D, 

SuG. 3. What relation do these lines sustain to A B} 
Why? 

Suo. 4. Is this possible? 

Therefore 



Ex. 256. If from a point in a perpendicular to a plane, 
a line be drawn perpendicular to any line of the plane, a 
line joining the point of intersection to the foot of the 
perpendicular to the plane is perpendicular to the line of 
the plane. 

SuG. Use the indirect method. 

QxmRY. Of what proposition is this exercise the con- 
verse? 
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Proposition XVI. Theorhm. 

361 . Uie iiUersections of two parallel planes unih a 
third plane are parallel lines* 




Ijtl MWand O T represent two paraUei pt/tneSf mnd A B 
a piatte ifiterHerfing Utem in the lines C D and E F. 

To prove that C D and E F are parallel lines. 

SuG- C D and E F are in same plane A B. Can they 
meet ? Why ? 
Therefore 

Proposition XVII. Thborem. 

362. If two angles not in the same plane liave theii 
sides parallel and lying in the same direction frtm^ 
their vertices, they are equal and their pla^nes are par 
aUel. 




Let BAC itnd E I> F rf'pt^^iteni t*r*9 angU^s In tite 

pkmes MN and OP respectiMi^^ having tiieir sides 

jomsvUsi and h^ihg in tk€ mmm dArmMan flrom their 
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To prove that the angtes B A C and E D F are equat, 
and that the planes M N and O P are parallel. 

SuG. 1. Take D E = A B, 2inA D F = A C. Con- 
nect A and D, C and F, B and E, C and B, F and E, 

SuG. 2. What kind of a quadrilateral is A C F Dl 
Why ? What kind of a quadrilateral \s A B E Dt 

SuG. 3. Compare A D with C F, also A D with B E. 
Give auth. Compare C F with B E. (Art. 355, and 
Ax. 1.) 

SuG. 4. Compare C B with F E. Give auth. 

Sue. 5. Compare ^s B A C and E D F, Compare 
Z i9^ Cwith ZEDF. 

SuG. 6. What relation does the plane O P sustain to 
I he line A Bl Also to the line A Ct Also to the line 
BCl Why? (Art. 356.) 

SuG. 7. If the planes M N and OP intersect, their 
line of intersection is || to A B. Why ? (See Prop. XIV.) 
Also, their line of intersection is || to A C. Why ? 

Is It possible for the planes MN and OP to intersect ? 

Therefore 



Ex. 257. Prove that two parallel planes are everywhere 
equally distant from each other. 

Ex. 258. What is the locus of a point in space equi- 
distant from two given points ? 

Ex. 269. The lines joining the vertices of a triangle 
with the middle points of the opposite sides meet in a 
point. 

Ex. 260. What is the locus of a point equidistant from 
two given points, and at the same time equidistant from 
two other given points ? 
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Proposition XVIII. Thborbm. 

363. A straight line perpendicular to one of two 
paraUel planes U perpendimUar to ihe other also. 

y-G A -t^,„ 7 




7!i 



het MNand O P represent two pt^iralUA pUmea, and Ui 
the line A Bbe perpetidicular to the pidtn^ M N* 

To prove that the line A B is perpena'Jicular io the 
plane OP, h. 

SuG. 1. Through A, in the plane MN, draw t*wo lines 
C D and G H\ and, through B, in the plane O /-^''vdraw 
the lines E F and K L^\o C D and G H iespectivt^*^y- 
Is this construction possible ? Why ? ^ 

Suo. 2. What relation does A B sustain to E 1^3 
What relation does A B sustain to K LI Give auth. * 

SuG. 3. What relation does A B sustain to the plan4 ? 
O Pt Give auth. 

Therefore — ^— 



Ex. 26 1 Find the locus of a point equidistant from ^ 
two given parallel planes. '. ' 

Ex.262. What is the locus of a point equidistant from 
two given parellel planes, and at the same time equidis- 
tant frcm two other parallel planes P 
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Proposition XIX. Theorem. 

364. // three parallel planes are intersected by two 
tines the segments of the lines are proportional. 




Let MN^O P and R S represent ihrm. p^" "^Uel pUmeSf 
and A B and C I> two lines intersecting liiem^ maMng 
segments E I and ILon ABf and K Hand HFonC D. 

To prove that -jr-=^ = tfif' • 

SuG. 1. Connect E and F, and let the line E F inter- 
sect the plane O P2XG, 

SuG. 2. The plane E F K intersects the planes M N 
and O Pin what lines ? 

SuG. 3. The plane EFL intersects the planes OP 
and ^ 5* in what lines ? 

Sua. 4. In the A ^ /^ A', the lines G H 2in^ E K ^rt 
how related? (Prop. XVI.) 

Suo. 5. Compare the ratios ^ and ^r rr • 

SuG. 6. In a similar manner compare the latiot 
EG ^ EI 

GF^'^'^TL' 

S0O. 7. Compare the ratios yy ^^^ fr k '* 
Xhcrefore — ^-^ 
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Dihedral Angles. 

365. Two planes which meet and are terminated by 
their line of intersection are said to 
form a dihedral angle. The planes 
A B and C D, in the figure at the 
right, meet in the line A C and form 
a dihedral angle. 

The planes A B and C Z? are called 
the faces of the angle, and the line A C 
is called the edge of the angle. 

A dihedral angle is read by reading 
first, one face; second, the edge; third, the other face. 
This can be done by reading four letters, if none are re- 
peated; OS B A C D. When but one dihedral angle is 
formed at an edge it may be read by reading the edge, as 
dihedral angle A Cm the above figure. 

866. The plane angle of a dihedral angle is an 
angle formed by drawing two lines, one in each face, 
perpendicular to the edge at the same point. 

In the above figure, if FB and B G are perpendicular 
to the edge A C, the angle B F G hs the plane angle of 
the dihedral angle. 

367. A plane is perpendicular to another plane if it 
forms with the other plane a right dihedral angle, i. e.^ a 
dihedral angle whose plane angle is a right angle. 

868. Dihedral angles are adjacent, vertical, acttte, ob- 
tuse, etc., under the same conditions in which plane 
angles are adjacent, vertical, obtuse, etc., 
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Proposition XX. Theorem. 

369. All plane angles of the same dihedral angle 
are equal. 




Let ABC and I> E F he two plane angles of the same 
dihedral angle. 

To prove thai the angles ABC and DBF are equal, 

SuG. See Prop. XVII. 
Therefore 



Ex. 263. Two lines are perpendicular to the same 
plane. .^ is a point in one line and B a point in the other 
line such that A and B are equally distant from the plane. 
Prove that the line A B \% parallel to the plane. 

Ex. 264. M N 2cn^ O P are two parallel planes. A is 
a point in M N^ and B a. point in O P, such that the line 
A B \% perpendicular to the plane M N, C is another 
point in MN^ and D another point in O /*, such that the 
line CD is perpendicular to the plane O P. Prove that 
the line joining A with C is parallel to the line joining 
^ with 27. 
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PR0P06ITI0N XXI. THaORBM. 

870. // a plane be passed perpendicular to the edge 
of a dihedral angle, the lines of intersection with the 
faces form the plane a;ngle of the dihedrad^ angle. 




Let M Nbea plane perpendicular to the edge AH of a 
dihedral angle^ and let the Unes of intersection form the 
angle C O I>, 

To prove that COD is the plane angle of the dihedral 
angle, 

SuG. If the plane M Nv& l^to the line A B, what re- 
lation must O C and O D/vdl the plane M N^ sustain 
to A B? 

Therefore 

371. Two dihedral angles are equal when they can be 
made to coincide. 

The magnitude of a dihedral angle does not depend 
upon the extent of its faces. 

If a plane be made to revolve, from the position of one 
face, about the edge as an axis, to the- position oi the 
other face, it is said to revolve or turn through the dihe- 
dral angle, and the greater the amount of turning the 
greater the angle. 
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Proposition XXII. Theorem. 

372. Two dihedral angles are equal if their plane 
xngles are equal. 





LetO D A Band O H E Fhe two dihetlral angles whose 
plane (MngleSf M O Nand R 8 T^ are eqtuiU 

To prove that the dihedral angles C DAB and G HEF 
are equal. 

SuG. 1. Place the edge A D upon E //, so that Z, 
M O iV coincides with A R S T. 

SuG. 2. Where will the plane A B lie with res]^ect to 
the plane E F? Where will A C lie With respect to 
EG? (Art. 339.) 

Therefore 

378. Prove the converse of the above proposition; 
that is, if two dihedral angles are equal their plane angles 
are eqnal. 



Bx. 265. If a line and a plane are parallel, a line 
drawn from any point in the plane parallel to the given 
line will lie wholly in the plane. (See Art. 369.) 
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Proposition XXIII. Thbobbm. 
374. The ratio of two dihedral angles equals th» 
ratio of their plane angle*. 





Let M N and O K be two dUtedral anoles, and a Of 
and p Ut their plane anglen. 



^ , ,. , dihedral M N 

To prove tkat ..,.. ^ -^ 



^"0/ 



' dihedral G K ~ZJin ■ 

Casb I. When the plane angles are contniensurable. 
Sua. I. Divide the plane ^s by their common unit of 
□leasuie. Pass planes through the lines of division and 
the edges of the dihedral ^s. 

StJG. 2. Let the unit of measure be contained m times 
in a Of. and n times in p H t. Then what is the ra- 
A&Of 

''""^pWl 

Sdg. 8. How do the smaller dihedral ^s into which 
ihe given dihedral z^s are divided compare? Why? 
[low many small dihedral Z.s in the given dihedral 
Z Af Nt How many in the given dihedral ^ G JCi 
dihedral ^MN 



equal to? 



SuG. 4. What is the ratio 



dihedral ^G K 



equal to? 
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Sue 6. Compare answers to Sugs. 2 and 4. 

What is the conclusion in Case I of the proposition ? 

Case II. Wheyi the angles are incommensurable, 

SuG. Use the method of Art. 171, Case II, and give 
the demonstration. 
Therefore 

376. Scholium. Since dihedral angles are propor- 
tional to their plane angles, they are said to be measured 
by their plane angles. Thus a right dihedral angle is 
one whose plane angle is a right angle, and a dihedral 
angle of 27** is one whose plane angle is an angle of 27®, 
etc. 

Compare the method of leading up to the measurement 
of dihedral angles with that of leading up to the meas- 
urement of arcs. 



Ex. 266. If a line is parallel to each of two intersect- 
ing planes it is parallel to their intersection. 

Ex. 267. If two parallel planes intersect two parallel 
planes the four lines of intersection are parallel. 

Ex. 268. What is the locus of a point at a given dis- 
tance from a given plane ? 

Ex. 269. A straight line and a plane perpendicular to the 
same straight line are parallel. 

Ex. 270. If a straight line and a plane are parallel, 
any line parallel to the line is parallel to the plane also. 

Ex. 271. If a line is parallel to a line of a plane it is 
parallel to the plane. 

Ex. 272. Prove that, through a given point in space, 
one and only one line can be drawn perpendicular to a 
given line; the given point being without the given line. 
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Proposition XXIV. Thborbm. 

376. If a straight line is perpendioular to a plans, 
every plane oontaining that line is perpendicular to 
the plane. 




Let A B be a straight Une perpendicular te the plane 
M N, and let C Dbe awg plane containing the line A B. 

To prove that the plane CD is perpendicular to the 
plane M N, 

SuG. 1. Through By draw a line B E in the plane 
M N jLto B D, the intersection of the two planes. 

Suo. 2. The Z. E B A\% the plane angle of the dihe- 
dral Z -A^^Z? ^. Why? 

Suo. 8. How many degrees in Z. E B Al Why ? 

SuG. 4. Then, what relation does the plane C D sus- 
tain to the plane M N'l (Art. 867.) 

Therefore 



Bx. 278. Prove that, through a given point in space, 
one, and only one line can be drawn parallel to a given 
line. 

Bx. 274. What is the locus of the foot of an oblique 
line 10 in. long drawn from a point 8 in. from a plane ? 
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Propomtion XXV. Theorem. 

877. If two planes are perpendicular to each other, 
a line drawn in one of them perpendicular to their inr 
tersection is perpendicular to the other. 




Lei MN omA CI> he two planes perpendicular te each 
either 9 intersecting in the line B Df and letABbea Une in 
C D perpendicular to B I>. 

To prove that A B is perpendicular to the plane M N. 

Suo. 1. In tkc plane M N, draw BE ±to BD, AtB. 

SuG. 2. The Z A B £ is the plane Z of the dihe- 
dral Z . Why ? How many degrees in j^ ABE} Why ? 

StTO. 8. What relation does A B sustain to the plane 
MNt Why? (Art. 846.) 

Therefore 

878. Corollary I. If two planes are perpendicular 
to each other, a perpendicular to gne of them at any point 
of their intersection lies in the other. 

Suo. 1. ^ ^, in the plane CD, is J. to MN by the 
pioposition. 
Suo. 2. How many JLs can be erected to M N at B} 

879. CoRCXiLART II. If two planes are perpendicular 
to each other, a perpendicular to one of them from any 
point in the other lies in the other. 

Soo. See Swg. 1 of Oor. I, and Art S4t. 
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Proposition XXVI. Thborbm. 

880. If two planes are perpendicular to a third 
plane, their intersection is perpendicular to t?uU plans. 





Let C D and E F he two planes^ each perpendicuiar to 
Uie plane MNf and let A O be the line of intersection o^ 
C D and E F. 

To prove that A O is perpendicular to the plane M N. 

Suo. 1. From the point O, which is common to al] 
three planes, erect a J_ to the plane M N. 

SuG. 2. Where will this X lie with respect to each of 
the planes C D zn^ E F} (Art. 378.) 

SuG. 3. What relation does the J. erected sustain to 
the intersection of the planes C D and E Fl 

Therefore 



Ex. 276. If a plane intersects two parallel planes the 
alternate interior dihedral angles are equal. 

Ex. 276. If one plane intersects another, the sum xA 
the two adjacent dihedral angles on the same side of 
either plane is equal to two right dihedral angles. 

Ex. 277. If a plane intersects two parallel pkmes the 
corresponding dihedral angles are equal. 
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Proposition XXVII. Theorem. 

381. Through a given straight line, ohliqiue to a 
(Siven plane, one, and biot one, plane can be passed 
perpendicular to the gii^en plane. 

A 





Let ABhea given straight line, and MNa given plane.. 

To prove that one, and but one, plane can be passed 
through A B perpendicular to M N, 

SuG. 1. From some point, as ^, in A B, drop a _L 
A Clo the plane M N. 

SuG. 2, A B and A C determine a plane B C. Give 
auth. 

SuG. 3. What relation does the plane B C sustain to 
the plane M AT} (Art. 376.) 

SuG. 4. Can a plane be drawn through A B A^ to AfNl 

SuG. 6. How many planes can be drawn through A B 
1, to AfJV} (Art. 339.) 

Therefore 



Ex. 278. If the sum of two adjacent dihedral angles is 
equal to two right dihedral angles, their exterior faces 
are in the same plane. 

Ex. 279. If two planes intersect each other, their ver- 
tical dihedral angles are equaL 
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PROPoemoN XXVIII. Thkorbm. 

382. Svery point in a plane which biseets a dihe- 
dral angle is equidistcavt from the faces of the dihe- 
dral angle 




Let AMhea plane bisecting the dihedral angle formed 
by the planes A C and A I> , and let P be any point in the 
plane A Mf and P E and P F perpendiculars from, B to 
the faeces A C and A I>of the dihedral angle. 

To prove that P E and P F are equal. 

Suo. 1. Pass a plane through the lines P E and P Jh 
and let it intersect the planes A C, A M and A Din the 
lines OE, O/'and OF, 

Suo. 2. What relation does the plane E F sustain to 
each of the planes A C and AD} Give auth. 

Suo. 3. What relation does the plane E F sustain to 
A B, the edge of th^ dihedral A ? Give auth. 

Suo. 4. Compare Z,s P O E 2in^ P O F, (Art. 873.) 

Suo. 6. Compare As P O E and P O F. Give auth. 

Suo. 6. Compare the lines P E and P F. 

Therefore 
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386. The projection of a point upon a plane is the 
foot of the perpendicular from the point to the plane. 

The projection of a line /^ 

upon a plane is the line in the 
plane which contains the pro- 
jections of all the points of the 
line. In the figure at the 
right, the point C is the pro- 
jection of the point A, and the 
line C D \s the projection of the line A B, 

Proposition XXIX. Theorem. 

384. The prqjecMon of a straight line upon a plane 
is a straight line. 





Let ABbea given straight line and MN a given plane* 
To prove that the projection of A B upon the plane M N 
is a straight line, 

SuG. 1. Let A D represent the plane which contains 
A B and is J. to the plane M N, This plane contains 
C D^ the projection of A B upon the plane AfN, Why ? 

SuG. 2. The two planes A D and M N intexBect in 
what kind of a line ? 

Thefefiii« 
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Proposition XXX. Thborbm. 

386, The angle which a straight line makes vrLth 
its own projection upon a plane is the least angle the 
line makes with any line of the plane. 




Lei A B represent any straight Iiite» and BCUs prqfe^ 
tion upon the plane M N, 

To prove that the angle A B C is the least angle the line 
A B can make with any line of the plane M N, 

SuG. 1. Through B^ draw any other line of the plane, 
as B D. From A. drop a X /^ C to the plane M N. 
Lay off ^ Z? = B C and draw A D. 

Sua. 2. Compare A C and A D in respect to length. 
Give auth. 

SuG. 3. Compare /L A B C with /L A B D. Give 
auth. 

Therefore 

386. The angle which a line makes with its projec- 
tion on a plane is called the angle of the line and the 
plane, or the inclination of the line to the plane. 
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Polyhedral Angles. 




387. The figure formed by three or more planes meet- 
ing at a common point is called a polyhe- 
dral angle. In the figure at the right, 
A-B C D represents a polyhedral angle. 
The common point A is called the vertex 
of the angle; A B, A C, etc. , are the edges. Bi 
The portions of planes intercepted by the 
edges; as B A Cy CAD, etc., are the faces '^ 

of the angle. The plane angles formed by the edges, as 
B A Cy CAD, etc., are the face angles of the polyhe- 
dral angle. , 

In a polyhedral angle each pair of adjacent faces forms 
a dihedral angle; as B C A D, etc. 

A polyhedral angle of three faces is called a trihedral 
angle, one of four faces is called a tetrahedral angle, 
etc. 

Two polyhedral angles are equal when they can be 
made to coincide. 

Two polyhedral angles are symmetrical when the parts 
of one are equal respectively to the parts of the other but 
arranged in reverse order. 




C 



A'B CD and A'- B' C D" are symmetrical if Z B A C 

Z B' A' C, Z C A D ^ Z C A' n and Z B A D 
B^A'U. 
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A polyhednd angle cannot be made to co i n cid e with 

its symmetrical polyhedral angle. 

^^0U. — TIm two hands, or tbm two aides of the iaot, td tke hnmaD 
bodj will lenre to illustrate sjinmetrical solids. To coBwinem ooe 
chat the two hands are symmetrical rather than eqaal, it aiif ht be 
suggested to try to pot the left glove aa the right hm^ See defini- 
tion ei equal polyhedral angles. 

Propositiom XXXL Thhorbm. 

388. ThsswrnafanytwofcieeangleMofairihed^rii 

f*ngle is greater tiua^ the third face ca^gle^ 

A 



B 
Let A'B C O repnanrt^ a trihedral OMiflm te whiA eaci* 

M the face angles BAB and BACim wwiilliii' than the 

. "re angle B AC, 

To prove that the sum of the ang^ies DAB and B A C 
is greater than the angle D A C. 

SuG. l.'In the f2XxDA C draw -^ if making Z DA M 
= /LDAB, 

SuG. 2. Cut the edges by a plane D B Qso that A M 
^hall = A B, 

SuG. 3. Compare Is^sDAB and DAM. Compare D M 
ind B D, Give auth. Compare 3 Cand M C. Give aath. 

SuG. 4. Compare Z.BAC with Z.MA C Give anth. 

SuG. 5. Compf^re the snm of ^s DAB and B A C 
^thZ/7^C. 
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Proposition XXXII. THKORBif. 

889. ITie sum of the face angles of any oonveJO poly- 
hedral angle is less than four right angles* 




Let A'BCDEF represent a convex polyhedrtA angle. 

To prove that the sum of the face angles B A C, C A Dy 
etc. , is less than four right angles. 

SuG. 1. Pass a plane cutting the edges of the polyhe- 
dral Z. in the points B, C, D, E and F. 

SuG. 2. Connect O, any point within the polygon 
B C D E F, with each of the vertices. 

SuG. 3. In the trihedral Z. B compare the sum of the 
fece Z.S A B C2Si^A B Fwith the face Z C B F. 

SuG. 4. In the trihedral Z C, compare the sum of the 
face ZsA C B SLud A CD with the face Z BC D. 

SuG. 5. Compare the sum of the base Z'& of the As 
whose vertices are at A^ with the sum of the base Z^ of 
the As whose vertices are at O, 

Suo. 6. Compare the sum of the vertical Zs at A with 
the sum of the vertical Zs at O. 

Suo. 7. Compare the sum of the Z% at A with four 
rt. Zs. 

Therefort 
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Proposition XXXIII. Theorem. 

390. [f two trihedral angles have the three fact* 
angles of one equal respectively to the three fact- 
angles of the other, the corresponding dihedral angles 
are equal. 




Let A' BCD ami A'^BC D' represent two triliedral 
angles wliose face angles are equal ; viz,f BAC = B'A'C\ 
CAB = C A' B and B A D = B' A' D'. 

To prove that the correspojiding dihedral angles CB A D 
and C B A' U y etc,^ are equal. 

Sua. 1. Pass planes BCD and B' C U, making the 
edges A B, A C A D, A' B.A'C and A' Z7 all equal. 

Sue. 2. IvL A B and A* B' take points M and Af so 
that A M = A' Af, and at M and Af pass planes J_ to 
A B and A' B respectively. 

Sua. 3. The plane AION vom^X, intersect .5 C and B D, 
or these lines extended, and the plane Af O N* must in- 
tersect B* C* and B U , ox these lines extended. Why ? 

SuG. 4. What relation do the lines Af O and if/ .A^ sus- 
tain toAB? Why ? What relation do the lines Af O 
and Af N* sustain to ^4' ^ ? Why ? 
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9uo. 5. Compare As B A C and B A* C* . Compare 
Z.^A B CsiWiXA' B' C\ 

SuG. 6. Compare As BMO and B M' a. (Art. 101.) 
Compare B O with B O. 

SuG. 7. In a similar manner compare As B M N and 
B M* JSP, Compare B N with B! JSP. 

SuG. 8. Compare A.s C B D and C B U, Compare 
ZsC^i9and C B D\ 

SuG. 9. Compare ^s O B N and O B JSP . Compare 
6>A^and O ISP . 

SuG. 10. Compare As O M N ^.u^ a AT ISP, Com- 
pare Zs O MN and C/ M' IsP. 

Therefore 

391. Scholium. When the parts of A-B CD Are ar- 
ranged in the same order as the respectively equal parts 
of A'- B^ C* n the two dihedral angles are equal, fo^ 
they may then be superposed {i. e,, placed one upon an 
other so as to coincide throughout), but when the part- 
of one are arranged in the reverse order from the respect- 
ively equal parts of the other, the two trihedral angles 
are symmetrical. 

Ifote. — The stadent should attempt to superpose A' - B' C D' 
• apon A-B CD. It A' B' be placed upon A B what must be consid- 
ered in order that A' C* may fall upon ACi When the face B' A' C 
is thus made to coincide with the face B A C the edges A' D' and 
A D may fall upon the same or opposite side of the plane B A C. If 
the two edges A' D' and A D fall upon the same side oi B A C the 
two trihedral angles are equal, but if they fall upon opposite sides of 
SAC the two trihedral angles are symmetrical. 

392. An isosceles trihedral angle is a trihedral 
angle two of whose face angles are equal. 
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LM ABCI>mmd A'^9 <r IP 

^B A e = ^c^ ir. 



n A c. 

Z, VA J>. 



C^OuSu ix Mum jTdM^tfEiiSL 

Scia. I. Fkss^ pUxzikfs B CD ankl B' C E^^ cmtttting the 
eigcs oc due two taitS&MEral ^s^ :<iO' tiBaiiti A A. A C, -/f /?, 
^ B. A" C JJaiii .-f " I? xire- aJI <etq.miiL 

Sro. ± CcciiDaane tbe lac«- A^ B A C aund //' -,4' C. 

SoG. 3. Cocxpore tbe l^Dt Zm C A D wbA C AT B, 

So&. 4. Surpierpiase A-B C IV' mprai A-BCD^ plwang 
yf " vcpoa ^. Z^ QpcQ i? sEDoi C iqpffOD C Wlqr is diis 
posEsEb^Le? WSaece wtHlII tJoeSiwce C AT B' MlwMnespec l 
ISO tbc liace cT .-f i?? WltT? 

Sc^ 5. Wberevm tfiielme^'^^''idl? Why? 

Sro. 6. Where wiQ die &Qe/r^''^*liel 
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PROPOSITION I. 

A plane may be passed through any straight line, but the line does 
not determine the plane. 

PROPOSITION IL 

A plane it determined: 
I. By a straight line and a point without the line. 
II. By two intersecting straight lines. 

III. By two parallel straight lines. 

IV. By three points not in a straight line. 

PROPOSITION III. 
The intersection of two planes is a straight line. 

^PROPOSITION IV. 

From a given point without a plane, one, and only one, perpen- 
dicular can be dropped to the plane, and the perpendicular is the 
shortest line from the point to the plane. 

PROPOSITION V. 

At a given point in a plane, one perpendicular, and only one, can 
be erected to the plane. 

PROPOSITION VI. 

If, from any point in the perpendicular to a plane, oblique lines 
be drawn, those which meet the plane at equal distances from the 
foot of the perpendicular are equal; and, of two unequal oblique lines, 
that which meets the plane at the greater distance from the foot of 
the perpendicular is greater. 

PROPOSITION VIL 

If a straight line is perpendicular to two lines of . a plane at their 
point of interaeetion, it is perpendicular to the plane. 
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PROPOSITION VIII. 

All tbe perpendiculars to a given line at the same point lie in the 
same plane, and that plane is perpendicular to the given line. 

PROPOSITION IX. 

If, from the foot of a perpendicular to a plane, a line be drawn 
perpendicular to any line of the plane, and, from the point of inter- 
section, a line be drawn to any point of the perpendicular, the last 
line is perpendicular to the line of the plane. 

PROPOSITION X. 

If one of two parallel straight lines is perpendicular to a plane, tbe 
other is perpendicular to the same plane. 

PROPOSITION XI. 
If two lines are perpendicular to the same plane, they are parallel. 

PROPOSITION XII. 

If two straight lines are each parallel to a third straight line, they 
are parallel to each other. 

PROPOSITION XIII. 

Every plane containing one, and only one, of two pslrallel lines, is 
parallel to tbe other line. 

PROPOSITION XIV. 

If a line and a plane are parallel, the intersection of the plane with 
any plane containing the line is parallel to the line. 

PROPOSITION XV. 
Planes perpendicular to the same straight line are parallel 

PROPOSITION XVI. 

The intersections of two parallel planes with a third plane are par- 
allel lines. 

PROPOSITION XVII. 

If two angles not in the same plane have their sides parallel and 
lying in the same direction from their vertices, they are equal and 
tbmr planes are parallel. 



IJNES AND PLAiVES. 285 



PROPOSITION XVIII. 

A acrdight lin«i pt^rpendicular to one of two parallel planes is per- 
pendicular to the other also. 

PROPOSITION XIX. 

If tnree parallel planes are intersected by two lines, the segments 
of the lines are proportional. 

PROPOSITION XX. 
All plane angles of the same dihedral angle are equal. 

PROPOSITION XXI. 

If a plane be passed perpendicular to the edge of a dihedral angle, 
the lines of intersection with the faces form the plane angle of the 
dihedral angle. 

PROPOSITION XXII. 
Two dihedral angles are equal if their plane angles are equal. 

PROPOSITION XXIII. 

The ratio of two dihedral angles equals the ratio of their plane 
angles. 

PROPOSITION XXIV. 

If a straight line is perpendicular to a plane, every plane contain- 
ing that line is perpendicular to the plane. 

PROPOSITION XXV. 

If two planes are perpendicular to each other, a line drawn in one 
of them perpendicular to their intersection is perpendicular to the 
other. 

PROPOSITION XXVI. 

If two planes are perpendicular to a third plane, tb^ir intersection 
is perpendicular to that plane. 

PROPOSITION XXVII. 

Through a given straight line, one. and but one, plane oan De 
passed perpendicular to a given plane. 
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PROPOSITION XXVIII. 

Every point in a plane which bisects a dihedral angle ia equidis- 
tant from the faces of the dihedral angle. 

PROPOSITION XXIX. 
The projection of a straight line upon a plane is a straight line. 

PROPOSITION XXX. 

The angle which a straight line makes with its own projection upon 
< plane is the least angle the line makes with any line of the plane. 

PROPOSITION XXXI. 

The sum of any two face angles of a trihedral angle is greater than 
the third face angle. 

PROPOSITION XXXII. 

The sum of the face angles of any convex polyhedral angle is leas 
than four right angles. 

PROPOSITION XXXIII 

If two trihedral angles have the three face angles of one equal re- 
spectively to the three face angles of the other, the corresponding di- 
hedral angles are equal. 

PROPOSITION XXXIV. 

Two symmetrical isosceles trihedral angles aro equal in all r** 
spectiw 



CHAPTER VIL 

POLYHEDRONS. 



DSPINITIGNS. 

394. A polyhedron is a geometric solid bounded by 
planes. 

The bounding planes of a polyhedron are its faces, the 
lines in which the faces intersect are the edges, and the 
points in which the edges intersect are the vertices of 
the polyhedron. 

Any face designated may be considered the base of the 
polyhedron. 

395. A straight line joining any two vertices not in 
the same face, is called a diagonal of the 4)olyhedron. 

396. The intersection of a polyhedron and a plane is 
called a plane section of the polyhedron. 

397. Polyhedrons are classified according to the num 
ber of their faces. 

A polyhedral angle requires at least three planes to 
meet at its vertex, and to completely inclose space re- 
quires at least one more plane; hence a polyhedron can 
not have less than four faces. 

398. A polyhedron of four faces is called a tetrahe- 
dron; one of five faces, a pentahedron; one of six faces, 
a hexahedron; one of eight faces, an octahedron; one 
of ten faces, a decahedron; one of twelve faces, a do- 
d^caliedron; one of twenty £aices, anico^Q.Vi^^TOTv^^\iCL 
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ICOSAHEDROfl. 



DOOECAMEDfKM. 



OOTAHEDRON. 





HEXAHEDRON. 



TETRAHCDRON. 



399. A convex pol^^hedron is. one in which every 
possible plant section is a convex polygon. 

Prisms. 

400. A prism is a polyhedron two of who«^e faces are 
polygons which are equal in all respects and are in par- 
allel planes, and whose remaining faces are parallelo- 
grams. 

401. The bases of a prism are the equal faces in the 
parallel planes. The lateral faces are the remaining 
faces of the prism. 

402. The basal edges of a prism are the intersection*- 
of the lateral faces with the bases. The lateral edges 
are the intersections of the lateral faces. 

403. A right section of a prism is a section whose 
plane is perpendicular to the lateral edges of the prism. 
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404. The altitude of a prism is the perpendicular dis- 
tance lietwet'ii its bases. 



405. Prisms ai 
lar, etc., accordin 
laterals, etc. 



: classified as triangular, quadrangu- 
[ as their bases are triangles, quadri- 




406. A right prism is one in which the lateral edges 
ire perpendicular to Uie bases, and an oblique prism is 
me in which the edges are oblique to the bases. 



407. A regular prism is 

are regular poh goiis. 



right prism whose bases 



Ex. 280. Parallel lines in- 
tersecting the same plane 
make equal angle.s wi n it. 

Let A B and C D represent 
II lines, and B O m\A D S 
Iheir respective projections on 
the plane M N. 

SoG. 1. Drop 1.S, A O and C 5 to the plane M N. 

SOG. 2. Compare ZBAO with Z D CS. (Art. 362.) 

Sdg. 3. Compare •^ B with Z. D. 
1»-Gm. 
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Proposition I. Thhorbm. 

408. The lateral edges of a prism are equal and 
parallel, and make equal angles with the plane of 
either base. 




Let A F, B II, etc, represent tbe lateral edgea of a 
pHsm. 

To prove that A F, B H. etc., are equal and parallel, 
and that they make equal angles with the plane of eilke* 
base. 

Sdg. 1, What kind of a figure is the lateral face A Iff 
Then, what relation must A F and B H sustain to each 
other ? 

SuG. 2. What relation must any two lateral edges sus- 
tain to each other ? 

Sue. 3. Compare the Za made by any two lateral 
edges with either base. Give anth. (See Ex. 280.) 

Therefore 



Ex. 281. If a plane intersects two parallel planes the 
interior dihedral angles on the same mde of the cuttii^ 
pUne are supplements of eack oOwx. 
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Pbopositiojt II, Theorem. 
409. Sections of a prism, made by parallel pin,] 
are polygons which are equal in all respects. 




Let A C and a e be eecUoiis of the priimt F K, made bp 
iMiraltd Itlanea, 

To prove thai the polygons A C and a c are equal in all 
respects. 

SuG. 1. Wliatrelation does /4 £■ sustain to a «? Why? 
(Art. 361.) 

Sdg. 2. What relation does E D sustain \,a e d, D C 
tode, etc.? 

Sdg. 3. Compare Zs A E D xoA aed; also Z.sEDC 
and edc, etc. Give auth. 

Therefore 



Ex. 282. Every section of a prism made by a plane 
.irallel to a lateral edge is a parallelogram. 

Ex. 283. If two planes are cut by a third plane so that 
the allemate interior dihedral anples are equal, and the 
edges of the dihedral angles thus formed ai^ ^■M^JCv-^^'iSi^ 
two planes are parallel. 
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Proposition III. Theorem. 

410. The lale,ral area of a prism equals the product 
of a lateral ed^e by the perimeter of a right section o} 
the prism,. 




E 
Let C D be a lateral edge, and MP a right nectUm of 
the prhim A D, 

To prove thai ike area of ike lateral faces of ike prism 
equals C D multiplied by ike perhneter of M P. 

SuG. 1. What relation does P O sustain to C Z> ? 
Why? What telation does any side of the right sec- 
tion sustain to a lateral edge which meets that side ? 

SuG. 2. What is the area of the face C E. in terms of 
FOand CD^ 

SuG. 3. Express the area of any lateral face. 

Sdg. 4. Add the areas of the several lateral faces, re- 
membering that the lateral edges are equal. 

Therefore 



Ex. 284. If two planes are cut by a third plane so that 
the corresponding dihedral angles are equal and the 
edges of the dihedral angles foimed are parallel, the two 
planes are parallel 
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Note, — The algebraic expression ab-^-ac-^ad^ may be reduced, by 
factoring, to the form a{b-\-C'\'d). Compare with the former ex- 
pression the indicated sum of the areas of the lateral faces and re- 
duce it, by the algebraic process of factoring, to the product of a 
lateral edge by the perimeter of a right section of the prism. 



M. 




Ex. 285. In any trihedral angle the three planes passed 
through the edges and the bisectors of the respectively 
opposite face angles intersect in a straight line. 

Ex. 286. In any trihedral angle the three planes bi- 
secting the dihedral angles intersect in a straight line. 

Ex. 287. Determine a ^ 

point in a plane the differ- 
ence of whose distances from 
two given points on oppo- 
site sides of the plane is the 
maximum. 

SuG. Drop a «L to the 
plane from one of the points, as /?, and extend it to M, 
an equal distance on the other side of the plane. Con- 
nect A and M, and extend the line to meet the plane at C 
Prove that C is the required point. 

Ex. 288. Determine a 
point in a plane the sum of 
whose distances from two 
given points on the same 
side of the plane is the mini 
mum. 

Sua Drop a ± to the 
plane from one of the points A, and extend to M, an 
equal distance beyond the plane. Connect M, the ex- 
tremity of the _L, with the other point B. 

Prove that O, the point in which M B mtersects the 
plane, is the required point. 
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Propositiok IV. Theorem. 

411. Two prisma are equal in all respecls- if the 
three faces about a trihedral angle of one an respnet- 
ively equal in, all respects to the three faces about a 
trihedral angle of the other, and tJiese faees are sim- 
ilarly placed in the two flgurea- 




Let A H niwl A' IT be two prisma tn wltich tlte three 
facca A D, AO and A K are respectively equal in all re- 
spects to the three faces A'D',A'0' and A'S.', and are 
similfM-ly placed. 

To prove that the prisms A H and A' ff are equal in 
all respecls. 

SuG. 1. Compare the trihedral ^s A and A'. (Arts. 
390 and 391.) 

Sdg. 2. Apply the prism A' H" to the prism A H,^a 
that the face A' D' coincides with the face A D. Why 
can this be done? 

SuG. 3. In what plane will the face A' G fall ? Why ? 

SuG. 4. In what plane will the face .4' A' fall ? Why? 

Sue. 5. Where will the line A' F' fall ? Why ? 

Suo. 6. Where will the point F' fall ? Where will the 
point G fall? Why? Where will the point .^' fall? 
Why? 
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SuG. 7. Since F\ G and A" fall upon F, G and A^ re- 
spectively, in what plane will the face F' /' fall ? Why ? 
(Art. 339.) 

SuG. 8. Since ^, G and C fall upon B, G and C re- 
spectively, in what plane will the face B' IT fall ? Where 
will the line C IT fall ? 

SuG. 9. Similarly, where will the line U I' fall ? 
Where will the points IT and /' fall ? 

SuG. 10. Compare the prism A' If with the prism A H. 

Therefore 

412. Corollary. Two right prisms are equal in all 
respects if their altitudes are equal, and the bases of one 
are equal in all respects to the bases of the other. 

413. A truncated prism is a portion of a prism in- 
cluded between a base and a section of the prism by a 
plane not parallel to the base. 

Proposition V. Theorem. 

414. Two truncated prisms are equal in all respects 
If the three faces about a trihedral angle of one are 
respectively equal in all respects to the three faces 
about a trihedral angle of the other, and these faces 
are similarly placed in the two figures. 

Suo. Use the method of Prop. IV. 



Bx. 289. If a plane be passed through the edge of a 
dihedral angle in such a manner that every point in the 
plane is equidistant from the faces of the dihedral angle, 
the plane bisects the dihedral angle. 
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Pkopositioh VI. Thkorbm. 

415. An oblique prism is equal in magnituds to a 

right prism whose base is a right section of the 6bliqv.e 

prism and whose altititde is a lateral edge of the 

oblique prism. 



Let BK be an oblique priem and A'B C'H'B' aright 

tecHon. 

To prove that the prism B K is eqtial in magnitude to a 
right prism having A' ff C D S for a base and an atii- 
tude equal to E K. 

SOG. 1. Extend tlie lateral edge E K \.q K', making 
B K' = EK. Through A" pass a plane A" G || to the 
plane E! B". Extend the other lateral edges to meet the 
plane K' G in the points /', If, G and F'. 

SuG. 2. Compare /' D with K' B atyJ hence with 
K E. Compare ID with KB. Hence, compare /' D" 
with / D. Compare / /' with D V. 

SuG. 3. Compare K" /' with BV; also IC K with BE. 

SuG. 4. Compare the trapezoid K' I with the trape- 
^id B D. 

SuG. 5. Similarly compare the trapezi^d K' F with 
thetnfezMd E A. 
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SuG. 6. Compare Z /' K* F' with Z. H E A'. Cora- 
pare the polygon K' G' with the polygon E' & . 

SuG. 7. Compare the trihedral Z I' K' K F with the 
trihedral A D' E' E A' . 

SuG. 8. Compare the truncated prism K' G with the 
truncated prism E B, 

SuG. 9. Compare the right prism K* E with the 
oblique prism K B in respect to magnitude. 

Therefore 



Ex. 290. Prove that the lateral area of a right prism 
is less than the lateral area of any oblique prism having 
the same base and an equal altitude. 

P ARAI.I,KI*OPIPKDS . 

416. A parallelopiped is a prism whose bases are 
parallelograms. 

417. A right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to the bases. 

418. .A rectangular parallelopiped is a right paral- 
lelopiped whose bases are rectangles. , 

419. A cube is a rectangular parallelopiped whose 
faces are all squares. 

420. The volume of a polyhedron is its ratio to some 
selected unit of measure, joined to the name of that unit. 
For example if a cubic inch is contained twenty-five 
times in a given polyhedron the volume of the polyhe- 
dron is twenty-five cubic inches. 

The unit of measure for volume is a cube whose edge 
is a given linear unit. 
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Proposition VII. Theorkm. 

421. Oj)j)osite faces of a parallelopiped are par- 
allelograms which are equal in all respects. 




G 
Let A O be a parallelopiped. 

To prove that two opposite faceSy as A H and B G, are 
equal in all respects. 

SuG. 1. What kind of a polygon is A H} What kind 
is^G? Why? 

SuG. 2. Compare lines A D and B C\ A E and B F. 
Compare ^s DAE and C B F, 

SuG. 3. Then how must the face A H compare with 
the face B G ? Why ? 

SuG. 4. Compare, the faces A F and D G. 

Therefore 



Ex. 291. If any plane be passed through either diag- 
onal of a parallelogram, the perpendiculars to this plane 
from the extremities of the other diagonal are equal. 

Ex. 292. Having given a fixed straight line, and two 
points not in the line, find a point in the fixed line 
equally distant from the two fixed points. 



« . 

i 



/ N. 
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Proposition VIII. Theorem. 

422. A plane passed through the diagonally oppo- 
site edges of a parallelopiped divides it into two tri- 
angular prisms which are equaZ in magnitude. 

A 




G 

Let AG he a pa/raUeUypiped^ and J> B FH a plane 
passed through the dia^anaUy opposite edges DM and BF. 

To prove that the triangular prisms y EFH-A and 
GFH'C^ into which the ptism is divided are equal in 
volume, 

SuG. 1. Pass a right section MN OP through the par- 
allelopiped. 

SuG. 2. Compare ^ M N O with h. M P O. 

SuG. 3. Compare the triangular prism whose base is 
M N O and whose altitude is H D with the triangular 
prism whose base is M F O and whose altitude is H D, 

SuG. 4. How is the triangular prism whose base is 
M NO and whose altitude is H D related to the triangu- 
lar prism BFH'A ? 

SuG. 6. How is the triangular prism whose base is 
M PO and whose altitude is H D related to the triangular 
prism GFH'C^ 

SuG. 6. Compare triangular prism EHF-A with tri- 
angular priatn GFH'C. 

Therefore 
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Proposition IX. Theorbm. 

423. Any paraLLeLopiped is equal in volume to a 
rectangular parallelopiped having an equal altitude 
and a base equal in area. 




To prove that E C is equal in volume to a rectangular 
parallelopiped having an equal altitude arid a base equal in 
area, 

SuG. 1. Extend the edges A D, B C, F G and EH. 
Take E If = EH and pass the right sections E B' and 
H C 1, to E IT. 

SuG. 2. Compare the parallelepipeds E C and E' C in 
volume. (Art. 416.) 

SuG. 3. Extend the edges A' B', H C\ E F' and 
H* G\ Take S R = H" G and pass the right sections 
5A'and^Z, ± to 5 ^. 

SuG. 4. Compare the parallelopipeds O M and R C 
in volume. (Art. 416.) 

SuG. 5. Compare the parallelopipeds E C and O M in 
volume. 
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Suo. 6. Gompare the base K M with the base A ' C 
in respect to area. 

SuG. 7. Compare the bases A* C and A C in respect 
to area. 

SuG. 8. Compare the base A C with the base K M \n 
respect to area. 

Sug. 9. Compare the altitudes of the parallelopipeds 
OM, E'C zxiAEC. 

Sug. 10. What kind of a parallelopiped is O Mt 

Therefore 

Additional Helps. 

To answer Sug. 10, notice that the base KM is a rect- 
angle. Why ? See the last part of Sug. 3. Notice also 
that the plane O A is ± to the edge L M . Why ? See 
the last part of Sug. 1 . Hence, show that the edge L P 
is J_ to the base K M . 



Ex. 293. What is the locus of a point equidistant 
from two given parallel planes and at the same time 
equidistant from two given points ? 

Ex. 294 The four diagonals of a rectangular parallel- 
opiped are equal to one another. 

Ex. 296. Any straight line drawn through the middle 
point of any diagonal of a parallelopiped terminating in 
two opposite faces is bisected at that point. 

Ex. 296. If from any point in space perpendiculars are 
drawn to the lateral faces of a prism, or the lateral faces 
extended, these perpendiculars are all in the same plane. 

Ex. 297. If from any point in space perpendiculars are 
drawn to the lateral edges of a prism, or the lateral edges 
extended, these perpendiculars are all in the same plane. 
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Proposition XL Theorem. 

424. Two rectangular parallelopipeds ^haying 
eqv/al bases Jiave the same ratio as their altitudes. 

D 



B 



F 









H 











,1'. 


. 



• 












G 



Let A D and EH represent two rectangularjparaUeU}- 
pipeds whose bases A C and EG ore equalf and whose al- 
titudes are A B and E F respectively. 

^ ^ ,. , AD AB 
To prove that -j^-^ = -^. 

Case I. When the altitudes A B and E F are com 
mensurable, 

SuG. 1. Lay off a common measure upon the altitudes 
A B and E /% and let this common measure be contained 
m times in A B and n times in E F, 



SuG. 2. What does the ratio 



AB 
EF 



equal ? 



SuG. 3. Pass right sections of the parallelopipeds 
through the points of division of the altitudes A B and 
E F, thus dividing the given parallelopipeds into smallei 
parallelopipeds. Compare these smaller parallelopiped> 
in respect to volume. (Art. 412.) 

SuG. 4. Compare the number of small parallelopipeds 

into which the given parallelopipeds are divided with the 

number of segments into which the altitudes are divided 

AD 
SuG. 6. What does the ratio equal ? 

SuG. 6. Compare the ratios y. ,, and -=-=; . 

^ EH EF 

SuG, 7. What is the conclusion when the altitudes are 
commensurable ? 
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Case II. When the altitudes are incotnmeyisurable. 




Suo. 1. If AB and EF are incommensurable, lay off 
any measure of £ F upon A B as many times as possible. 
There will be a remainder, as jK'B, less than the meas- 
ure. Why ? 

SuG. 2. Through A^ pass a right section K'L of the 

parallelopiped A D, 

A L, A K 

SuG. 8. Compare the ratios -prjr and -p^- (Case I.) 

SuG. 4. If a line shorter than K B h^ taken as a unit 
of measure of E F, the remainder will be some line MB, 
which is less than KB, Why ? 

SuG. 5. By making the unit of measure of -fi"/^ smaller 
ind smaller continually, the remainder M B is made to 
iecrease indefinitely. Why ? 

SuG. 6. What relation always exists between the ra- 
A N .AM ___, ^ 

^^^^ 'Wh e~f ^^y^ 

AN AM 

SuG. 7. Are -ft-tt and variables? Why? What 

n* M JO, r 

are their respective limits ? 

AN AM 

SuG. 8. Compare the limits of ^r and . Give 

9dth. 

SuG. 9. What is the conclusion when the altitudes are 
incommensturable ? 

Therefore 
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431. Scholium V. If the three edges of a rectangu- 
lar parallelepiped meeting at any vertex are equal, the 
volume is equal to the third power of the linear unit, 
and hence the third power of a number is called the cube 
of the number. 

Proposition XII. Thborbm. 

432. The volume of any parallelopiped is equal to 
the product of the area of its base by its altitude. 

SuG. See propositions IX and XI. 

433. Corollary I. Iftwo parallelepipeds have bases 
which are equal in area, the ratio of their volumes equals 
the ratio of their altitudes. 

SuG. 1. Let V, B and A represent respectively the 
volume, the area of the base and the altitude of one par- 
allelopiped, and V\ B' and A' the volume, area of the 
base and altitude of the other parallelopiped. Then by 
the theorem V=^ BxA 2Ln& V ^ B'x.A'. 

V 
SuG. 2. If now B = E y what is the ratio -^ equal to ? 

434. Corollary II. If two parallelepipeds have 
equal altitudes, the ratio of their volumes equals the ra 
tio of the areas ot their bases. 

SuG. As in Cor. I, V^ By. A, and V ^By.A\ If 

V 
A = A' what is the ratio ^ equal to? 



Ex. 298. In a given plane find a point which is equally 
distant from the vertices of a given triangle. 
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Proposition XIII. Theorem. 

435. Tlie volume of a triangular prism is equal to 
the product of the area of its base by its altitude. 



D 



--*N 




Let A B C-Frepresient a triangula/r prisntm 

To prove that the volume of A B C-F is equal to the area 
of A B C multiplied by the altitude of the prism. 

SuG. 1. Draw A D\\\.o BC, and C D^\o B A, Also 
draw EH \\to FG. and G H \\ to F E. Connect D 
with H, 

SuG. 2. What kind of a figure is A B CDF ? Why ? 

SuG. 3. What is the volume of A B CD-F equal to ? 
Why? 

SuG. 4. Compare the prism A B C-F with the figure 
A B CD'F in respect to volume. Give auth. (See 
Prop. VIII.) 

Sua. 5. Compare the bases ^ jB (7and ^ i/ C2>of the 
figures A B C-F and A B CZ>-^ respectively. Also com- 
pare the altitudes of these two figures. 

Sua. 6. What is the volume of the prism ABC-Fin 
terms of the area of its base and its altitude ? 

Therefore 
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Proposition XIV. Theorbm. 

436. Tke volume of any prlsnh is equal to the prod- 
uct of the area of its base by its altitude. 




Let BKrepreeent any prism, and AUCDJE itn btise. 

To prove that the volume of B K is equal to the area oj 
A B C D E multiplied hy the altitude of the prism., 

SuG. 1. Through any lateral edge, zs A F^ pass diag- 
onal planes A H, etc. 

SuG. 2. Into what kind of figures is the given prism 
divided by these planes ? 

SuG. 3. What is the volume of A B C-G equal to ? 
The volume oi A C D-Hl etc. Give auth. 

SuG. 4. Express the sum of these volumes in the sim- 
plest form. 

SuG. 5. What is the volume oi B Kin terms of its base 
and altitude ? 

Therefore 

437. COROIXARY I. If two prisms have bases which 
are equal in area, their volumes have the same ratio as 
their altitudes. 
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438. Corollary II. If two prisms have equal alti- 
tudes their volumes have the same ratio as the areas of 
their bases. 

Pyramids. 

439. A pyramid is a polyhedron all but one of whose 
faces meet in the same point. 

The point in which all the faces but 
one meet is called the vertex. 

The &ce which does not pass through 
the vertex is the base 

The faces which meet at the vertex 
are called lateral faces. 

The edges formed by the intersections of the lateral 
faces are called the lateral edges. 

The edges formed by the intersections of the base with 
the lateral faces are called the basal edges. 

440. The altitude of a pyramid is the perpendicular 
distance from the vertex to the plane of the base. 

441. A pyramid is called triangular, quadrangular, 
pentagonal, etc., according as its base is a triangle, 
qtiadrilateral, pentagon, etc. 

442. A regular pyramid is one whose base is a regu- 
lar polygon and whose vertex is in a per- 
pendicular to the base erected at its mid- 
dle point. 

448. The slant height of a regular L^ 
pyramid is the perpendicular from the \\ 
vertex of the pyramid to any basal edge. L 
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444. A tnincated pyramid is the portion of a pyra- 
mid included between the base and a plane cutting all 
its lateral edges. 

446. The frustum of a pyramid is a truncate pyra- 
mid in which the cutting plane is par- 
allel to the base. The section of the 
pyramid made by the cutting plane is 
the upper base of the finistum. 

446. The altitude of the fhistum of a 
pyramid is the perpendicular distance 
between its bases. 

Proposition XV. Thborbu. 

447. Xf a pyramid be cut by a jAane parallel to fh^ 
base: 

I- The edges and altitude are divided proportion- 
ally. 

II- Tiis seetion is a polygon simUar to the boat. 





Let A-OBKLM repr^en* a pyramUt, BCDEF a 

ledUmmad- •—■•'-• — "'" .... ^- ^•.. •. — j«.i.. 

tUituOe, an 
plane ST. 
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_ _,^ ,t ,AB AC AD ^ AP 

I. Toprov, tkat-j^^-^^ -^. ./.., - ^^ . 

SuG. 1. Through A, pass a plane N R^to the plane 
GL. 

r^o^ AB AC AP ,cs K 

SuG. 2. Compare -^-p;, y^ , -7^, etc. (See Art 

364.) 

II. 7b /r<n;^r Ma/ BCDEFis similar to G HKL M. 

Suo. 1. Compare l^s A B F and A G Mm respect to 
form. Also As A F E and A M L, etc. 

SuG. 2. Compare the ratios t^ht^, T:rT» -r-^r. etc. 

'^ GM ML LK 

Give auth. 

SuG. 3. Compare /L B F E with /L G M L, Also 
Z /^^ Z? with AM LK, etc. 

SuG. 4. Then, what relation does the polygon B E 
sustain to the polygon G Z, ? 

SuG. 6. Notice the conclusions of parts I and II. 

Therefore 

Additionai. Hei^ps. 

In II, Sug. 1, i9/^is D to GM, FE is || to ML. Why ? 
(Art. 361.) 

B F FE 

In II, Sug. 2. To compare the ratios ^ , , and -^ - , 
'^ ^ GM ML 

A F 
compare each with the ratio . ^ . 

448. Corollary I. The areas of parallel sections of 
a pyramid are proportional to the squares of the distances 
of the cutting planes from the vertex. (See Art. 268.) 

449. Corollary II. In pyramids whose bases are 
equal in area and whose altitudes are equal, sections at 
equal distances from the vertices are equal in area. 
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Proposition XVI. Thhorem. 

460. Two trinnSulnr pyramids having eijttal alti 
tudes and bases e<i'i'd in, area, are eqwd in volume. 




LetS-A ItCatul S- ABC represent two frinnffutar 
ftiframUlf luwlng eqii.,1 ifJtitiulea and baaes ABC and 
A'B'C equiilinarea. 

To prove that S-ABC and S-A'B'C are equal in 
volume, 

Sdo. 1. Divide the altitude A R oi the pyramids into 
equal parts, and through the points of division, M, N 
jud O. pass planes || to the bases, thus making sections 
of the pyramids. Upon each section of S-ABC as up 
per base construct a prism whose altitude is equal to the 
J_ distance between the sections and whose lateral edges 
are || to the edge 5 /4 of the pyramid S-A B C Simi- 
larly, upcn each section of S-A'B'C as upper base, 
construct a prism whose altitude is equal to the _L dis- 
tance between the sections and whose lateral ed)[e3 ate || 
to the edge S' A' of the pyramid ^-z^'^'C. . 
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SuG. 2. Compare the areas of the sections DBF and 
D'E'F. Giveauth. 

SuG. 3. Compare the prisms DEF-A and D' E' F'-A ' ; 
also the two prisms adjacent to them; also the next two, 
etc. Give auth. 

SuG. 4. Compare the sum of the prisms in .S*--^ B C 
with the sum of the prisms m S- A' B' C , 

SuG. 5. Is the answer to Sug. 4 true, whatever the 
number of parts into which the altitude is divided ? 

Sug. 6. If the number of parts into which the altitude 
is divided be increased continually the sum of the prisms 
in S-A B C will be a variable; also the sum of the 
prisms in S-A' B' C' will be a variable. Why? 

Sug. 7. How are these two variables related? 

Sug. 8. What are their respective limits ? 

Therefore 



Ex. 299. The square of a diagonal of a rectangular 
parallelopiped equals the sum of the squares of the three 
dimensions. 

Ex. 300. Find the length of a diagonal of a rectangu- 
lar parallelopiped 1 ft. long, 4 in. wide and 3 ft. high. 

Ex. 301. Find the lateral area of a regular triangular 
prism whose basal edges are each 4 ft. and whose lateral 
edges are each 2 yds. 

Ex. 302. Find the total area of a regular triangular 
prism whose basal edges are each 4 ft., and whose lateral 
edges are each 8 ft. 

Ex. 303. Find the volume of a regular hexagonal 
prism whose basal edges are each 2 ft., and whose lateral 
edges are each 2 yds. 
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Proposition XVII. Thsoi 

451. The voliune of a triangular pyramid is Ofu 
third the volwme of a triangular pristn hearing the 
§ame base and altitude. 




TjA A'B CD represent a triangnlar pfpramUdL 

To preve that the volume of A-B CD is one third tht 
volume of a prism having BCD for a base and an alttiudf 
equal to the altitude of the pyramid. 

SuG. 1. Through B, draw B E % and equal \o C A. 
and through D draw D F t and equal to C A. Con- 
nect E with ^, E with /% and A with /% thus forming 
the A £^ ^ F. 

SuG. 2. What is the figure EA F-B CD thus formed? 
Why ? (Arts. 362 and 400.) 

SuG. 3. If, from the figure E A F-B C D^ the p\Tamid 
A'B CDh^ removed there remains the figure A-B DFE, 
What is this figure which remains ? What kind of a 
quadrilateral is B DFE} Why ? 

SuG. 4. Compare the two p3n'amids A-EBD and 
A'EFD, (Prop. XVL) 

SuG. 5. Read the pyramid A-EFD as D-EA F^ t. ^., 
consider E A F bs the base and D as the vertex, and 
then compare DEA Fwith AB CD, (Prop, XVL) 
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Sua. <i. What part of the whole figure is A-B C Dt 
Therefore 

452. Corollary. The volume of a triangular pyra- 
mid is equal to one third of the product of the area of its 
base by its altitude. 

Pkopo&ition XVIII. Thbosbm. 

453. The volume of any pyramid is eqiMtl to one 
third of the product of the area of its base by its alti- 
tUfde. 




Let O-A B C D E rttprenent a pj/rmnld. 

To prove that the volume of O-A B C D E is equal to one 
third the area of the base A BCDE mvlHpiied by its alti- 
tude. 

SVQ. 1. Through an edge, as O A, pass all possible 
diagonal planes. 

SOG. 2. What is the figure 0-ABC^ the figure 0-ACD ? 
etc. 

SuG. 3. What is the volume of O-A BCJ oi O-A CD 1 
etc. Give anth, 

SuG. 4. Express, in its simplest form, the sum of the 
volumes of the figures O-A B C, O-A CD, etc. 

Sdg. 5. What is the volume of the pyramid 0-ABCD£} 

Therefore 
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464. Corollary I. If two pyramids have baaes 
which are equal in area, their volumes have the same 
ratio as their altitudes. 

455. Corollary II. If two pyramids have equal 
altitudes their volumes have the same ratio as the areas 
of their bases. 

Proposition XIX. Theorem. 

456. The volume of the frustum of a triangular 
pyramid is equal to the sum, of the volumes of three 
triangular pyramids whose com^m^on altitude is the 
altitude of the frustum, and whose hawses are respect- 
ively the upper base of the frustum,, the lower base oj 
the frustum,, and a mean proportional between the 
bases of the frustum,. 




Let A BC'DEJF represent the frustum of a trianguiar 
pyramid. 

To prove that the volume of AB C-DEF is equal to the 
sum Of the volumes of three pyramids, each having the same 
altitude as the frustum, and whose bases are respectively ABC, 
DBF, and a mean proportional betufeen ABCandDEF. 
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SuG. V. Through the edge B C and the vertex D, pass 
a plane BCD, 

SuG. 2. If A B Che considered as the base of the pyra 
mid D-A B C, how does the altitude of this pyramid com 
pare with the altitude of the frustum ? Compare the pyr 
amid D-A B C with one of the pyramids mentioned ii) 
the theorem. 

SuG. 3. Pass the plane C D E^ cutting off the pyramid 
C'DE F, Compare this pyramid with one of the pyra- 
mids mentioned in the theorem. 

SxJG. 4. The pyramid D-C B E still remains. Draw 
C M \\jQ B E, and connect D with M, 

SuG. 6. Compare the pyramids D-C B E and D-C ME 
(Art. 450.) 

SuG. 6. Consider C the vertex and D M E the base. 
How does the altitude of C-D M E compare with the 
altitude of the frustum ? 

SuG. 7. Draw M N\\^o C A. 

^ ^DFE FE „,^ , 

SuG. 8. -r-j^^ru = TTB Why? 
A DME ME -^ 

_ ^ A DME DE ,_ , 
SuG. 9. ^-jj-jTrc^ = iTT^ Why? 
/b. N M E NE 

F E D E 

SuG. 10. Compare the ratios and ^ ^ Give 

auth. 

o 11 o .1, .• ^DFE ^ A DME 

SuG. 11. Compare the ratios ^ ^^^^ and ^j^rjifE 

SuG. 12. What relation does ^ D M E sustain to 
^s D FEdiUdN M El 

SuG. 13. Compare A N M E With. ^ A C B. 

SuG. 14. Then, what relation does A DME sustain 
to the bases D F E and A C B1 Compare the pyramid 
C'D M E with one of the pyramids mentioned in the 
theorem. 

SuG. 15. Review Sugs. 2, 3 and 14. 

Therefore 
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Proposition XX. Thbobsh. 

457. Thevolumeof the frustum of any pyramid is 
f.qual to the sum of the volumes of three pyramids 
whose coTnmon altitude is the altitude of the frustujn 
and whose buses are respectively the upper base of the 
frustum-, the lower base of the frustum,, and a mean 
vrooortionaA between the bases of the frustum. 
O 




La L B represent 13te fruxtum of any pyramid. 

To prove that the volume of L B is equal to ike mm oj 
the volumes of three pyramids each having the same alii- 
iude as L B, and whose bases are respectively the upper 
base L G of the frustum, the lower base E B of the frus- 
tum, and a mean proportional between the bases L G and 
EB. 

Suo. 1. Let the lateral edges of the frastam Z. 5 be 
extended until they meet at the vertex 0, thus forming 
the pyramid 0-A B CDE. Let V-MNP be a triangu- 
lar pyramid whose altitude is equal to the altitude ol 
0-ABCDE, and whose base M N P \& equal in area 
to the base A B C D E. Let^^Tbea section of the 
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triangular pyramid H to the base MNP, and the same 
distance from the vertex V that the plane Z, G is from 
the vertex O, 

SuG. 2. Compare the sections L G and R S T \xi re- 
spect to area. Give auth. (Art. 449.) 

SuG. 8. Compare the pyramids 0-ABCDE and 
V'MNP in respect to volume. 

SuG. 4. Compare the pyramids O-FGHKL and 
V-S TR in respect to volume. 

SuG. 5. Compare the frustum L B with the frustum 
RS T'MNP in respect to volume. Compare the alti- 
tudes of these two frustums. 

SuG. 6. What is the volume of the frustum RST-MNP 
equal to? 

SuG. 7. What then is the volume of the frustum L B 
equal to ? 

Therefore 

458. Corollary. If the volume of the frustum of a 
pyramid be represented by F, the altitude by H, the 
area of the lower base by B, and the area of the upper 
base by ^, the truth of the theorem may be expressed by 

the formula 

V=\H{B+b^-VByrb). 
Similarly the volume of a prism is given by the formula 

V^HB, 
and the volume of a pyramid by the formula 

V^\HB, 



Ex. 304. Find the volume of a regular triangular prism 
each edge of which is 4 ft. 

Ex. 305. Find the lateral area of a regular pentagonal 
prism each edge of which is 3 in. 
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Proposition XXI. Theorem. 

459. The lateral area of a regular pyra-mid it 
squal to one h^ilf the product of tJie pervmeter of the 
base by t?ie slant height. 




Let O'ABCDE represent a regular pyramid^ and O M 

lis slant height. 

To prove thai the lateral area of the pyramid equals ont 
half the perimeter of the base multiplied by O M. 

SUG. 1. What is the area of A O A El oi t. O E D^ 
of A O D n etc. 

SuG. 2. What is the lateral area of the pyramid equal to? 
Therefore 



Ex. 806. Theorem. The volume of a truncated trian- 
gular prism is equal to the sum of 
the volumes of three pyramids 
whose common base is the base of 
the prism and whose vertices are 
the vertices of the inclined section. 

Let ^/?C-Z^i5"/^ represent a trun- 
cated trian.!c:ular prism. 

SuG. 1. Draw the lines AD, A.F, B D, BE, CE 
and C F. 
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Sdg. 2. Consider the truncated pri-m separated into 
the three figu.es B-D E F, B-A E D 2a\A B-A CD. 

SuG. 3. Compare B-D E F with one of the pyramids 
tuentioned in the theorem. 

SuG. 4. Consider B-AED as D-AEB. Show that 
DAEB = D-AEF. Consider D-AEF as A-DEF 
and compare with one oi the pyramids mentioned in the 
theorem. 

SuG. 5. Compare B-ACD with B-E C D. Consider 
B-BCD as E-BCD. Compare E-B C D wiih E-FCD. 
Consider E-FCD as C-D E F, and compare with one of 
the pyramids mentioned in the theorem. 

Proposition XXII. Theorem. 

460, The lateral area of the frustum, of a regular 
oyrajnid equals the product of the slant height by one 
half the sum of the perimeters of the two bases. 




Lei O E represent the fru^im, of a regular pyramid 
and KM Ua elanl l.eight. 

To prove that the lateral area of the frustum G E equals 
M N muttiplUd by one half ike sum of the perimeters of the 
two bases. 

SuG. 1. What is the area of the trapezoid (7 C? of the 
trapezoid H D'i al K Et etc. 

StTG. 2. What is the lateral area of the frustum? 

Therefore 
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461. A regular polyhedron is a polyhedron whose 
faces are all equal regular polygons and whose polyhe 
dral angles are all equal. 

Proposition XXIII. Thborbm. 

462. Only five regular ^ convex polyhedrons are 
possible. 

SuG. 1. The regular polygon which has the smallest 
number of sides is the equilateral A. 

SuG. 2. How many degrees are there in an j^ of an 
equilateral A ? 

SuG. 3. Is it possible for three equilateral As to meet 
so as to form a polyhedral A ? (Art. 389.) , 

SuG. 4. What is the least 
number of equilateral As that 
can be used to enclose space ? 

There is a regular polyhedron 
having[ four equilateral As for 
faces. It is called a regular 
tetrahedron. 

SuG. 5. Is it possible for four equilateral As to meet 
at a vertex so as to form a polyhedral Z ? Why ? 

SuG. 6. How many equilateral As are required to 
completely enclose space if four As meet 
at each vertex ? 

There is a regular polyhedron formed 
by eight equal equilateral As. It is 
called a regular octahedron. 

SuG. 7. Is it possible for five equilateral 
As to meet at a vertex so as to form a polyhedral ^ ? 
Why? 

SuG. 8. How many equilateral As are required to com- 
pletely enclose space if five As meet at each vertex ? 
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Perhaps the question in Sug. 8 cannot be answered 
without the aid of a figure, but by means of a figure con- 
structed of cardboard, as suggested below, it is easily 
seen that there is a regular polyhedron 
formed by twenty equal equilateral As. 
It is called a regular icosahedron. 

Sug. 9. Is it posaible for six equi- 
lateral As to meet at a vertex so as to 
fonn a polyhedral Z. ? Why ? 

Sug. 10. Are any other regular con- 
vex polyhedrons possible whose faces are equilateral As ? 

Sug. 11. Ho;w many degrees in each 2^ of a square? 

Sug. 12. Is it possible for three squares to meet at a 
vertex so as to form a polyhedral Z. ? Why ? 

Sug. 13. How many squares are required to com 
pletely enclose space if three squares meet at each vertex } 

There is a regular polyhedron 
formed by six equal squares. It is 
called a regular hexahedron or cube. 

Sug. 14. Is it possible for more 
than three squares to meet at a vertex 
so as to form a polyhedral Z, ? Why ? 
Are any other regular convex polyhedrons possible 
whose feces are squares ? 

Sug. 15. How many degrees in each 2^ of a regular 
pentagon ? 

Sug. 16. Is it possible for three regular pentagons to 
meet at a vertex so as to form a polyhedral Z. ? Why ? 

Sug. 17. With three regular pentagons meeting at 
each vertex, how many will be required to completely 
enclose space ? 
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The question in Sug. 17 may be too difficult without 
the aid of a figure, but by means of a fig- 
ure constructed of cardboard as suggested 
below, it is easily seen that there is a 
regular convex polyhedron formed by 
twelve regular pentagons. It is called a 
dodecahedron. 

Sug. 18. Is it possible for more than 
three regular pentagons to iaeet at a vertex so as to form 
a polyhedral Z. ? Why ? 

Are any other regular convex polyhedrons possible 
whose faces are regular pentagons ? s._ 

Sug. 19. How many degrees in each Z o/ a regular 
hexagon ? Is it possible for three or more regu ^^^ hexa- 
gons to meet at a vertex so as to form a polyhec^^^^ ^ • 
Why ? Are any regular convex polyhedrons p pssible 
whose faces are regular liex;igons ? 

Sug. 20. Are any regular convex polyhedrons po^JJ"^^ 
whose faces are regular polygons of more than six sid< 

Sug. 21. Five regu!,ir convex polyhedrons have 
enumerated; are any others possible ? 

Therefore 



beeL^ 



463. Scholium, The five regular polyhedrons may 
be constructed of cardboird, as follows: Cut the material 
in the shape of the following patterns, then cut it half 
through along the lines separating the polygons. Fold it 
over and join the edges. Paste a strip of paper neatly 
over the joined edges. 




T- - 



rCTRAHIONON. 



HEXAHEDRON. 




ootahedhon. 
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DOOEOAHEDRON. K)0«AHBDIIOIi. 

Bx. 807. To construct a regular tetrahedron. 

SUG. Construct an equilateral A for the base. At the 
center erect a J. . With a radius equal to a side of the 
A and with a center at one vertex of the A, cut oflf the 
perpendicular. 

Bx. 308. To construct a regular hexahedron. 

Ex. 309. To construct a regular octahedron. 

SuG. Construct a square, and at its center erect a JL . 
With a vertex of the square as a center, and a radius 
equal to one side of the square, cut oflF the J» on each 
side of the square. 

Bx. 310. To construct a regular icosahedron. 

SuG. Construct a regular pentagon, and at its center 
erect a J. . With a vertex of the pentagon as a center, 
and a radius equal to one side of the pentagon, cut off 
the J». Join the point on the J. to each vertex of the 
pentagon thus forming a pentagonal pyramid. The poly- 
hedral Z. at the vertex is one of the polyhedral Z.% of 
the icosahedron required. In a similar manner, construct 
polyhedral ^s at the vertices of the pentagon first drawn. 
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PROPOSITION I. 

The lateral edfet of a prism are equal and parallel, and make 
equal anglea with the plane of either base. 

PROPOSITION IL 

Sectiooa of a prism made bj parallel planes are polygons which 
are equal in all respects. 

PROPOSITION in. 

The lateral area of a prism eqnals the product of a lateral edge by 
the perimeter of a right section of the prism. 

PROPOSITION IV. 

Two prisms are equal in all respects if the three faces about a tri- 
hedral angle of one are respectively equal in all respects to the three 
faces about a trihedral angle of the other, and these faces are simi- 
larly placed ia the two figures. 

PROPOSITION V. 

Two truncated prisms are equal in all respects if the three faces 
about a trihedral angle of one are respectively equal in all respects to 
the three faces about a trihedral angle of the other, and these faces 
are similarly placed in the two figures. 

PROPOSITION VI. 

An oblique prism is equal in magnitude to a right prism whose 
base is a right section of the oblique prism and whose altitude is a 
lateral edge of the oblique prism. 

PROPOSITION VII. 

Opposite faces of a parallelepiped are parallelograms which are 
egaul ia aU respecta. 
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PROPOSITION VIII. 



A plane passed through the diagonally opposite edges of a paral- 
lelopiped divides it into two triangular prisms which are eqnal in 
magnitude. 

PROPOSITION IX. 

Any parallelepiped is equal in volume to a rectangular parallelo- . 
piped having an eqnal altitude and a base equal in area. 

PROPOSITION X. 

Two rectangnlar parallelepipeds having equal bases have the same 
ratio as their altitudes. 

PROPOSITION XI. 

The number of units of volume in a rectangular pairallelopiped is 
equal to the product of the number of linear units in the edges meet- 
ing at any vertex. 

PROPOSITION XII. 

The volume of any parallelepiped is equal to the product of the 
area of its base by its altitude. 

PROPOSITION XIII. 

The volume of a triangular prism is equal to the prodact of the 
area of its base by its altitude. 

PROPOSITION XIV. 

The volume of any prism is equal to the product of the area of its 
base by its altitude. 

PROPOSITION XV. 

If a pyramid be cut by a plane parallel to the base: 
I. The edges and altitude are divided proportionally. 
IL The section is a polygoo similar to the base 

PROPOSITION XVI. 

Two triangular pyramids having equal altitadea and baaai equal io 
area, are equal in volume. 
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PROPOSITION xvn. 



The volame of a tiiaogalar pyramid is one third the volimie oi a 
trianfolar prism having the same base and altitude. 

PROPOSITION XVnL 



The volame of anj pyramid is equal to 000 third oi the pcodnct oi 
the area of its base bj its altitude. 

PROPOSITION XIX. 

The Tola me of the fmstam of a triangular pyramid is equal to the 
!inai of the volumes of three triangular pyramids whose common alti- 
tude b the altitude of the frustum and whose bases axe r e sp e cti vely 
the upper base of the frustum, the lower base of the frustum, and a 
mean proportional between the bases of the frustum. 

PROPOSITION XX. 

The volume of the frustum of any pyramid is equal to the sum of 
the volumes of three pjrramids whose common altitude is the altitude 
of the frustum and whose bases are respectively the upper base of 
the frustum, the lower base of the frustum, and a mean proportional 
between the bases of the frustum. 

PROPOSITION XXL 

The lateral area of a regular pyramid is equal to one half the prod 
act of the perimeter of the base by the slant height. 

PROPOSITION XXIL 

The lateral area of the frustum of a regular pyramid equals th« 
product of the slant height by one half the sum of the perimeteis of 
tlM two bases. 

PROPOSITION XXIII. 
Only five regular convex polyhedrons are possible. 



CHAPTER VIII. 
THE THREE ROUND BODIES. 




Thb Cylindbk. 

464. A cylindrical surface is a sur&ce formed I^ a 
moving straight line which al~ 
ways remains parallel to itself 
and continually touches a given 
curved line. The moving straight 
line is called the generatrix, and 
the given curved line is called 
the directrix, 

465. A straight line in a cylindrical surface which 
occupies one of the positions of the generatrix is called 
an element of the surface. 

466. A cylinder is a figure bounded by a cylindrical 
surface and two parallel planes. The 
plane surfaces are called the bases of 
the cylinder, and the cylindrical sur- 
face is called the lateral surface of 
the cylinder. The perpendicular dis- 
tance between the bases is the altitude 
of the cylinder. 

467. A right section of a cylinder Is the intersection 
of the cylinder and a plane perpendicular to an element 
of the "urlace. 
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468. A circular cylinder is a cylinder whose bases 
are circles. 

469. A right cylinder is a cylinder whose elements 
are perpendicular to its bases. 

470. A cylinder of revolution is a right circular 
cylinder. It may be generated by the revolution of a 
rectangle about one of its sides. 

471. Similar cylinders of revolution are cylinders 
generated by the revolution of similar rectangles about 
homologous sides. 

472. A tangent line to a cylinder is a line which 
touches the cylindrical surface in a point but does not 
intersect the surface at that point. 

473. A tangent plane to a cylinder is a plane which 
touches the cylindrical surface along one of the elements 
but does not intersect the surface along that element 

Proposition I. Thborkm. 

474. Every section of a cylinder made by a plane 
containing an element is a parallelogram* 

C 




Let ths plane A D contain the etement A B. 
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To prove that the section A B C D is a paralUhgram, 

Suo. 1. D is one point common to the plane and the 
surface of the cylinder. If a line be drawn through D \\ 
toBA will it Ue in the plane A D ? Why ? Will it 
lie in the surface of the cylinder ? Why ? Will it coin- 
cide with the intersection D C^ How, then, is Z> C re- 
lated to ^ ^ ? 

SuG. 2. How \^ A C related to B Dl Give auth. 
SuG. 3. What kind of quadrilateral is A B D Ci 
Therefore 

475. CoROiXARY. Every section of a right cylinder 
containing an element is a rectangle. 



Bx. 311. Find the lateral area of a regular pentagonal 
pyramid whose basal edge is 2 ft. and whose slant height 
is 1 yd. 

Ex. 312. Find the total area of a regular quadrangular 
pyramid whose basal edge is 8 ft. and whose lateral edge 
is 6 ft. 

Ex. 313. Find the volume, of a regular quadrangular 
pyramid whose basal edge is 8 ft. and whose slant height 
is 6 ft. 

Ex. 314. Find the volume of a regular triangular pyr- 
amid whose basal edge is 4 ft. and whose altitude is 
l/3ft. 

Ex. 315. A pyramid whose altitude is l/l6^ ft. is cut 
into two parts of equal volume by a plane parallel to the 
base. Find the distance of the cutting plane from the 
vertex. 
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Proposition n. Thborkm. 
476. I7i« bases of a cylinder are equal. 




Let AEbea cylinder whose bases are ABC and DBF". 

To prove that the bases ABC and DBF are equal, 

SuG. 1. Let B and C be any two points in the perime- 
ter of the upper base, and let -5 /^ be a plane containing 
the line B C and the element B E. Compare B C and E F, 

SuG. 2. Let A represent any Other point in the perim- 
eter of the upper base, and A D the element through A, 
Pass a plane through the fl lines A D and B E ; also a 
plane through the || lines A D and C F. Compare B A 
and E D ; also C A and F D. 

SuG. 3. Compare l^s A B Cand D E F. Give auth 

SuG. 4. Consider the upper base placed upon the lower 
base with B C upon EF. Where will the point A faW ^ 
Since A is any point in the perimeter of the upper base 
where will the perimeter of the upper base lie with re- 
spect to the perimeter of the lower base? 

Therefore 

477. CoROLU^RY I. Any two parallel sections cut 
ting all the elements of a cylinder are equal. 
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478. Corollary II. All sections of a circular cyl- 
inder parallel to the bases are equal to 
the bases, and the straight line which 
connects the centers of the bases passes 
through the centers of the sections 

SuG. liraw two diameters of one of I 
the bases, and through these diameters ( 
and elements of the cylinder pass 
planes. These planes will intersect the sections in diam- 
eters. Why ? 

479. A cylinder is inscribed in a prism when each 
lateral face of the prism is tan- 
gent to the cylinder and the bases 
of the prism circumscribe the 
bases of the cylinder. 

When a cylinder is inscribed 
in a prism the prism is said to be 
circumscribed about the cyl- 
inder. 

480. A cylinder is circumscribed about a prism 
when each edge of the prism is an 
element of the cylinder, and the 
bases of the prism are inscribed in 
the bases of the cylinder. 

When a cylinder is circumscribed , 
about a prism the prism is .said to 
be inscribed in the cylinder. 





Ex. 316. The base of a pyramid is a square whose side 
is 6 ft., and the lateral area of the pyramid is { of its 
total area; find the altitude and the slant height of the 
pyramid. 
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Proposition III. Thkorbm. 

481. The area of the lateral aurfaoe of a cylinder is 
equal to the perimeter of a right section multiplied by 
an element of the ewrfaee. 



A 




LetAObeaeylinder^KMa right eeetionf and A E an 

To prove that the area of the lateral surface equah the 
perimeter of the section KM multiplied by AE. 

Suo. 1. Inscribe a prism within the cylinder. 

Suo. 2. What is the lateral area of the prism equal to 7 
(Art. 410.) 

Sua. 8. Let the number of sides of the bases of the 
prism be increased by bisecting the arcs subtended by the 
sides and joining the points of bisection to the adjacent 
vertices. 

SuG. 4. As the number of faces of the prism increases 
the lateral area varies. Why ? 

SuG. 5. What is the limit of the lateral area of the 
prism? 

SuG. 6. The perimeter of the polygon inscribed in the 
right section approaches what limit ? 
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Sno. 7. As the lateral area of the prism increases 
does it remain equal to? (Art 410.) 

Suo. 8. What, then, is the area of the lateral surfEioe 
of the cylinder equal to? 

Therefore 

482. CoROiXART I. The lateral area of a cylinder of 
revolution equals the perimeter of the base multiplied by 
the altitude. 

This £Eict may be expressed by the formula 

A^lnRH, 
wherein A represents the area of the lateral surfiux, H 
the altitude, and R the radius of the base of the cylinder 
of revolution. 

483. CoROiXARY II. The lateral areas of similar cyl- 
inders of revolution are to 
each other as the squares of 
their altitudes or as the 
squares of the radii of their 






I^t A, H and R lepre 
sent respectively the area, 
altitude, and radius of the 

base of one cylinder and a, h and r the area, altitude, and 
radius of the base of the other cylinder. 



Then 
and 



A^lnRH, 
A 2nRH 



R 



But 



a 2nrh t 

— ^^. Why? 



h • 



r 
A 



h 



or 



IP 
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MODEL. 

Proposition III. Theorkm. 

484. The area of the lateral surface ofacylinderU 
equal to tlie perimeter of a right section muUiplied by 
an element of tJie surface. 



A B 




O 

lAt AObea eyUndett KM a right mMoUf and A Eon 
element. 

To prove that the area of the lateral sutfa^x equals tht 
perimeter of the section K M multiplied by A E, 

Inscribe a prism within the cylinder. 

The lateral area of this prism is equal to the perimeter 
of the right section K L M N multiphed by an edge of 
the prism, as ^ ^. (Art. 410.) 

Now, let the number of sides of the bases of the prism 
be increased by bisecting the arcs subtended by the sides 
and joining the points of bisection to the adjacent ver 
tices. As the number of sides of the bases of the prism 
increases the number of faces of the prism increases. 

As the number of faces of the prism increases the lat- 
eral area of the prism also increases; for the perimeter of 
a right section increases, and hence this perimeter multi- 
plied by an edge of the prism increases. 
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The lateral area of the prism approaches the lateral 
irea of the cylinder as a limit. 

The perimeter of a right section of the prism ap 
proaches the perimeter of a right section of the cylindei 
-^s a limit. 

Hence, the lateral area of a prism is one variable, and 
the perimeter of a right section of the prism multiplied 
by an edge is another variable, and these two variables 
are always equal. (Art. 410.) 

Hence the limits of these variables are also equal 
(Art. 170.) 

Therefore the area of the lateral surface of a cylinder 
is equal to the perimeter of a right section multiplied by 
an element of the surface. 



Ex. 317. If from any point within an equilateral tri- 
angle perpendiculars be drawn to the three sides, the sum 
of those perpendiculars is equal to the altitude of the tri- 

* 

angle. 

SUG. Divide the given A into three As whose common 
vertex is at the point from which the _Ls are drawn. 

Ex. 318. If from any point within a regular tetrahe- 
dron perpendiculars be drawn to the four faces, the sum 
of those perpendiculars is equal to the altitude of the 
tetrahedron. 

Sno. Divide the tetrahedron into four triangular pyra- 
mids whose common vertex is at the point from which 
tlie JLs are drawn. 

Ex. 319. 1 be total areas of regular tetrahedrons have 
the same ratio as the squares of their altitudes, or as the 
squares of any two homologous edges. 
22— Geo. 
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PKoroBmoH IV. Thwaxm. 

485. Ths volume of a cylindsr U equal 
of U$ base multiplied by He altitude. 




Let AO hea eyUnder whotie baee ie E€h 

To prove that the volume of the tylinier A G equals the 
%rea of the base E G multiplied fy the altitude. 

Suo. 1. Inscribe a prism within the cylinder and then 
iet the number of the &ces of the prism increase indef- 
initely. What is the volume of the prism always equal 
to? (Art. 436.) 

Suo. 2. What two variables are always equal ? 

SuG. 8. What is the limit of the volume of the prism ? 

SuG. 4. What is the limit of the area of the base of 
the prism multiplied by its altitude? 

Therefore 

486. CoROLLART I. The volume of a cylinder of rev- 
olution may be expressed by the formula 

wherein V represents the volume, /^ the altitude, and R 
the ladius of the base of the cylinder of revolutior 
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486. CoROUjiRY II. The volumes of similar cylin- 
ders of revolution are to each other as the cubes of their 
altitudes or the cubes of the radii of their bases. Let 
V, H and R represent respectively the volume, altitude 
and radius of the base of one cylinder, and v, h and r the 
volume, altitude and radius of the base of the other cyl- 
inder. 

Then V^nR^H, 

and V =s nr^h, 

V nR^H R* H 

Hence — == ^TTTr" "" TF x X* 



But 



» 


~ nr*h r' 


r 


H R^ 


V 

V 


R* H* 




CONBS. 

487. A conical surface is a curved surface formed by 
a moving straight line which passes 

through a g^ven fixed point and contin- 
ually touches a given ctirve. The mov- 
ing straight line is called the generatrix, 
and the given curve is called the di- 
rectrix. 

488. A straight line in a conical sur- 
face which occupies one of the positions of the generatrix 
is called an element of the surface. 

489. A cone is a figure bounded by 
a conical surface and a plane. The 
plane is called the base of the cone, 
the conical surface is called the lateral 
surface or the convex surface of the 
cone, and the point in which the ele- 
ments meet is called the vertex of tb.e 
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cone. The pcrp«5:ndicular distance from the 
the hase is the altitude of the cone. 



to 



490. A circular cone is a cone whose hase is a circle. 
A straight line joining the vertex with the center of the 
base is called the axis of the cone. 



axis IS 




491. A right circular cone is a cone whose 
perpendicular to its base. A right cir- 
cular cone is a cone of revolution. It 
may be generated by revolving a right 
triangle about one of its legs. The 
hypotenuse in any one of its positions is 
flo element of the cone and is called the £ 
slant height of the cone. 



492: Similar cones of revolution are cones that may 
be generated by the revolution of similar right triangles 
about homologous sides. 

493. A tangent line to a cone b a line which touches 
the conical surface in a point but does not intersect the 
surface at that point. 

494. A tangent plane to a cone is a plane which 
touches the conical surface along one of the elements but 
does not intersect the surface along that element. 

495. A frustum of a cone is 
that part of a cone included be- 
tween the base and a section paral- 
lel to the base. The base of the 
cone is the lower base of the frus. 
tum, the section parallel to the base 
of the cone is the upper base of 
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the frustum. The perpendicular distance between the 
bases is the altitude of the frustum. The slant height 
of the frustum of a cone of revolution is that part of the 
slant height of the cone which is included between the 
bases of the frustum. 

Proposition V. Thborsm. 

496. Every section of a eons mcULe by a plane pass- 
ing throufgh the vertex is a triangle. 




Let ABC be a section of a cone by a plane passing 
through the vertex A, 

Te prove that A B Cis a triangle. 

Sue. 1. What kind of a line is A C? Why? (Art 
488.) What kind of a line is /I i9 ? B Ct Why ? 
Suo. 2. What is the figure A B Ct 
Therefore 



Ex. 820. If the bases of two pyramids have the same 
ratio as the squares of their altitudes, prove that theii 
Tolnmes have the same ratio as the cubes of their altitudes 
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pKOPosinoN VL Thbobkm. 
W7. Every seetion of a circular atMM mmit by • 
tJMtaparaU«lioth^batcUaa.rel«, 




I^XtOChctheha»eotaeirctUareome,iiuidBSraiiee- 
Uon paralM to the ba&A 

To prove that the section E S Fisa cirde. 

SoG. 1. Lei -4 O be the axis of the cone, and 5" the 
point in which the axis intersects the section £ S F. 
I^t ^and Fhc any two points whatever in the perimetei 
of the section E S F. 

Sdo. 2. Through the axis A O and the point E pass 
a plane intersecting the base in the line O B and the sec- 
tion in the line S E. Also through the axis A and 
the point F pass a j-lan^f intersecting the base in the line 
O C, and the section in the line 5 F. 

Sdo. 3. SE is | to OB, and 5^is||to C. Give 
auth. (Art. 861.) 

Suo. 4. Compare -^ with ^~ Give .uth. Also 

AS . ^ SF 
compare -^wuh — 



CONES. 843 

SuG. 5. Compare ^Td with ^^. Give auth. 

SuG. 6. The base of the cone is a circle whose centeir 
is at O. Why ? (Art. 490.) 

SuG. 7. Since O B and O C are equal, SE Bnd S F 
are how related ? 

SuG. 8. Since £ and F are any two points in the per- 
imeter of the section, what kind of a figure is the sec- 
tion iff 5/^? 

Therefore-— 

498. COROU^RT. The axis of a circular cone passes 
through the centers of all sections parallel to the tmae. 

499. A cone is inscribed in a pyr- 
amid when the vertex of the cone co- 
incides with the vertex of the pyramid 
and the base of the cone is inscribed 
in the base of the pyramid. 

When a cone is inscribed in a pyra- 
mid the pyramid is said to be circumscribed about the 
cone. 

500. A cone is circumscribed 
about a pyramid when the vertex of 
the cone coincides with the vertex of 
the pyramid and the base of the cone is 
circumscribed about the base of the 
p3rraniid. 

When a cone is circumscribed about a pyramid the 
pyramid is said to be inscribed in the cone. 





Sx. 321. If a cone is inscribed in a p3rramid prove that 
lateral fece of the pyramid is tangent to the cone. 
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Propobition VII. Thborbm. 

501. The area of the convex surfaoe of a cone of 
revolution is equal to one half the product of the per- 
imeter of Us base by its slant height. 




Z/St A-B CDEbea eone of revolution* 

To prove that the area of the convex surface of the cone is 
equal to one hcUf the product of the perimeter of its base by 
its slant height. 

SuG. 1. Inscribe a regular pyramid within the cone. 

SUG. 2. What is the lateral area of the pyramid equal 
to? 

Complete the demonstration by a method similar to 
that of Prop. III. 

Therefore 

502. CoROiXARY I. The truth of the theorem may 
be ex^Miessed by the formula 

A^nRS, 
in which A represents the area of the convex surface, R 
the radius of the base, fiad.S the slant height of the cone 
of revolution. 
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603. Corollary II. The lateral areas of two similar 
cones of revolution are to each other as the squares of 
their slant heights, or the squares of their altitudes, or 
the squares of the radii of their bases. 

See method of Art. 483. 



Ex. 322. Prove the above proposition by using a cir- 
cumscribed instead of an inscribed pyramid. 

Ex. 323. If a cone is circumscribed about a pjrramid 
prove that each lateral edge of the pyramid is an element 
of the cone. 

Proposition VIII. Theorem. 

504. The area of the oonvex swrface of a frustwm 
of a cone of revolution is equal to one half the product 
of its slant height by the sum of the perimeters of its 
bases. 



■m 


•\ \ X 


V^' 




B^ 


c 



SuG. Express the lateral area of the circumscribed 
£rustum of a pyramid. Let the number of lateral faces 
of the frustum of the pyramid increase, and employ the 
method of limits in a manner similar to that of Prop. III. 

Therefore 
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505. The volume cf a come equals one third of the 

wroduet of the area ofUe hose by Us aUifude* 

.A 




LetA'BCI>Erepre8entaeone. 

To prove that the volume of the cone equals one third the 
product of the area of its hose by its altitude, 

Suo. 1. Inscribe a p3rramid within the cone. 
Suo. 2. What is the volume of the pyramid eqnal to ? 
SuG. 3. Complete the demonstration bj a method sim- 
ilar to that of Prop. IV. 
Therefore 

506. CoROLMiRT I. The volume of a circular cone 

may be expressed by the formula 

wherein J^ represents the volume, H the altitude, and R 
the radius of the base of the cone. 

507. Corollary II. The volumes of similar cones 
of revolution are to each other as the cubes of the radii 
of their bases, or the cubes of the altitudes, or the cubes 
of the slant heights. 

Suo. Prove this by a method similar to that used in 
Art. 486. 
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The Sphhrb. 

508. A sphere is a solid bounded by a surface all 
:he points of which are equally distant from a fixed point 
mthin it. 

The fixed point is called the center of the sphere, and 
the bounding surface is called the surface of the sphere. 

A sphere may be generated by the revolution of a semi- 
dicle about its diameter. 

In higher branches of mathematics the word sphere is used to 
denote what is here spoken of as the turf act dt the sphere, bnt in this 
t>ook a sphere is considered as a solid instead of the surface which 
t>oand8 the solid. 

509. The radius of a sphere is any straight line drawn 
from the center to the surface of the sphere. 

The diameter of a sphere is any straight line drawn 
through the center, terminated both ways by the surface 
of the sphere. 

Prom the definition of a sphere, all radii of the same 
sphere are equal, and since a diameter is twice the radius, 
it follows that all diameters of the same sphere are equal. 

610. A line is tangent to a sphere when it has only 
one point in common with the sphere. 

A plane is tangent to a sphere when it has only one 
point in common with the sphere. 

Two spheres are tangent to each other when they 
have only one point in common. 



Ex. 824. The slant height of a cone of revolution is 
13 ft., and its altitude is 12 ft. Find the lateral surface 
and the volume of the cone. 
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Proposition X Theorem. 

511. Every S'ctioti of a sphere nuide by a plane is a 
circle. 




Let the plane MN intersect the sptiere. 0« in the section 
A SB. 

To prove that the section A S B is a circle. 

SuG. 1. From the center of the sphere O drop a J. (9 5 
to the section, and from .S* draw SA and SB to any two 
points in the perimeter of the section. Connect A and O ; 
also B and O. 

SuG. 2. Compare A O and O B. Compare As A O S 
and-ff 05. 

SuG. 8. Compare S A and S B. 

SuG. 4. What is the section? 

Therefore 

Query. Suppose a plane passes through the center of 
a sphere, is the section a circle? Why ? The section of 
a sphere made by a plane is called a circle of the sphere. 

512. CoROLiyARY I. The line drawn from the center 
of a sphere to the center of a circle of a sphere is perpen- 
dicular to the circle of the sphere. 



THE SPHERE. 849 

513. CoxoiXARY II. If two circles of a sphere are 
equally distant from the center, they are equal. 

514. Corollary III. Of two circles of a sphere un- 
equally distant from the center, that one is greater which 
is nearer the center. 

515. CoROLi«ART IV. All drcies of a sphere which 

contain the center are equal. 

516. A great circle of a inhere is one which contains 

the center of the sphere. 

A small circle of a sphere is one which 6om not eon- 
tain the center of the sphere, 

517. The poles of a circle of a sphere are the extrem- 
ities of the diameter which is perpendicular to the plane 
of the dicle. This diameter is often calkd the axis of 
the circle. 



Bx. 826. Prove Prop. VIII by considering the convex 
surface of the frustum of a cone as the diffsrence between 
the convex surfaces of two cones. 

SuG. Let A denote the area of the convex surface, X 
the radius of the base, and 5* the slant height of the 
larger cone, and a, r and s the area of the convex sur- 
face, the radius of the base, and the slant height of the 
smaller cone. 

Then A'^xXS, and « — irrs. 

Find A —mto agree with the theoimn. 

Bx. 826. Prove that the convex sur&ce of die frnstum 
of a cone of revolution is equal to the circumfeience of a 
section equidistant from the bases multiplied by the slant 
height. 
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Proposition XL Thborsm . 

518. Two intersecting great circles of a sphsre M- 
sect each other. 

B 




Let A1>€B mnd B DFB he two great etrctes of a 
sphere intersecting in the Une D JEL 

To prove that the circles A D CE and BDFE Used 
eaek other. 

Suo. 1. Is the center of the sphere in the plane of the 
QADCE^ Why? 

Suo. 2. Are all points in the circumference of the 
Q A D CE equally distant from the center of the sphere ? 
Why? 

Sua. S. I/)cate the center of the Q A D CE with re- 
spect to the center of the sphere. 

Suo. 4. I/)cate the center of the © B DFE with re- 
spect to the center of the sphere. 

Suo. 6. Are the centers of the Q)sAD CE and B D FE 
in the line of intersection D El 

Suo. 6. What is a line through the oenter of a O 
called? 

Suo. 7. Does the line Z^^Uscct each of the 0s ^Z^C£ 
sxABDFB} 

TimteSoxt 
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Proposition XII. Thborbm. 

519. Three points an the smfaee of a sphere deter- 
mine a circle of the sphere. 

Suo. 1. How many points determine a plane? 
Sno. 2. A plane intersects a sphere in what kind of a 
fignie? 

Therefore 

520. CoROUART. Two points on the surface of a 
sphere determine a great circle of a sphere if the points 
are not the extremities of a- diameter of the sphere. 

SuG. What third point is known in addition to the 
two g^ven points ? 



Bx. 327. Prove Prop. IX by circumscribing a pjrramid 
about the cone. 

Ex. 328. The volume of the frustum of any cone is 
equal to one third the altitude multiplied by the sum of 
the upper base, the lower base, and a mean proportional 
between the two bases. (See Art. 457.) 

Ex. 329. The total area of a right circular cylinder is 
80 n square ft. and the radius of the base is 6 ft Find 
the altitude of the cylinder. 

Ex. 330. The circumference of the base of a cone of 
revolution is 6 ft. , and the altitude of the cone is x' ft. 
Find the volume of the cone. 

Ex. 331. The altitude of the frustum of a cone is \ the 
altitude of the entire cone. Find the relation between 
the volumes of the frustum and the entire cone. 

Ex. 332. Two circular cylinders have the same altitude 
but the volume of one is four times the volume of the 
other. Find the relation between the radii of the bases 
of the two cylinders. 
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Proposition XIII. Thborbm. 

521. The 8h4)rtest distance on the surf ace of a sphere 
between any two points on that suurfaoe is the arc, not 
greater than a semi-circumference, of a greoit drde 
whiehjoins ihen^ 




IM A mnd B he tufc points on the simrface ef a sphmre^ 
amd let A B he the arCf not greater than a setni-circle, 
whiehjoins A and B, and let A CMJDB be any other Une 
on the eurfaee of the sphere Joining A and B. 

To prove that A B is less than A CMDB, 

SuG. 1. Connect any point of A CM DBy as J/, with 
A and J?, by arcs of great 0s, sls MA and MB. Con- 
nect A, M and B with O, the center of the sphere. 

SuG. 2. In the trihedral A O-A MB compare the face 
Z. A (7-ff with the sum of the face ZsAOM and MOB. 

SuG. 8. Compare the arc A B with the sum of the arcs 
A M and MB. (Art. 174.) 

SuG. 4. In the same way connect Q any point in the 
line A CM, with A and M by arcs of great ©s. Also 
connect D in the line MD B with M and B by arcs of 
great Os. 

SuG. 6. Compare the sum of the great O arcs A C, CM, 
MD and Z7iB with th* sum of the gnat O arcs AMwbA 
A/B, aad aLw with AB. 
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SuG. 6. Continue to take points in the line A CM BD 
and proceed as before. The sum of the arcs of great ©s is 
a variable. Why ? What is its limit? Why ? 

Suo. 7. How does each succeeding value of the vari- 
able compare with the one preceding it ? 

SuG. 8. Then, how must A C M D B oompare with 
AB^ 

Therefore 

522. By the distance between two points on the 
surface of a sphere is meant the distance measui id on 
the arc of a great circle. 



Ex. 333. The portion of a tetrahedron cut off by a 
plane parallel to any fi&ce is a tetrahedron whose faces 
are respectively similar to the corresponding iices of the 
given tetrahedron, 

Ex. 834. Find the volume of the solid generated by 
v^volving an equilateral triangle whose side is 6 ft. about 
«)iie of its sides. 

SuG. Notice that two conas are generated whose bases 
oincide, and whose vertices are on opposite sides of the 
ommon base. 

Ex. 335. Compare the volumes of the solids generated 
by revolving a rectangle whose dimensions are « and h 
successively about the adjacent sides. 

Bx. 336. The volume of a cylinder of revolution is 
equal to one half of the product of its lateral area by its 
radius. 

Ex. 337. In each of two right circular cylinders the 
altitude is equal to the diameter, and the volume of one 
is if that of the other. Find the relatioa of their alti- 
tudes. 
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Proposition XIV. Theorbm. 

523. AU poinds in the oireumferenoe of a airols are 

equcMy distant from either of its pclee* 

tf 




Let A D C Bhethe eircwnrferenoe of a cirt^and E and 
O Us poles* 

To prove that all points in the circumference A D C B 
are equally distant from E^ and also equally distant from G. 

Suo. 1. Let il/ be the center of the ^ Z? CB. The 
straight line passing through O and M will determine 
E and G, the poles of the © ^ Z? C^. Why ? (Arts. 
512 and 517.) 

Suo. 2. The distances of all points in the circumfer- 
ence A D CB from any point in E G are how related ? 
(Art. 845.) 

SuG. 3. Then the distances of all points in the circum- 
ference A DCB from E are how related ? The distances 
from G are how related? 

SuG. 4. But the distances considered in Sug. 8 are 
chords of great ©s. Why ? 

SuG. 6. How, then, must the distances measured on 
xhe surfsLCt of the sphere compare? Give auth. 
, Therefore 
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624. The distance measured on the surface of a sphere 
from any point in the circumference of a circle of a sphere 
to the nearer pole of that circle is called the polar dis- 
tance of the circle. 

525. CoROiXART I. The polar distance of a great 
circle is a quadrant, i. e.^ an arc of ninety degrees. 

SuG. What is the A at the center of a sphere that 
subtends the polar distance of a great circle ? 

526. CoROiXART II. A point which is at the dis- 
tance of a quadrant from each of two points on thh sur- 
face of a sphere is a pole of a great circle passing through 
those points. 

SuG. Let E be the distance of a quadrant from both R 
and S. Then A ROE equals what? What relation 
does EG sustain to the circle ROSf 

527. ScHOUUM. By means of poles, arcs of circles 
may be drawn on the surfistce of a sphere in much the 
same way as upon a plane surface. By revolving the 
arc EA about ^ as a pole, the point A describes the cir- 
cumference ADCB. By revolving the quadrant ER 
about i? as a pole, or the quadrant G R about 6^ as a 
pole, the point R describes the circumference of the great 
circle R S, 

To describe a great circle arc on a sphere by means of 
dividers, it is necessary to open the dividers so that their 
extremities touch points on the sphere which are just 
ninety degrees apart, then with the extremity of one leg 
of the dividers fixed at some point on the sphere, the 
extremity of the other leg describes a great cirdc are. 
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Propomtiox XV. Prc^uoi. 
Given a maisricU sphere, to find its radium 





**•- --J7 ,--t/ 



£.^" 



JS^ 



S '^ 



8d0. 1. Take any point if on the surface of the sphere 
as a pole, and describe a circumference A B SC on the 
snrface. 

Suo. 2. Take any three points A, B and Con this cir- 
cumference, and by means of dividers construct 2Lli^ DBF 
equal in all respects to the ^ A B C. 

SuG. 8. Circumscribe a O about the ^ DB F^ and 
let 6^ be the center of this 0. 

Suo. 4. Draw 5* T equal to the radius G E, and at ^ 
draw an indefinite line -A^^ JL to 7^5. 

SuG. 6. With 2" as a center, and with a radius equal 
to the straight line Af C describe an arc cutting the line 
ATB at X. Join T and B. 

Suo. 6. At T erect a ± to TB, and extend this J. 
until it meets N B aX N. 

Suo. 7. Prove that N B is equal to the diameter of 
the sphere. Find the xadius of tbe sphere. 
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Proposition XVI. Thborhm. 

529. A plane perpendiciular to a radius of a sphere 
a,t its extremity ie tangent to the sphere. 




Let A B represent a plane perpendicular to the radius 
OMatM. 

To prove thai the plane A B is tangent to the sphere O. 

SuG. 1. Draw any other line, as O P, from O to the plane 
A B, and connect P and M. 

SuG. 2. OM is ± to PM, Why ? 

SuG. 8. Compare O P and O M in respect to length. 
Give auth. 

SuG. 4. Where then must the point P lie with respect 
to the sphere ? 

SuG. 5. What relation does the plane A B sustain to 
the sphere O ? 

Therefore 

580. Corollary I. Any straight line in a tangent 
plane through the point of contact is tangent to the 
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531. CoROUART II. Any line perpendicnlar to the 
radius of a sphere at its extremity is tangent to the 
sphere. 

532. The angle bet^reen two curves whidi pass 
through the same point is the angle formed by two 
straight lines tangent to the cunres at that point. 

688. A spherical angle is an angle formed by the 
aics of two great circles. 

Proposition XVIL Thborkk. 

684. A gpJierical angle is equal to the dihedral 
angle farmed by the planes of the two ares, and is 
measiored by the are of a great eireie described frcftn 
the interseotion of the aares as a -pole and intereepted 
between them. 




iMlt M 8 and N 8 represent two arcs of great eireies <i»- 
tersecting oA 89 AB and C D the straight lines tangent to 
the arcs €U 89 and MfNthe arc of a great circle whose pole 
is at 8 and which is intercepted between the arcs 8 JV and 

8ML 

To prove thai the spherical angle MSN equals the dihe- 
dral angle MSPN, and is measured hy the arc M N, 
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SuG. 1. liet ON ht the radius of the great © NS T 
drawn to the point N, and OM the radius of the great 
O MS R drawn to the point Af. 

SuG. 2. ON and SD are each in the plane NST, 
Why? 

SuG. 8. SD is how related to S 01 Why ? O N is 
how related to 5 (9 ? Why ? SD and ON are how re- 
lated to each other ? 

SuG. A. SB and OAf aie how related to each other? 
Why? 

SuG. 6. Compare ZsBSD and Af ON. (Art. 862.) 

SuG. 6. The A M O N \s the measure of the dihedral 
/IMSPN. Why? 

SuG. 7. What arc is the measure oi /LMONI Why ? 

Therefore 

535. A spherical polygon is a portion of the surface 
of a sphere bounded by arcs of great A 
circles; z& A B CD, 

The bounding arcs, A B, B C^ etc., 
are the sides of the polygon. 

As the sides of a spherical polygon 
are arcs of great circles they are ex- 
pressed in degrees. 

The planes of the sides of a spherical polygon form a 
polyhedral angle whose vertex is at the center of the 
sphere. Thus, 0-A B CD is a polyhedral angle whose 
vertex is at O, the center of the sphere. 

The diagonal of a spherical polygon is the arc of a 
great circle joining any two vertices not adjacent. 

536. A spherical triangle is a spherical polygon of 
three aides. 
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537. Spherical triangles are right angled, iaosceles. 
equilateral, etc., in the same cases as plane triangles. 

538. Arcs of great circles on the same sphere may be 
superposed in the same way as straight lines are super- 
posed. 

539. Equal spherical angles may be applied to each 
other and made to coincide in the same manner as plane 
angles. 

540. Equal spherical triangles are spherical tri- 
angles which, by placing one upon the other, may be 
made to coincide in every part. In such triangles each 
part of one is equal to the corresponding part of the 
other. 

541. Symmetrical spherical triangles are spherical 
triangles in which the parts of one 
are equal respectively to the parts 
of the other, but arranged in re- 
verse order. Such triangles can- 
not, except in the case stated in 
Prop. XVIII, be placed one upon 
the other so as to coincide in every 
part 




Ex. 8«38. If one circle of a sphere passes through the 
poles of another circle of a sphere the planes of the two 
circles are perpendicular to each other. 

Ex. 839. All lines tangent to a sphere from the same 
point are equal and touch the sphere in the circumfer- 
ence of a circle of the sphere. 

Suo. Connect the center of the sphere with the given 
point and with two or more points of tangency. 
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PROPOtlTION XVIII. ThKORKM. 

542. Two ayrmnetriodi isosoeles spherical triangles 
can be nuide to coincide, and are equal. 




Let ABC and D B P he two eymmeMcdl ephericoU 
t/rianglee, L e.^ let A B = D JFf A C ^ D E9 BC = FE, 
Z^=ZI>9ZB^ZF and ^ C = ^ JEL Also, let 
ABC and DBF be isoeoetee PriangleSf ue.9letAB^AC 
andDE^ DF. 

To prove that the triangles A B C and D E Fare equal. 

SuG. 1. Compare D E with A B, Give the reason for 
your statement. 

SuG. 2. Compare D F with A C. 

SuG. 3. Compare Z. D with Z A, 

SuG. 4. Place DEF upon A B C %o that DE shall 
fall upon A B and D F upon A C. Why can this be 
done? 

SuG. 6. Where wUl E fall ? Where will F fall ? 

SuG. 6. Compare each part of DEF with a corre- 
sponding part cS A B C 

Therefore 
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548. If from the vertices of a spherical triangle asi 
poles, arcs of great circles be drawn, 
a spherical triangle is formed which 
is called the polar of the first. If 
from Af B and C as poles, arcs of 
great circles be drawn, a triangle 
DEF\a formed which is the polar 
of the triangle ABC. 

If entire circles be drawn they will intersect to form 
eight spherical triangles, but the polar of the given tri- 
angle A BC \s that one of the eight triangles whose 
vertices lie on the same sides of the arcs of the given tri- 
angle as the respectively homologous vertices of the 
given triangle, and no side of which is greater than 180 




PROPOSITION XIX. Thborbm. 

644t If a spherioaZ triangle D B F is the polar of 
another spherical triangle ABC, then the triangle 
AB Oisthepclar of D E F. 

A 




TaA the spherical triangle D EFbe the polar of A B CL 
Te prove thai ABCUthe polar ofDEF. 
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Suo. 1. A is the pole of what arc ? 

Suo. 2. How many degrees from A \.o E'i 

Suo. 3. C is the pole of what arc ? 

Suo. 4. How many degrees from C to -ff ? 

SuG. 5. E is the pole of the arc ^ C. Why ? 

SuG. 6. F is the pole of the arc A B. Why ? 

Suo. 7. Z> is the pole of the arc -5 C Why ? 

Therefore 




Ex. 340. A sphere may be inscribed in any tetrahe- 
dron. 

Ex. 341. One, and only one, surface of a sphere may 
be described through any four 
points not in the same plane. . 

SuG. 1. Let A, B, C and Z? be 
the four given points. 

SuG. 2. What is the locus of 
points equally distant from A ^ 
and^? 

SuG. 3. What is the locus of points equally distant 
from B and C? 

SuG. 4. What is the intersection of these two lod ? 

SuG. 5. What is the locus of points equally distant 
from C and D ? 

SuG. 6. Does this last locus intersect the one referred 
to in Sug. 4 ? 

Ex. 342. A straight line tangent to a circle of a sphere 
lies in a plane which is tangent to the sphere at the 
point of contact. 

Ex. 843. A plane tangent to a sphere Ib perpendictilar 
to the radius through the point of contact 
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Propositiow XX. Thkokbm. 

545. In two polar triangles ea^ch angle of one is 
measured by the supplement of the side oppogUe it in 
theotheTm 




Let A BO and D E F be two polar triangles. 

To prove that the angle D is measured by the supple- 
ment of B CI 

Suo. 1 . Extend D E and D F until they intersect B C 
in M and N respectively. 

Suo. 2. B is the pole of what arc ? 

Suo. 8. How many degrees in B iV? 

Suo. 4. C is the pole of what arc? 

Suo. 5. How many degrees in C/f? 

Suo. 6. How many degrees in B N -\- M CI How 
many m B C -^ M N? 

Suo. 7. What is the supplement ofBC? 

Sua. 8. What is the measure o£ ZDi Why? 

Therefore 
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Proposition XXI. Theorem. 

546. Two triangles on the same sphere, or equal 
spheres, having two sides and the included angle of 
one equal respectively to two sides and the included 
angle of the other, are either eqiuU or symmetricaiU 
AD A 





C F C 

Let ABC and D E F be two epherteal triangles in 

which the angle I> equals the angle A^ and the sides A B 

and A C are equcd respectively to the sides I> JE and 1> JF. 

To prove that the triangles ABC and DBF are either 
equal or symmetrical, 

Casb I. When the parts are arranged in the same order. 

SuG. 1. Place the t^ D E F upon the ^ A B C^ so 
that D shall fall upon A, D F upon A C, and DE upon 
A B, Why can this be done ? 

SuG. 2. Where will F fall? Where will E fall ? 

SuG. 3. Then how are the As ABC and Z7 -fi"/^ related ? 

SuG. 4. What is the conclusion in Case I ? 

Casb II. When the parts are arranged in reverse order, 

SuG. 1. Construct A A ifi" C the symmetrical oit^ABC 
(Fig. at right). Then, since two sides and the included 
Z, oi D EF vlxq ^ to two sides and the included ^ of 
A B C^ each to each, but arranged in the reverse order, 
how do the parts of D EF com\)2ir^ with those of A EC, 
each to each ? 

SuG. 2. Compare A ^^Cwith /^ DEF. (Case I.) 

SuG. 8. Since /^ A E C is the symmetrical q£ A B C^ 
how do As -^ ^ C and D EF compare ? 

SuG. 4. What is the conclusion in Case II ? 

Therefore 
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550. A convex spherical polygon k a spherical 
polygon, no side of which, if extended, would pass 
within the polygon. 

Paoposmoif XXV. THXouof. 

551. The sum of the sides of a convea> spheriecU 
polygon is less than the eiroumferenee of a great drde, 

SuG. 1. Connect each vertex of the polygon with the 
center of the sphere, thus forming a polyhedral ^ . 

SuG. 2. Compare the sum of the face ^s of the poly- 
hedral A with four rt ^s. 

SuG. 3. Compare the sum of the sides of the ^harical 
polygon with the circumference of a great O. 

Therefore 

552. SCHOUTTM. The sides of a spherical polygon 
are usually expressed in degrees. Hence the last the- 
orem may be stated thus: The sum of the sides of a 
convex spherical polygon is less than four right angles. 



Bx. 844. Any side of a spherical triangle is less than 
the snm of the other two. 

Sua. See Art. 388. 

Ex. 346. The arc of a great circle drawn from the vertex 
of an isosceles spherical triangle to the middle point of 
the base is perpendicular to the base and bisects the ver- 
tical angle. 

Ex. 846. The angles opposite the equal sides of an 
isosceles spherical triangle ate equal. 

Ex. 847. If two angles of a spherical triangle are 
equal the triangle is isosceles. 

Suo. Take the polar of the given A. 
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Proposition XXVI. Theorbm. 

553. The sum of the angles of a spherieaZ triangle 
is greater than two and less than six right angles. 




LH A B Crepreffent a spherical trianglem 

To prove that the sum of the angles A , B and C is greater 
than two and less than six right angles. 

SuG. 1. L^et DBF represent the polar A oi A B C, 
Then Z A = 180^ - E F. Why ? 

SuG. 2. Find Z.s B and C in terms of D F and D E. 

SuG. 3. Express the sum of the As A, B and C in the 
simplest form. 

SuG. 4. Since E F + D F '\- D E is less than 360^ 
what may be said of the sum of the As A, B and C? 

Therefore 

554. Scholium. A spherical triangle, unlike a plane 
triangle, may have two or three right angles, or two or 
three obtuse angles. The sum of the angles of a spheri- 
cal triangle may approach six right angles as a Umit, 
and the sum of the sides of a spherical triangle may ap- 
proach the circu'xifereiice of a great circle as a limit. 

24— Geo. 
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Pkoposition XXVII. Thsorsm. 

666. Two tymmetrieal spherlecU triangles are 
equaiinarea. 




LeiAB €€mdI>BF'repre8eiUtwosufnfnetrUxUspher^ 
ieai triangteSf i. e.9 let A B = DF^AC- DEfBC=FE, 
Z^ = Z^»ZB=^Z^ and ZC= ZB. 

To prove that the triangles ABC and D E F are equcU 
in area. 

Suo. 1. Let O be the pole of a small through the 
points A, B, and C. Draw the arcs of great Q)s OA, 
OB, and OC. 

SuG. 2. Compare the arcs OA, OB, and O C, 

SUG. 3. At A draw D S, making Z FD S^ ZBAO, 
and take DS ^ A O. Draw the arcs of great Os SF 
and 5^. 

SuG. 4. In the spherical As FD S and B A O, com- 
pare DF with AB, DS with A O, and Z FDS with 
ZBAO. Compare the As FD 5 and BA O, (Art. 
546. ) Compare S F with O B. 

SuG. b. DSF and A OB are symmetrical isosceles 
spherical As. Why ? Compare these As in respect to 
area. (Art. 542.) 

SuG. 6. In a similar manner, compare the spherical 
As DSE and A OC in respect to area. 
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Suo. 7. Compare the spherical As ESF and COB 
in respect to area. 
Suo. 8. Compare the spherical IksDEF and ABC 

in respect to area. 
Therefore 

666. A lune is a portion of the snr&ce of sphere a in- 
cluded between two semi-drcumferences ot -^^ 
great circles, bs A B DC, 

667. The angle of a lune is the angle 
between the two semi-drcumferences 
bound the lune. 




Ex. 348. Prove Prop. XXVII when the pole of the 
small drde through A^ B^ and Cis without the triangle. 

Bx. 349. If the area of the convex sur&ce of a right 
drcular cone is twice the area of its base, prove that the 
slant height of the cone is equal to the diameter of its 
base. 

Bx. 350. The radius of the base of a right drcular 
cone is 5 in., and the number of square inches in the 
area of the convex surfsice of the cone is equal to the 
number of cubic inches in the volume of the cone. Find 
the altitude and the slant height of the cone. 

Bx. 861. Which generates the greater volume, the 
revolution of a rectangle about its shorter or its longer 
side? 

Bx. 352. What is the locus of a point in space the 
sum of the squares of whose distances from two fixed 
points is equal to the square of the distance between the 
two points. 
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Pbofosition XX vm. Theorbm. 

658. If two arcs of great circles intersect an the sur- 
face of a hemisphere, the sum of the areas of the oppo- 
site spherical triangles thus formed is equal to the 
area of a Lune whose angle is the angle of the intersect- 
ing ares. 




Le^ the arcs of great circles ACE and B C 1> in- 
tersect at the point C on the hemisphere ABED, than 
forming tfie opposite splierical triangles ACB and JOCE. 

To prove that the sunt of the areas of the triangles ACB 
and D C E is equal to the area of a lune whose angle is equal 
to the angle ACB, 

Suo. 1. Extend the arcs ACE and B C D to complete 
the great Os A CEF and B CDF. 

Suo. 2. CDFE is a lune whose AisDCE, Why ? 

SuG. 3. Compare the arcs C B and D F\ also the arcs 
A C and E F\ also the arcs A B and DE, 

Sua. 4. Compare the As /4 CB and EFD in respect 
to area. (Arts. 648 and 555.) 

SuG. 5. Compare the sum of the areas of the As ABC 
Bind CD E with the area of the lune CDFE. 

Therefore 
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353. What is the locus of a point in space which is at 
a given distance from a fixed straight line ? 

364. To cut a cylinder of revolution by a plane paral- 
lel to an element in such a manner that the section shall 
be a rectangle equal in all respects to the rectangle 
which generates the cylinder. 

355. A right circular cylinder whose altitude is 6 ft. 
and the radius of whose base is 3 ft. is cut by a plane 
parallel to the base at such a distance from the base that 
the area of the section is a mean proportional between the 
areas of the convex surfaces of the two parts into which 
the cylinder is divided. Determine the lengths of the 
segments of the altitude. 

356. Prove that the total surface of a right circular 
cylinder is equal to the circumference of its base multi- 
plied by the sum of its altitude and the radius of its 
base. 

357. If four similar cylinders of revolution have their 
altitudes proportional to the numbers 3, 4, 5 and 6, prove 
that the volume of the largest cylinder is equal to the 
sum of the volumes of the other three. 

358. If two regular tetrahedrons of difiFerent volumes 
have the edges of one parallel respectively to those of the 
other, prove that the Unes joining corresponding vertices 
meet in the same point. 

359. The dimensions of a rectangular parallelepiped 
are 3, 4 and 12 ft. Find the circumference of a great 
circle of the circumscribing sphere. 

860. What is the volume of a piece of timber 16 ft. 
long, whose bases are squares, each side of one base be- 
ing 14 in., and each side of the other base 12 in ? 
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663. The spherical excess of a spherical triangle is 
the excess of the sum oi its angles over two right angles. 

Proposition XXX. Theorbm. 

664. 27i^ number of gphsrical degrees in a spheri- 
cal triangle ie equal to the number of angular degrees 
in its spherical excess. 




LH A B Cbea spherical triangle. 

To prove that the number of spherical degrees in A B C 
is equal to the number of angular degrees in ^ A + Z, B 
+ ZC- 180''. 

SUG. 1. Let one side of the A, as B C, be extended 
to form a complete great Q> B C D E, Let ^ /4 and 
CAbt extended to meet the great Q) B C D E in 
D and E respectively. 

Suo. 2. B CD, B A D, zx\A B E D are semi- circum- 
ferences of great ©s. Why ? 

Suo. 3. A^^C+ t^A ED = lune whose Z\& A. 
Why? 

Suo. 4. t^A B C-^ t^ A C D^ lune whose Z is ^ 
Why? 

SuG. 5. A ABC -h A A B E ^ lune whose Z is C 
Why? 
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Suo. 6. How many spherical degrees in a lune whose 
j^ is A? in a lune whose ^ is ^ ? in a lune whose ^ 
is C? Give auth. 

SuG. 7. How many spherical degrees in a hemisphere ? 

Suo. 8. If the number of spherical degrees in ^ A BC 
be represented by m, then, from the equations in Sugs. 
8, 4 and 6, 2 i» + 360 equals what ? 

SuG. 8. What does m equal ? 

Therefore 

565. Scholium. To say that a spherical triangle 
contains a certain number, say n, of the spherical de- 
grees, is simply to say that the surface of the triangle is 

ft It 

equal to -xt^t of the surface of a hemisphere, or to 



360 -^^^^-^ -^ « .^.^wx^, ^. ^ ^20 

of the surface of a sphere. The whole surface of a sphere, 
expressed in square measure^ will be found in proposition 
XXXIII, and then the area of the surface of a spherical 
triangle can be expressed in square measure, by means 
of the*theorem just given, when the angles of the tri- 
angle and the radius of the sphere are known. 



Ex. 361. How many spherical degrees are there in a 
spherical triangle whose angles are 200®, 140® and 100® ? 

Ex. 362. What part of the surface of a sphere is a 
spherical triangle whose angles are 120®, 140®, 160® ? 

Ex. 363. What part of the surface of a sphere is a 
spherical triangle each angle of which is 90®? How 
many spherical degrees in the same triangle? 

Ex. 364. Find the angles of an equiangular spherical 
triangle whose surface is ^ of the surface of a sphere. 
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666. A zone is that portion of the snifioe of ft ^here 
which is incltided between two parallel planes. 

The drcumferences of the sections of the ^heie mftde 
by the planes are called the bases of the zone, and the 
perpendicular distance between the parallel planes is 
called the altitude of the zone. 

667. A spherical segment is a portion of ft sphere 

included between two parallel planes. 

The sections of the sphere by the planes are called the 
bases of the segment, and the perpendicular distance be- 
tween the planes is called the altitude of the segment. 

A zone is the spherical surface of a segment. 

The portion of a sphere cut off by any plane is considered as a 
spherical segment for it is included between the cutting plane and a 
plane tangent to the sphere parallel to the cutting plane. For the 
same reason, the portion of the surface of a sphere cut off by any 
plane is considered as a zone. In this case the segment and zone are 
are said to be of one base. 

568. If a semi-circle be revolved about 
its diameter as an axis, a sphere will be 
generated; any arc of the semi^circum- 
ference will generate a zone. 




569. A spherical sector is the por- 
tion of a sphere generated by the revolu- 
tion of a circular sector about a diameter. 

The pupil should form a mental picture of the different varieties 
of spherical sectors and describe them. For example, if the semi- 
circle A DBbe revolved about the diameter, the circular sector, AOC, 
will generate a spherical sector whose surface is a zone of one base 
generated by the arc A C, and a convex conical surface generated by 
the radius O C. The circular sector COB generates a spherical 
sector whose surface is a zone of one base generated by the arc CD B 
and a concave conical surface generated by the radius O C 
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Exercises. 



365. Construct a semi -circle, and in it a circular sector 
which, if revolved, will generate a spherical sector hav- 
ing two concave conical surfaces. Describe the zone. 

366. Construct a circular sector which will generate a 
spherical sector whose surface will be a concave conical 
surface, a plane surface, and a zone. 

367. Is a hemisphere a spherical sector ? 

368. What is the locus of a point in space which is at 
a given distance, a, from a given plane, and at a given 
distance greater than a from a given point in the given 
plane ? 

Ex. 369. Compute the lateral area, the total area, and 
the volume of the frustum of a cone of revolution, given 
the altitude of the cone, 20 ft.; the diameter of the lower 
base, 16 ft. ; the diameter of the upper base, 12 fl. 

370. A cylinder of revolution, and the frustum of a 
cone of revolution, have the same lower base and the 
same altitude; what must be the ratio of the radii of the 
two bases of the frustum in order that the volume of the 
frustum may be one half the volume of the cylinder ? 

371. If a rectangle revolves about one of its sides the 
volume generated is 288 n cubic ft., but if it revolves 
about the adjacent side the volume generated is 384 n 
cubit ft.; find the diagonal of the rectangle. 

372. A regular quadrangular pyramid has each basal 
edge equal to 12 ft., and each lateral edge equal to 10 ft. ; 
find the altitude of the pyramid. 

373. Find the radius of the base of a cylinder of revo- 
lution whose altitude is 1 yd., and whose volume is 48 n 
cubic ft. 
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670. The area of ihe surf aee generated by Am 
luttcn of a etraigJU Une about an aarie in Ue pUsne, 
hut not erassingU, is equaiio the prqfeetionefiheline 
Ufpan the cueis nmUiplied by the eireun%ference of a 
eirele whose radius is a perpendicular erected al ike 
middle poUUofihe Une and UnUted by ike 




LetRBhe the aerie of reeeHsMon, A B Ita Km wlUdb 
revd/eee to generate the ewrfaoe^ CJDtheprqfectianofAB 
upon RSfMthe middle paint of ABf and MO the per^ 
pendieuiartotheUneABtatM, 

To prove that the surface generated by A B is equal to 
C D multiplied hy the circumference of a circle whose nuHus 
is M O. 

Cash I. When A B does not meet the axis. 

Sx7a. 1. A B generates the convex surface of the frus- 
tum of a cone of revolution. What is the area of this 
surface equal to? (Art. 604.) 

SuG. 2. Draw A C, MN, and BD ± XoRS, and ^/^ 

II to ^ 5. 
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Suo. 8. Prove that AfN equals one half of AC+ BD, 
and hence the circumference of a generated by A^ 
equals one half the sum of the circumferences of the up- 
per and lower bases of the frustum. 

Suo. 4. The As AfN O and A PB are similar. Why ? 

Compare the ratio tt7< with -^., and hence with ,^ ., . 

^ MO MN MN 

SuG. 6. Let a be the measure oi A B,€ the measure of 
C D^r the measure of M O, and n the measure of M N, 

SuG. 6. Compare the ratios - and — 

^ r n 

SuG. 7. Compare a n and c r, 

SuG. 8. The measure of the surface generated by A B 
equals 2 7tan, Why ? It also equals 2 tt ^ r. Why ? 

SuG. 9. What is the circumference of a O whose ra- 
dius is r equal to ? Hence, what is the area of the sur- 
face generated by A B? 

Casb II. When one pointy as A^ is an the axis. 

SuG. This case is obtained from Case I, by making 
A C equal to nothing. Examine the reasoning in Case 
I, and see that it holds when A C ^ 0. 

Casb III. When A B is parallel to the axis. 

SuG. This case is obtained from Case I, by making 
A C ^ B D. Examine the reasoning in Case I and see 
that it holds when A C ^ B D. 

Therefore 

QuBRT. What is the sorfiioe generated by A B called 
when .^ is on the axis 7 What when A B \& parallel to 
the axis? 
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Proposition XXXII. Thborbm. 

571. The area of a zfjne equals the product of its 
%Ui4ude by the drcumferenee of a great eirols. 




Lei X C T rrfyrpnent a setni-cirdp^ and A D an art 
whichf rtrvoivefl around X Y. gtueratfs a zone. 

To prove that the ana of the zone is equal to its altitude 
multiplied by the ciraunfereyice of a great circle. 

Suo. 1. Divide the arc A D into any number of equal 
parts, as A Bf B Cf etc., and draw the chords of these 
arcs. 

SuG. 2. How do these chords compare in length ? 

SuG. 3. At the middle points of these chords erect «Ls 
terminating in the axis X Y. 

Suo. 4. Where will these JLs intersect ? Why ? 

S\30. 5. How do these X.s compare in length ? Why ? 

Sue. 6. What is the area generated by the chord A Bl 
by the chord B C} etc. 

Suo. 7. Express, in its simplest form, the area gener- 
ated by all these chords taken together. 

SuG. 8. Bisect the arcs, draw chords to the points 
of bisection, and proceed as before. 
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SuG. 8. Let the number of equal parts into which the 
given arc is divided be continually increased, then the 
surface generated by the chords of these arcs taken to- 
gether is a variable. But during its variation it is al- 
ways equal to what ? 

SuG. 9. What two variables are here always equal ? 

SuG. 10. What are the respective limits of these va 
riables ? 

SuG. 11. What is the area of the zone? 

Therefore 

572. C0R01.LARY. The above theorem may be ex- 
pressed by the formula 

5= In RH, 

in which S represents the area of the surface of the zone, 
H its altitude, and R the radius of the sphere on which 
the zone lies. 



Ex. 374. Prove that the sum of the angles of a convex 
spherical polygon of n sides is greater than 2 « — 4 and 
less than 6 « — 12 right angles. 

SuG. Divide the spherical polygon of n side into « — 2 
spherical triangles by arcs of great circles drawn from one 
vertex to each non-adjacent vertex. 

Ex. 375. Prov^e that the number of spherical degrees 
in a convex spherical polygon of n sides is equal to the 
number which expresses the excess of the sum of its 
angles over 2 « — 4 right angles. 

See Sug. in Ex. 374. 

Ex. 376. The volume of a rectangular parallelopiped is 
6,720 cubic inches, and its edges are in the ratio of the 
numbers 3, 5 and 7; find the three edges. 
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PmoroiiTiON XXXin. Thborsm. 

673. The area of the surface of a sphere equals the 

product of Us diameter by the eircumferejice of a 
great circle. 

Suo. Employ the method of Prop. XXXII, or use 
that proposition as authority, taking a semi-circumfer- 
ence as the given arc. 

674. Co&oiXART I. The truth of the theorem may 
be expressed by the formula 

S^lnRD, or, S^^nR^, 
in which S represents the surface of the sphere, R its 
radius, and D its diameter. 

676. C0ROLI.ARY II. The area of the surfeice of a 
sphere equals the area of four of its great circles. (See 
second formula in Cor. I.) 

576. Corollary III. The area of the surface of a 
sphere equals the area of a circle whose radius is equal 
to the diameter of the sphere. (See first formula in 
Cor. I.) 

677. CoROU^ARY IV. The areas of the surfaces of 
two spheres have the same ratio as the squares of their 
radii or the squares of their diameters. 

678. CoROiXARY V. The area of a spherical degree 

in R^ 
may be expressed as ,qq . (Art. 659.) 



Bx. 877. Find, in square feet, the area of a spherical 
triangle whose angles are 9S^, 140^ and 216^ the radius 
oi the sphere being 15 in. 
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PmopcNiiTioN XXXIV. Theorem. 

579. The voLume of a sphere is equal to the area of 
Us surf€ics multiplied by one third of i4s radius. 




Suo. 1. Circumscribe a polyhedron about the sfhtre. 

Suo. 2. Join each vertex of the polyhedron with the 
center of the sphere, and pass planes through these lines 
and the edges of the polyhedron. Pyramids are thus 
formed. Why ? 

SuG. 3. Compare the altitude of these pyramids with 
the radius of the sphere. 

SuG. 4. What is the volume oi each pyramid equal to ? 

SuG. 5. What is the volume of the polyhedron ? 

SuG. 6. Circumscribe a polyhedron of a greater num- 
ber of sides about the sphere. What is its volume in 
terms of its surface ? 

SuG. 7. Finish the demonstration. 

Therefore 

680. CoROiXARY I. The volume of a sphere may be 
expressed by the formula 

in which V reiKrefents the volume and It the radius of 
the sphere. 
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681. Corollary II. The volumes of two spneres 
have the same ratio as the cubes of their radii, or the 
cubes of their diameters. 

582. A spherical pyramid is a solid bounded by a 
spherical polygon, and the planes 
of the sides of the polygon, as 
O'ABCDE, 

The vertex of the pyramid is 
at the center of the sphere. The 
spherical polygon is the base of 
the spherical pyramid. 




Ex. 378. The volume of a spherical pyramid is equal 
to the area of its base multiplied by one third of the ra- 
dius of the sphere. 

SuG Employ the method of Prop. XXXIV. 

Ex. 379. The volume of a spherical sector is equal to 
the area of its zone multiplied by one third of the radius 
of the sphere. 

SuG. Employ the method of Prop. XXXIV. 

Ex. 380. Prove, that the volume of a sphere is twice 
the volume of a cone whose altitude is equal to the diam- 
eter of the sphere, and the radius of whose base is equal 
to the radius of the sphere. 

Ex. 381. The radius of a sphere is 3 in., and the area 
of a spherical triangle A B C ox\. this sphere is 11.7 tt. 
The angles A and B are 72** and 116° respectively. Find 
the angle C of the spherical triangle. 

Ex. 382. On the same sphere, or equal spheres, zones 
of equal altitudes are equal in area. 
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Proposition XXXV. Probum. 
683. To find the volume of a spherioal eegmsnb. 




Let ABD C generals a spherical eegtnent by retoMng 
(ibout A C. 

To find the volume of the segment, 

SuG. 1. Join B and D to the center of the semi- 
circle O, 

SuG. 2. Find the volume of the spherical sector gen- 
erated by revolving the circular sector BOD, (Ex. 379.) 

SuG. 3. Add the volume of the cone generated by re- 
volving the l^ B A O, 

SuG. 4. Subtract the volume generated by revolving 
the A DCO. 



Bz. 888. Find the volume of a spherical sector having 
a zone of 10 in. altitude on a sphere of 20 in. radius. 

Ex. 384. Find the volume of a spherical segment of 
8 in. altitude, one base of which passes through the cen- 
ter of the sphere, the radius of the sphere being 
20 in. 
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PROPOSITION X. 
Everj ■action of a tpbere made by a plane is a circl*. 

PROPOSITION XI. 
Two Intenecting great circles of a sphere bisect each other. 

PROPOSITION XII. 

Three points on the surface of a sphere determine a circle of the 
sphere. 

PROPOSITION XIII. 

The shortest distance on the surface of a sphere between any tw<' 
points on that surface is the arc, not greater than a semi -circumfer- 
ence, of a great circle which joins them. 

PROPOSITION XIV. 

All points in the circumference of a circle are equally distant from 
cither of its poles. 

PROPOSITION XV. 
Given a material sphere, to find its radius. 

PROPOSITION XVI. 

A plane perpendicular to a radius of a sphere at its extremity, is 
tangent to the sphere. 

PROPOSITION XVII. 

A spherical angle is equal to the dihedral angle formed by the 
planes of the two arcs, and is measured by the arc of a great circle 
deteribed from the intersection of the arcs as a pole, and intercepted 
between them. 

PROPOSITION XVIII. 

Two symmetrical isosceles spherical triangles can be made to co- 
incide, and are eqnal. 

PROPOSITION XlX. 

if a q>berical triangle D E F \m the polar of another spherical tri- 
ingle ABC, then the triangle A B C \s the polar ol D E F. 
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PROPOSITION XX. 

In two polar triangles each angle of one is meaaored by ihm rap 

plement of the side opposite it in the other. 

PROPOSITION XXI. 

Two triangles, on the same sphere, or equal spheres, having twc 
sides and the included angle of one eqnal respectivelj to two Mm 
and the included angle of the other, are either equal or symmetrical. 

PROPOSITION XXII. 

Two triangles, on the same sphere, or equal spheres, having two 
angles and the included side of one equal respectively to two angles 
and the included side of the other, are either eqnal or symmetrical 

PROPOSITION XXIII. 

Two triangles, on the same sphere or equal spheres, having the 
hree sides of one respectively equal to the three sides of tha other, 
ire either equal or symmetrical. 

PROPOSITION XXIV. 

Two triangles on the same sphere, or eqnal spheres, having the 
three angles of one respectively equal to the three angles of the other 

are either equal or symmetrical. 

PROPOSITION XXV. 

The sum of the sides of a convex spherical polygon is lets than th« 

circumference of a great circle. 

PROPOSITION XXVI. 

The sum of the angles of a spherical triangle is greater than two 
and less than six right angles. 

PROPOSITION XXVII. 

Two symmetrical spherical triangles are equal in area. 

PROPOSITION XXVIII. 

If two arcs of great circles intersect on the surface of a hemisphere, 
the sum of the areas of the opposite spherical triangles th«e formedi 
is equal to the area of a lune whose angle is the angle of the lalcneol- 
ing area. 
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PROPOSITION XXIX. 

The aret of a lone is to the area of the sarfaoe of a aphflTO ■■ tlie 
angle of the lone is to four right anglea. 

PROPOSITION XXX. 

The nnmber of spherical degrees in a spherical triangle is equal to 
the number of angular degrees in its spherical excess. 

PROPOSITION XXXI. 

The area of the snrface generated by the revolution of a straight 
line about an axis in its plane, but not crossing it, is equal to the pro- 
jection of the line upon the axis multiplied bj the circumference of a 
circle whose radius is a perpendicular erected at the middle point of 
the line and limited bj the axis. 

PROPOSITION xxxn. 

The area of a tone equals the product of its altitude by the cir- 
cumference of a great circle. 

PROPOSITION XXXIII. 

The area of the snrface of a sphere equals the product of its diam- 
eter bj the circumference of a great circle. 

PROPOSITION xxxrv. 

The volnme of a sphere is equal to the area of its surface multi- 
plied by one third its radina. 

PROPOSITION XXXV. 
To 6nd the volume of a spherical segment 
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Parallel, 40. 254. 

Parallelopiped, 297. 

Pentagon. 68. 

Pentahedron. 287. 

Perimeter. 67. 

Perpendicular, 6. 246. 

Pi (jr). 225. 228. 233. 

Plane angle of a dihedral, 264 

Plane, or plane surface. 3. 

Plane figure. 3. 

Plane geometry, 3. 

Plane triangle, 18. 

Point. 2. 

Point of tangency. 83. 

Polar distance, 356. 

Polar triangle, 362. 

Poles of a circle. 349. 

Polygons. 67. 

Polyhedral angles. 277. 

Polyhedron. 287. 

Postulate, 8. 118. 

Premises. 7, 30. 

Prism. 288. 

Problem, 8. 118-132, 166-171. 

198-201, 230-238. 
Product of base and altitude, 181. 
Projection of a point or a line, 194 

275. 
Proof. 7. 
Property. 72. 
Proportion. 1H7. 
Proposition. 8. 
Pure number. 100. 
Pyramids. 309. 
Pythagorean proposition, 190. 

Quadrant. 355. 
Quadrilateral. 68. 
Quantity, 99. 
Quotient, 100. 

Radius. 82, 211, 347. 
Ratio. 99, 100. 103. 137. 
Ratio of similitude. 153. 
Rectangle, 69. 70. 
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Rectangular parallelepiped, 297. 
Rectilinear figure, 3. 
Reductio ad absurdum, 55. 
Re-entrant angle, 68. 
Regular polygons, 209. 
Regular polyhedrons, 822. 
Regular prisms, 289. 
Regular pyramids, 309. 
Rhomboid, 69. 
Rhombus, 70. 
Right angle, 5. 
Right circular cone, 340. 
Right cylinder, 330. 
Right parallelopiped, 297. 
Right section of prism, 2^. 
Right triangle, 18. 

Scalene triangle, 18. 
Scholium. 8, 139. 
Secant. 83. 
Secant line, 41. 
Sector, 83. 
Segment, 83. 
Sides of an angle, 5. 
Sides of a polygon, 67. 
Sides of a triangle, 18. 
Similar arcs, etc., 229. 
Similar polygons, 152. 
Similitude, 153. 
Slant height, 309. 
Small circle of sphere, 849. 
Solid, 1. 

Solid geometry, 4, 341. 
Special enunciation, 7. 
Sphere. 347. 
Spherical area, 374. 
Spherical polygon, 359. 
Spherical pyramid, 386. 
Spherical sector, 378. 
Spherical segment, 878w 



Spherical triangle, 359. 

Square, 70. 

Square of a line, 181, 190. 

Straight angle, 5. 

Straight edge, 118. 

Straight line, 8. 

Subtend, 83. 

Supplements, 7. 

Supplementary adjacent angles, 7. 

Surface, 1, 2, 347. 

Symbols and abbreviations, 9. 

Symmetrical spherical triangle. 

360. 
Symmetrical trihedral angles, 

277. 

Tangent, 83. 840. 347. 
Terms of a proportioii, 187. 
Tetrahedron, 287. 
Theorem, 7. 
Third proportional, 168. 
Transversal, 41. 
Trapezium, 68. 
Trapezoid, 68. 
Triangle. 18, 68. 
Trihedral angle, 277. 
Trirectangular triangle, 374. 
Truncated pyramid, 310. 
Turn through an angle, 4. 

Unit of measure. 99,111. 176. 181 

Variable, 104, 105. 

Vertex of an angle, 5. 

Vertical angles, 6. 

Vertical angle of a triangle, 18 

Vertices of a triangle, 18. 

Vertices of a polygon, 67. 

Zone, 87a 
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